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PREFACE  TO  THE  FIRST  EDITION 


rpHE  fact  that  certain  bodies,  after  being  rubbed,  appear 
-^  to  attract  other  bodies,  was  known  to  the  .ancients.  In 
modem  times,  a  great  variety  of  other  phenomena  have  been 
observed,  and  have  been  found  to  be  related  to  these  pheno- 
mena of  attraction.  They  have  been  classed  under  the  name 
of  Electric  phenomena,  amber,  rj\€KTpovy  having  been  the  sub- 
stance in  which  they  were  first  described. 

Other  bodies,  particularly  the  loadstone,  and  pieces  of  iron 
and  steel  which  have  been  subjected  to  certain  processes,  have 
also  been  long  known  to  exhibit  phenomena  of  action  at 
a  distance.  These  phenomena,  with  others  related  to  them, 
were  found  to  differ  from  the  electric  phenomena,  and  have 
been  classed  under  the  name  of  Magnetic  phenomena,  the 
loadstone,  iiiyvtis^  being  found  in  the  Thessalian  Magnesia. 

These  two  classes  of  phenomena  have  since  been  found  to  be 
related  to  each  other,  and  the  relations  between  the  various 
phenomena  of  both  classes,  so  £sir  as  they  are  known,  constitute 
the  science  of  Electromagnetism. 

In  the  following  Treatise  I  propose  to  describe  the  most 
important  of  these  phenomena,  to  shew  how  they  may  be 
subjected  to  measurement,  and  to  trace  the  mathematical 
connezionB  of  the  quantities  measured.  Having  thus  obtained 
the  data  for  a  mathematical  theory  of  electromagnetism,  and 


having  shewn  how  this  theory  may  be  applied  to  the  calctila' 
tion  of  phenomena,  I  shall  endeavour  to  place  in  as  clear  a 
light  as  I  can  the  relations  between  the  mathematical  form  of 
this  theory  and  that  of  the  fundamental  science  of  Dynamics, 
in  order  that  we  may  be  in  some  degree  prepared  to  determine 
the  kind  of  dynamical  phenomena  among  which  we  are  to 
look  for  illustrations  or  explanations  of  the  electromagnetic 
phenomena. 

In  describing  the  phenomena,  I  shall  select  those  which 
most  clearly  illnstrate  the  fundamental  ideas  of  the  theory, 
omitting  others,  or  reserving  them  till  the  reader  is  more 
advanced. 

The  most  important  aspect  of  any  phenomenon  from  a 
mathematical  point  of  view  is  that  of  a  measurable  quantity. 
I  shall  therefore  consider  electrical  phenomena  chiefly  with 
a  view  to  their  measurement,  describing  the  methods  of 
measurement,  and  defining  the  standards  on  which  they 
depend. 

In  the  applioation  of  mathematics  to  the  calculation  of  elec- 
trical quantities,  I  shall  endeavour  in  the  first  place  to  deduce 
the  most  general  conclosions  from  the  data  at  our  disposal, 
and  in  the  next  place  to  apply  the  results  to  the  simplest 
cases  that  can  be  chosen.  I  shall  avoid,  aa  much  as  I  can, 
those  questions  which,  though  they  have  elicited  the  skill  of 
mathematicians,  have  not  enlarged  our  knowledge  of  science. 


TO   THE   FIRST   EDITION.  vii 

The  connexions  between  the  different  classes  of  phenomena 
have  also  been  investigated,  and  the  probability  of  the  rigorous 
exactness  of  the  experimental  laws  have  been  greatly  strength- 
ened by  a  more  extended  knowledge  of  their  relations  to  each 
other. 

Finally,  some  progress  has  been  made  in  the  reduction  of 
electromagnetism  to  a  dynamical  science,  by  shewing  that  no 
electromagnetic  phenomenon  is  contradictory  to  the  suppo- 
sition that  it  depends  on  purely  dynamical  action. 

What  has  been  hitherto  done,  however,  has  by  no  means 
exhausted  the  field  of  electrical  research.  It  has  rather  opened 
up  that  field,  by  pointing  out  subjects  of  enquiry,  and  fiimish- 
ing  us  with  means  of  investigation. 

It  is  hardly  necessary  to  enlarge  upon  the  beneficial  results 
of  magnetic  research  on  navigation,  and  the  importance  of  a 
knowledge  of  the  true  direction  of  the  compass,  and  of  the 
effect  of  the  iron  in  a  ship.  But  the  labours  of  those  who 
have  endeavoured  to  render  navigation  more  secure  by  means 
of  magnetic  observations  have  at  the  same  time  greatly  ad- 
vanced the  progress  of  pure  science. 

Gtiuss,  as  a  member  of  the  German  Magnetic  Union,  brought 
his  powerfiil  intellect  to  bear  on  the  theory  of  magnetism,  and 
on  the  methods  of  observing  it,  and  he  not  only  added  greatly 
to  our  knowledge  of  the  theory  of  attractions,  but  reconstructed 
the  whole  of  magnetic  science  as  regards  the  instruments  used, 
the  methods  of  observation,  and  the  calculation  of  the  results, 
so  that  his  memoirs  on  Terrestrial  Magnetism  may  be  taken  as 
models  of  physical  research  by  all  those  who  are  engaged  in 
the  measurement  of  any  of  the  forces  in  nature. 

The  important  applications  of  electromagnetism  to  tele- 
graphy have  also  reacted  on  pure  science  by  giving  a  com- 
mercial value  to  accurate  electrical  measurements,  and  by 
affording  to  electricians  the  use  of  apparatus  on  a  scale  which 
greatly  transcends  that  of  any  ordinary  laboratory.  The  con- 
sequences of  this  demand  for  electrical  knowledge,  and  of 
these  experimental  opportunities  for  acquiring  it,  have  been 
already  very  great,  both  in  stimulating  the  energies  of  ad- 
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vanced  electrioians,  and  in  diffusing  among  practical  m 
a  degree  of  accurate  knowledge  which  is  Ukelj  to  condi: 
to  the  general  scientific  progress  of  tte  whole  engineeri 
profession. 

There  are  several  treatises  in  which  electrical  and  magne 
phenomena  are  described  in  a  popular  way.  These,  howev 
are  not  what  is  wanted  by  those  who  have  been  brought  & 
to  face  with  quantities  to  be  measured,  and  whose  minds 
not  rest  satisfied  with  lecture-room  experiments. 

There  is  also  a  considerable  mass  of  mathematical  memo 
which  are  of  great  importfuice  in  electrical  science,  but  th 
lie  concealed  in  the  bulky  Transactions  of  learned  societu 
they  do  not  form  a  connected  system ;  they  are  of  very  nneqi 
merit,  and  they  are  for  the  most  part  beyond  the  comprehensi 
of  any  but  professed  mathematicians. 

I  have  therefore  thought  that  a  treatise  would  be  uae: 
which  should  have  for  its  principal  object  to  take  up  t 
whole  subject  in  a  methodical  manner,  and  which  should  a 
indicate  how  each  part  of  the  subject  is  brought  within  t 
reach  of  methods  of  verification  by  actual  measurement. 

The  general  complexion  of  the  treatise  differs  consideral 
from  that  of  several  excellent  electrical  works,  published,  mi 
of  them,  in  Germany,  and  it  may  appear  that  scant  justice 
done  to  the  speculations  of  several  eminent  electricians  a 
mathematicians.  One  reason  of  this  is  that  before  I  beg 
the  study  of  electricity  I  resolved  to  read  no  mathematics  on  i 
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well  as  to  his  published  papers,  I  owe  most  of  what  I  have 
learned  on  the  subject. 

As  I  proceeded  with  the  study  of  Faraday,  I  perceived  that 
his  method  of  conceiving  the  phenomena  was  also  a  mathe- 
matical one,  though  not  exhibited  in  the  conventional  form 
of  mathematical  symbols.  I  also  found  that  these  methods 
were  capable  of  being  expressed  in  the  ordinary  mathematical 
forms,  and  thus  compared  with  those  of  the  professed  ma- 
thematicians. 

Por  instance,  Faraday,  in  his  mind's  eye,  saw  lines  of  force 
traversing  all  space  where  the  mathematicians  saw  centres  of 
force  attracting  at  a  distance :  Faraday  saw  a  medium  where 
they  saw  nothing  but  distance:  Faraday  sought  the  seat  of 
the  phenomena  in  real  actions  going  on  in  the  medium,  they 
were  satisfied  that  they  had  found  it  in  a  power  of  action  at  a 
distance  impressed  on  the  electric  fluids. 

When  I  had  translated  what  I  considered  to  be  Faraday's 
ideas  into  a  mathematical  form,  I  found  that  in  general  the 
results  of  the  two  methods  coincided,  so  that  the  same  phe- 
nomena were  accounted  for,  and  the  same  laws  of  action  de- 
duced by  both  methods,  but  that  Faraday's  methods  resembled 
those  in  which  we  begin  with  the  whole  and  arrive  at  the 
parts  by  analysis,  while  the  ordinary  mathematical  methods 
were  founded  on  the  principle  of  beginning  with  the  parts 
and  building  up  the  whole  by  synthesis. 

I  also  found  that  several  of  the  most  fertile  methods  of 
research  discovered  by  the  mathematicians  could  be  expressed ' 
much  better  in  terms  of  ideas  derived  from  Faraday  than  in 
their  original  form. 

The  whole  theory,  for  instance,  of  the  potential,  considered 
as  a  quantity  which  satisfies  a  certain  partial  differential  equa- 
tion, belongs  essentially  to  the  method  which  I  have  called  that 
of  Faraday.  According  to  the  other  method,  the  potential, 
if  it  is  to  be  considered  at  aU,  must  be  regarded  as  the  result 
of  a  summation  of  the  electrified  particles  divided  each  by  its 
distance  from  a  given  point.  Hence  many  of  the  mathematical 
discoveries  of  Laplace,  Poisson,  Green  and  Gauss  find  their 
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proper  place  in  this  treatise,  and  their  appropriate  ezpreasi( 
in  tenna  of  conceptions  raainly  derived  from  Faraday. 

Great  progress  has  been  made  in  elpctrical  science,  chie 
in  Germany,  by  cultivators  of  the  theory  of  action  at  a  (j 
tance.  The  valuable  electrical  measnrementa  of  W.  Weber  i 
interpreted  by  him  according  to  this  theoiy,  and  the  elect 
magnetic  speculation  which  was  originated  by  Gauss,  a 
carried  on  by  "Weber,  Biemann,  J.  and  C,  Neumann,  Lorenz,  i 
is  founded  on  the  theory  of  action  at  a,  distance,  but  depend] 
either  directly  on  the  relative  velocity  of  the  particles,  or 
the  gradual  propagation  of  something,  whether  potential 
force,  from  the  one  particle  to  the  other.  The  great  suce 
which  these  eminent  men  have  attained  in  the  application 
mathematics  to  electrical  phenomena,  gives,  as  ia  natu 
additional  weight  to  their  theoretical  speculations,  so  tl 
those  who,  as  students  of  electricity,  turn  to  them  as  ' 
greatest  authorities  in  mathematical  electricity,  would  proba' 
imbibe,  along  with  their  mathematical  methods,  their  physi 
hypotheses. 

These  physical  hypotheses,  however,  are  entirely  alien  fr 
the  way  of  looking  at  things  which  I  adopt,  and  one  obj 
which  I  have  in  view  is  that  some  of  those  who  wish  to  stt 
electricity  may,  hy  reading  this  treatise,  come  to  see  t 
there  is  another  way  of  treating  the  subject,  which  is  no  1 
fitted  to  explain  the  phenomena,  and  which,  though  in  so 


TO   THE   FIRST   EDITION.  xi 

I  have  therefore  taken  the  part  of  an  advocate  rather  than 
that  of  a  judge,  and  have  rather  exemplified  one  method  than 
attempted  to  give  an  impartial  description  of  both.  I  have 
no  doubt  that  the  method  which  I  have  called  the  German 
one  will  also  find  its  supporters,  and  will  be  expounded  with 
a  skill  worthy  of  its  ingenuity. 

I  have  not  attempted  an  exhaustive  account  of  electrical 
phenomena,  experiments,  and  apparatus.  The  student  who 
desires  to  read  all  that  is  known  on  these  subjects  will  find 
great  assistance  from  the  Traits  d'ElectricitS  of  Professor  A. 
de  la  Bive,  and  from  several  German  treatises,  such  as  Wiede- 
mann's OalvanUmus,  Biess*  Beibungselektricitat,  Beer's  Einlei" 
tung  in  die  ElektrostaUk,  &c. 

I  have  confined  myself  almost  entirely  to  the  mathematical 
treatment  of  the  subject,  but  I  would  recommend  the  student, 
after  he  has  learned,  experimentally  if  possible,  what  are  the 
phenomena  to  be  observed,  to  read  carefully  Faraday's  Experi- 
mental Researches  in  Electricity,  He  will  there  find  a  strictly 
contemporary  historical  account  of  some  of  the  greatest  elec- 
trical discoveries  and  investigations,  carried  on  in  an  order 
and  succession  which  could  hardly  have  been  improved  if  the 
results  had  been  known  from  the  first,  and  expressed  in  the 
language  of  a  man  who  devoted  much  of  his  attention  to 
the  methods  of  accurately  describing  scientific  operations  and 
their  results*. 

It  is  of  great  advantage  to  the  student  of  any  subject  to 
read  the  original  memoirs  on  that  subject,  for  science  is  always 
most  completely  assimilated  when  it  is  in  the  nascent  state, 
and  in  the  case  of  Faraday's  Researches  this  is  comparatively 
easy,  as  they  are  published  in  a  separate  form,  and  may  be 
read  consecutively.  If  by  anything  I  have  here  written  I 
may  assist  any  student  in  understanding  Faraday's  modes  of 
thought  and  expression,  I  shall  regard  it  as  the  accomplish- 
ment of  one  of  my  principal  aims — to  communicate  to  others 
the  same  delight  which  I  have  found  myself  in  reading  Fara- 
day's Researches. 

*  Life  and  Letters  of  Faraday ^  vol.  i.  p.  895. 
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The  description  of  the  phenomena,  and  the  elemental 
of  the  theory  of  each  subject,  will  be  found  in  the 
chapters  of  each  of  the  four  Parts  into  which  this  I 
ia  divided.  The  stadent  will  find  in  these  chapters  i 
to  give  him  an  elementaiy  acqaaint&uce  with  the 
science. 

The  remiaining  chapters  of  each  Part  are  occupied  w 
higher  parts  of  the  theory,  the  processes  of  namericaJ 
lation,  and  the  instruments  and  methods  of  expen 
research. 

The  relations  between  electromagnetic  phenomena  ar 
of  radiation,  the  theory  of  molecular  electric  curren 
the  results  of  speculation  on  the  nature  of  action  at 
tance,  are  treated  of  in  the  last  four  chapters  of  the 
volume. 

Jahbs  Clebk  Maxwb 
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^CylTTHEN  I  was  asked  to  read  the  proof-sheets  of  the  second 
^  ^  edition  of  the  Electricity  and  Magnetism  the  work  of 
printing  had  already  reached  the  ninth  chapter,  the  greater 
part  of  which  had  been  revised  by  the  author. 

Those  who  are  familiar  with  the  first  edition  will  see  from  a 
comparison  with  the  present  how  extensive  were  the  changes 
intended  by  Professor  Maxwell  both  in  the  substance  and  in 
the  treatment  of  the  subject,  and  how  much  this  edition  has 
suffered  from  his  premature  death.  The  first  nine  chapters 
were  in  some  cases  entirely  rewritten,  much  new  matter  being 
added  and  the  former  contents  rearranged  and  simplified. 

From  the  ninth  chapter  onwards  the  present  edition  is 
little  more  than  a  reprint.  The  only  liberties  I  have  taken 
have  been  in  the  insertion  here  and  there  of  a  step  in  the 
mathematical  reasoning  where  it  seemed  to  be  an  advantage 
to  the  reader  and  of  a  few  foot-notes  on  parts  of  the  subject 
which  my  own  experience  or  that  of  pupils  attending  my 
classes  shewed  to  require  further  elucidation.  These  foot- 
notes are  in  square  brackets. 

There  were  two  parts  of  the  subject  in  the  treatment  of 
which  it  was  known  to  me  that  the  Professor  contemplated 
considerable  changes:  viz.  the  mathematical  theory  of  the 
conduction  of  electricity  in  a  network  of  wires,  and  the  de- 
termination of  coefficients  of  induction  in  coils  of  wire.    In 
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these  sabjeots  I  have  not  fonud  myself  in  a  position 
from  the  Professor's  notes,  anything  substantial  to  tl 
as  it  stood  in  the  former  edition,  with  the  excepti' 
numerical  table,  printed  in  vol.  ii,  pp.  317-319.  This  ta 
be  found  very  useful  in  calculating  coefficients  of  in 
in  circular  ooils  of  wire. 

In  s  work  so  original,  and  containing  so  many  dt 
new  results,  it  was  impossible  but  that  there  should  b< 
errors  in  the  first  edition.  I  trust  that  in  the  present 
most  of  these  will  be  found  to  have  been  corrected, 
the  greater  confidence  in  expressing  this  hope  as,  in 
some  of  the  prooft,  I  have  had  the  assistance  of 
friends  conversant  with  the  work,  among  whom  I  nu 
tion  particularly  my  brother  Professor  Charles  Niw 
Mr.  J.  J.  Thomson,  Fellow  of  Trinity  College,  Cambrid 

W.  D.  NiYB 

TUirtTT  COU-EQI,  Cambsidob, 
Oct.  1, 1881. 
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• 

T  XINDEETOOK  the  task  of  reading  the  proofs  of  this 
-*"  Edition  at  the  request  of  the  Delegates  of  the  Clarendon 
Press,  by  whom  I  was  informed,  to  my  great  regret,  that  Mr. 
W.  D.  Niven  found  that  the  pressure  of  his  official  duties 
prevented  him  from  seeing  another  edition  of  this  work 
through  the  Press. 

The  readers  of  Maxwell's  writings  owe  so  much  to  the  un- 
tiring labour  which  Mr.  Niven  has  spent  upon  them,  that  I  am 
sore  they  will  regret  as  keenly  as  I  do  myself  that  anything 
should  have  intervened  to  prevent  this  Edition  from  receiving 
the  benefit  of  his  care. 

It  is  now  nearly  twenty  years  since  this  book  was  written, 
and  during  that  time  the  sciences  of  Electricity  and  Mag- 
netism have  advanced  with  a  rapidity  almost  unparalleled  in 
their  previous  history ;  this  is  in  no  small  degree  due  to  the 
views  introduced  into  these  sciences  by  this  book:  many  of 
its  paragraphs  have  served  as  the  starting-points  of  important 
investigations.  When  I  began  to  revise  this  Edition  it  was 
my  intention  to  give  in  foot-notes  some  account  of  the  ad- 
vances made  since  the  publication  of  the  first  edition,  not 
only  because  I  thought  it  might  be  of  service  to  the  students 
of  Electricity,  but  also  because  all  recent  investigations  have 
tended  to  confirm  in  the  most  remarkable  way  the  views  ad- 
vanced by  MaxwelL  I  soon  found,  however,  that  the  progress 
made  in  the  science  had  been  so  great  that  it  was  impossible 


ztI  preface  to  the  third  edition. 

to  CMiy  ont  this  intention  -without  diafigaring  the  book  by  a 
disproportionate  quantity  of  foot-notes.  I  therefore  decided  to 
throw  these  notes  into  a  slightly  more  consecutive  form  and 
to  publish  them  separately.  They  are  now  almost  ready  for 
press,  and  will  I  hope  appear  in  a  few  months.  This  volume 
of  notes  is  the  one  referred  to  as  the  '  Supplementary  Volume.' 
A  few  foot-notes  relating  to  isolated  points  which  could  he 
dealt  with  briefly  are  given.  All  the  matter  added  to  this 
Edition  is  enclosed  within  {     }  brackets. 

I  have  endeavoured  to  add  something  in  explanation  of  the 
ailment  in  those  passages  in  which  I  have  found  from  my 
experience  as  a  teacher  that  nearly  all  students  find  consider- 
able difficulties ;  to  have  added  an  explanation  of  all  passages 
in  which  I  have  known  students  find  difficulties  would  have 
required  more  volumes  than  were  at  my  disposal. 

I  have  attempted  to  verify  the  results  which  Haxwell  gives 
without  proof;  I  have  not  in  all  instances  succeeded  in 
arriving  at  the  result  given  by  him,  and  in  such  cases  I  have 
indicated  the  difference  in  a  foot-note. 

I  have  reprinted  from  his  paper  on  the  Dynamical  Theory  of 
the  Electromagnetic  Field,  Maxwell's  method  of  determining 
the  self-induction  of  a  coiL  The  omission  of  this  from  previous 
editions  has  caused  the  method  to  be  frequently  attributed  to 
other  authors.  ' 

In  preparing  this  edition  I  have  received  the  greatest  pos- 
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PKELIMINAEY. 

ON   THE   MEASUREMENT  OP  QUANTITIES. 

1.]  Eyeby  expression  of  a  Quantity  consists  of  two  factors  or 
components.  One  of  these  is  the  name  of  a  certain  known  quan- 
tity of  the  same  kind  as  the  quantity  to  be  expressed,  which  is 
taken  as  a  standard  of  reference.  The  othei*  component  is  the 
number  of  times  the  standard  is  to  be  taken  in  order  to  make  up 
the  required  quantity.  The  standard  quantity  is  technically 
called  the  Unit,  and  the  number  is  called  the  Numerical  Value 
of  the  quantity. 

There  must  be  as  many  different  units  as  there  are  different 
kinds  of  quantities  to  be  measured,  but  in  all  dynamical  sciences 
it  is  possible  to  define  these  units  in  terms  of  the  three  funda- 
mental units  of  Length,  Time,  and  Mass.  Thus  the  units  of  area 
and  of  volume  are  defined  respectively  as  the  square  and  the 
cube  whose  sides  are  the  unit  of  length. 

Sometimes,  however,  we  find  several  units  of  the  same  kind 
founded  on  independent  considerations.  Thus  the  gallon,  or  the 
volume  of  ten  {k)unds  of  water,  is  used  as  a  unit  of  capacity  as 
well  as  the  cubic  foot.  The  gallon  may  be  a  convenient  measure 
ill  some  cases,  but  it  is  not  a  systematic  one,  since  its  numerical 
relation  to  the  cubic  foot  is  not  a  round  integral  number. 

2.]  In  framing  a  mathematical  system  we  suppose  the  funda- 
mental units  of  length,  time,  and  mass  to  be  given,  and  deduce 
all  the  derivative  units  from  these  by  the  simplest  attainable 
definitions. 

The  formulae  at  which  we  arrive  must  be  such  that  a  person 
of  any  nation,  by  substituting  for  the  different  symbols  the 
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numerical  values  of   the  quantities  as  measured   by  1 
national  units,  would  arrive  at  a  trae  reBult. 

Hence,  in  all  scientific  studiea  it  is  of  the  greatest  im[ 
to  employ  unite  belonging  to  a  properly  defined  system; 
know  the  relations  of  tiiese  units  to  the  fundamental  i 
that  we  may  be  able  at  once  to  transform  onr  results  f 
system  to  another. 

This  is  most  conveniently  done  by  ascertaining  the  din 
of  every  unit  in  terms  of  the  three  fundamental  units, 
given  unit  varies  as  the  nth  power  of  one  of  these  un: 
said  to  be  of  71  dimeTisionB  as  regards  that  unit.  - 

For  instance,  the  scientific  unit  of  volume  is  always  < 
whose  side  is  the  unit  of  length.  If  the  unit  of  lengtl 
the  unit  of  volume  will  vary  as  its  third  power,  and  the 
volume  is  eaid  to  be  of  three  dimensions  with  respect  to 
of  length. 

A  knowledge  of  the  dimensions  of  units  furnishes  a  tei 
ought  to  be  applied  to  the  equations  resulting  from  any  lex 
investigation.  The  dimensions  of  every  term  of  such  i 
tion,  with  respect  to  each  of  the  three  fundamental  nni 
be  the  same.  If  not,  the  equation  is  absurd,  and  contai 
error,  as  its  interpretation  would  be  difierent  accordinj 
arbitrary  system  of  units  which  we  adopt  *. 

The  Three  FundameTdai  Units. 

S.]  (1)  Length.    The  standard  of  length  for  scientific  ] 

this  country  is  ono  fnol 
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In  astronomy  the  mean  distance  of  the  earth  from  the  sun  is 
sometimes  taken  as  a  unit  of  length. 

In  ibfi  present  state  of  science  the  most  universal  standard  of 
length  which  we  could  assume  would  be  the  wave  length  in 
vacuum  of  a  particular  kind  of  light,  emitted  by  some  widely 
diffused  substance  such  as  sodium,  which  has  well-defined  lines 
in  its  spectrum.  Such  a  standard  would  be  independent  of  any 
changes  in  the  dimensions  of  the  earth,  and  should  be  adopted 
by  those  who  expect  their  writings  to  be  more  permanent  than 
that  body. 

In  treating  of  the  dimensions  of  units  we  shall  call  the  unit  of 
length  [Z].  If  2  is  the  numerical  value  of  a  length,  it  is  under- 
stood to  be  expressed  in  terms  of  the  concrete  unit  [Z],  so  that 
the  actual  length  would  be  fully  expressed  by  I  [L]. 

4.]  (2)  Time.  The  standard  unit  of  time  in  all  civilized 
countries  is  deduced  from  the  time  of  rotation  of  the  earth 
about  its  axis.  The  sidereal  day,  or  the  true  period  of  rotation 
of  the  earth,  can  be  ascertained  with  great  exactness  by  the 
ordinary  observations  of  astronomers ;  and  the  mean  solar  day 
can  be  deduced  from  this  by  our  knowledge  of  the  length  of 
the  year. 

The  unit  of  time  adopted  in  all  physical  researches  is  one 
second  of  mean  solar  time. 

In  astroDomy  a  year  is  sometimes  used  as  a  unit  of  time.  A 
more  universal  unit  of  time  might  be  found  by  taking  the 
periodic  time  of  vibration  of  the  particular  kind  of  light  whose 
wave  leugth  is  the  unit  of  length. 

We  shaU  call  the  concrete  unit  of  time  [T],  and  the  numerical 
measure  of  time  t. 

6.]  (3)  Mass,  The  standard  unit  of  mass  is  in  this  country 
the  avoirdupois  pound  preserved  in  the  Exchequer  Chambers. 
The  grain,  which  is  often  used  as  a  unit,  is  dp^*^'^'^  ^     *'*'  ^^^ 

7000th  part  of  this  pound.  . 

In  the  Tno**i«J  oysiem  it  is  the  gramme,  which  is  theoretically 
ibe  mass  of  a  cubic  centimetre  of  distilled  water  at  standard 
temperature  and  pressure,  but  practically  it  is  the  thousandth 
part  of  the  standard  kilogramme  preserved  in  Paris. 

The  accuracy  with  which  the  masses  of  bodies  can  be  com- 
pared by  weighing,  is  far  greater  than  that  hitherto  attained  in 
the  measuxement  of  lengths,  so  that  all  masses  ought,  if  possible, 

B  2 
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to  be  compared  directly  with  the  standard,  and  not  deduc 
experiments  on  water. 

In  deaoriptive  aatronomy  the  mass  of  the  sun  or  tha 
earth  ia  sometimes  taken  as  a  unit,  but  in  the  dynamica 
of  sutrononiy  the  unit  of  mass  is  deduced  from  the  units 
and  length,  combined  with  the  fact  of  universal  gravitatii 
oatronoinioal  unit  of  mass  is  that  mass  which  attracts 
body  placed  at  the  unit  of  distance  so  as  to  pioduce  in  tt 
the  unit  of  aooeleration. 

In  framing  a  universal  system  of  unita  we  may  eithei 
the  unit  of  mass  in  this  way  from  those  of  length  a 
already  defined,  and  this  we  can  do  to  a  rough  approxim 
the  present  state  of  soienoe ;  or,  if  we  expect  *  soon  to  U 
determine  the  mass  of  a  single  molecule  of  a  standard  sn 
we  may  wait  for  this  determination  before  fixing  a  u 
standard  of  mass. 

We  shall  denote  the  ooncrete  uott  of  mass  by  the  sym 
in  treating  of  the  dimui^ons  of  other  unite.  The  unit 
will  be  ti^eu  as  one  of  the  three  fundamental  units.  \ 
in  the  French  system,  a  particular  substance,  water,  is 
a  standard  of  density,  then  the  unit  of  mass  is  no  long 
pendent,  but  varies  as  the  unit  of  volume,  or  as  [£']. 

If,  aa  in  the  astronomical  system,  the  unit  of  mass  is 
with  respect  to  its  attractive  power,  the  dimensions  of 

For  the  acceleration  due  to  ^e  attraction  of  a  mass 
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Hon  in  which  the  mass  of  a  body  appears  in  some  but  not  in  all 
of  the  terms  *. 

Derived  Units. 

6.]  The  unit  of  Velocity  is  that  velocity  in  which  unit  of  length 
is  described  in  unit  of  time.    Its  dimensions  are  [ZT"^]. 

If  we  adopt  the  units  of  length  and  time  derived  from  the 
vibrations  of  light,  then  the  unit  of  velocity  is  the  velocity  of 
light 

The  unit  of  Acceleration  is  that  acceleration  in  which  the 
Telocity  increases  by  unity  in  unit  of  time.    Its  dimensions  are 

[zr-«]. 

The  unit  of  Density  is  the  density  of  a  substance  which  con- 
tains unit  of  mass  in  unit  of  volume.     Its  dimensions  are  [ML'^]. 

The  unit  of  Momentum  is  the  momentum  of  unit  of  mass 
moving  with  unit  of  velocity.     Its  dimensions  are  [AILT'^]. 

The  unit  of  Force  is  the  force  which  produces  unit  of  momentum 
in  unit  of  time.    Its  dimensions  are  [MLT-'^']. 

This  is  the  absolute  unit  of  force,  and  this  definition  of  it  is 
implied  in  every  equation  in  Dynamics.  Nevertheless,  in  many 
text  books  in  which  these  equations  are  given,  a  different  unit  of 
force  is  adopted,  namely,  the  weight  of  the  national  unit  of  mass ; 
and  then,  in  order  to  satisfy  the  equations,  the  national  unit  of 
mass  is  itself  abandoned,  and  an  artificial  unit  is  adopted  as  the 
dynamical  unit,  equal  to  the  national  unit  divided  by  the 
numerical  value  of  the  intensity  of  gravity  at  the  place.  In  this 
way  both  the  unit  of  force  and  the  unit  of  mass  are  made  to 
depend  on  the  value  of  the  intensity  of  gravity,  which  varies 
from  places  to  place,  so  that  statements  involving  these  quantities 
are  not  complete  without  a  knowledge  of  the  intensity  of  gravity 
in  the  places  where  these  statements  were  found  to  be  true. 

The  abolition,  for  all  scientific  purposes,  of  this  method  of 
measuring  forces  is  mainly  due  to  the  introduction  by  Qauss  of 

*  If  a  centimetre  and  a  second  nre  taken  as  units,  the  astronomical  unit  of  nvass 
would  be  about  1-687  x  10^  grammes,  or  16-37  tonnes,  according  to  Baily^s  repetition 
ai  CaTendish*s  experiment.  Baily  adopts  6-6604  as  Uie  mean  result  of  all  his  experi- 
iDcnts  for  the  mean  derndtj  of  the  earth,  and  this,  with  the  values  used  by  Baily  for 
the  dimeniions  of  the  earth  and  the  intensity  of  gravity  at  its  surface,  gives  the 
above  value  as  the  direct  result  of  his  experiments. 

{Comn's  recalculation  of  Baily*s  results  gives  6-66  as  the  mean  density  of  the 
CMth,  aad  therefore  1*60  x  10^  grammes  as  the  afttronomical  unit  of  mass ;  while 
Como's  own  experiments  give  6-50  as  the  mean  density  of  the  eartli,  and  1*49  x  10' 
M  the  astronomieal  unit  of  mass. } 
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a  general  sTatem  of  making  obserrationB  of  magnetic 
countries  in  which  the  intensity  of  gra-vity  ia  different, 
forces  are  now  measured  according  to  the  strictly  d 
method  deduced  from  our  definitions,  and  the  numeria 
are  the  same  in  whatever  country  the  experiments  are  i 

The  unit  of  Work  ia  the  votk  done  by  the  unit  of  for 
through  the  unit  of  length  measured  in  its  own  direct 
dimensions  are  [J/t*!*"*]. 

The  Energy  of  a  system,  being  ita  capacity  of  perfomu 
ia  measured  by  the  work  which  the  system  is  capaU 
forming  by  the  expenditure  of  ita  whole  energy. 

The  definitions  of  other  quantities,  and  of  the  units 
they  are  referred,  will  be  given  when  we  require  them. 

In  transforming  the  values  of  physical  quantities  detoi 
terms  of  one  unit,  so  as  to  express  them  in  terms  of  t 
unit  of  the  same  kind,  we  have  only  to  remember  that  i 
preflsion  for  the  quantity  consists  of  two  factors,  the  uni 
numerical  part  which  expresses  how  often  the  unit  is  to 
Hence  the  numerical  part  of  t^e  expression  varies  int 
the  magnitude  of  the  unit,  that  is,  inversely  as  the  variov 
of  the  fundamental  units  which  are  indicated  "by  the  di 
of  the  derived  unit. 

On  Physical  Continuity  and  Discontinv,iiy, 

7.]  A  quantity  is  said  to  vary  continuously  if,  when 

from  one  value  to  another,  it  assumes  all  the  intermedial 

We  may  obtain  the  conception  of  continuity  from  a  c< 
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from  a;^  to  ^,  it  passes  continuously  from  Uq  to  Ui,  but  when  x 
passes  from  o^io  x^^u  passes  from  v^'  to  u,,  v^'  being  different 
firom  u^,  then  u  is  said  to  have  a  discontinuity  in  its  variation 
with  respect  to  x  for  the  value  x  =  Xi,  because  it  passes  abruptly 
from  u^  to  u/  while  x  passes  continuously  through  x^. 

If  we  co^ider  the  differential  coefficient  of  u  with  respect  to  x 
for  the  valiie  or  =  o*^  as  the  limit  of  the  fraction 

> 

when  x^  and  Xq  are  both  made  to  approach  x^  without  limit,  then, 
if  Xq  and  x^  are  always  on  opposite  sides  of  x^,  the  ultimate  value 
of  Uie  numerator  will  be  u/— itj,  and  that  of  the  denominator 
will  be  zero.  If  u  is  a  quantity  physically  continuous,  the  dis- 
continuity can  exist  only  with  respect  to  particular  values  of  the 
variable  x.  We  must  in  this  case  admit  that  it  has  an  infinite 
differential  coefficient  when  x  =  Xj^.  If  u  is  not  physically  con- 
iinaoos,  it  cannot  be  differentiated  at  all. 

It  is  possible  in  physical  questions  to  get  rid  of  the  idea  of 
discontinuity  without  sensibly  altering  the  conditions  of  the 
case.  If  0^0  is  a  very  little  less  than  x^,  and  X2  a  very  little 
greater  than  x^  then  Uq  will  be  very  nearly  equal  to  u^  and  Ug 
to  u/.  We  may  now  suppose  u  to  vary  in  any  arbitrary  but 
continuous  manner  from  Uq  to  Uj  between  the  limits  Xq  and  x^- 
In  many  physical  questions  we  may  begin  with  a  hypothesis  of 
this  kind,  and  then  investigate  the  result  when  the  values  of 
Zg  and  x^  are  made  to  approach  that  of  x^  and  ultimately  to  reach 
it.  If  the  result  is  independent  of  the  arbitrary  manner  in 
which  we  have  supposed  u  to  vary  between  the  limits,  we  may 
that  it  is  true  when  u  is  discontinuous. 


DiBOOfUvnuity  of  a  Function  of  more  than  One  Variable. 

8L1  If  we  suppose  the  values  of  all  the  variables  except  a;  to  be 
the  discontinuity  of  the  function  will  occur  for  particular 
of  m^  and  thonn  will  be  connected  with  the  values  of  the 
1^  aa  aqiiation  which  we  may  write 

4  B  0.    When  ^  is  positive 
t  y«  *  *»•)•    When  0  is 
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negative  it  will  have  the  form  Fi  (x,  y,  z,  &c.}.     There  net 
neceBBary  relation  between  the  forms  F^  and  F^. 

To  express  this  discontinuity  in  a  mathematical  form, 
of  the  variables,  say  x,  be  ezpre&aed  as  a  function  of  ^  ■■ 
other  variables,  and  let  f  ,  and  F^  be  expressed  as  func 
^,y,2,  &c.  We  may  now  express  the  general  form  of  the  J 
by  any  formula  which  is  sensibly  equal  to  F^  when  0  is  ] 
and  to  F^  when  0  is  negative.     Such  a  formula  is  the  folic 

Aa  long  as  71  is  a  finite  quantity,  however  great,  F  w 
continuous  function,  but  if  we  make  ti  infinite  F  will  be 
J^,  when  ^  is  positive,  and  equal  to  F^  when  ^  is  negativ 

Diecontinuity  of  the  Denvativea  of  a  Continuous  Fun 
The  first  derivatives  of  a  continuous  function  may  be 

tinuouB.    Let  the  values  of  the  variables  for  which  the 

tinuity  of  the  derivatives  occurs  be  connected  by  the  eqn 
0  =  <f  (a;,  y,z...}  =  0, 

and  let  Fj  and  F^  be  expressed  in  terms  of  <p  and  n  — 

variables,  say  (y,  z ...). 
Then,  when  <p  ia  negative,  fi  is  to  be  taken,  and  wt 

poeitive  ^^  is  to  be  taken,  and,  since  J^  is  itself  continuoi 

^  is  zero,  i\  =  F,. 

Hence,  when  A  is  zero,  the  derivatives  -^  and  ^r-^ 
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multiples  of  a.    In  this  case  x  is  called  a  multiple  function  of  Uy 
and  a  is  called  its  cyclic  constant. 

The  differential  coefficient  -j-  ^*®  ^^Y  *  finite  number  of 
▼alues  corresponding  to  a  given  value  of  u. 

On  the  Relation  of  Physical  Quantities  to  Directions  in  Spa^ce. 

10.]  In  distinguishing  the  kinds  of  physical  quantities,  it  is  of 
great  importance  to  know  how  they  are  related  to  the  directions 
of  those  coordinate  axes  which  we  usually  employ  in  defining  the 
positions  of  things.  The  introduction  of  coordinate  axes  into 
geometry  by  Des  Cartes  was  one  of  the  greatest  steps  in  mathe- 
matical progress,  for  it  reduced  the  methods  of  geometry  to 
calculations  performed  on  numerical  quantities.  The  position 
of  a  point  is  made  to  depend  on  the  lengths  of  three  lines  which 
are  always  drawn  in  determinate  directions,  and  the  line  joining 
two  points  is  in  like  manner  considered  as  the  resultant  of  three 
lines. 

But  for  many  purposes  of  physical  reasoning,  as  distinguished 
from  calculation,  it  is  desirable  to  avoid  explicitly  introducing 
the  Cartesian  coordinates,  and  to  fix  the  mind  at  once  on  a  point 
of  space  instead  of  its  three  coordinates,  and  on  the  magnitude 
and  direction  of  a  force  instead  of  its  three  components.  This 
mode  of  contemplating  geometrical  and  physical  quantities  is 
more  primitive  and  more  natural  than  the  other,  although  the 
ideas  connected  with  it  did  not  receive  their  full  development 
till  Hamilton  made  the  next  great  step  in  dealing  with  space,  by 
the  invention  of  his  Calculus  of  Quaternions  *. 

As  the  methods  of  Des  Cartes  are  still  the  most  familiar  to 
students  of  science,  and  as  they  are  really  the  most  useful  for 
purposes  of  calculation,  we  shall  express  all  our  results  in  the 
Cartesian  form.  I  am  convinced,  however,  that  the  introduction 
of  the  ideas,  as  distinguished  from  the  operations  and  methods  of 
Quaternions,  will  be  of  great  use  to  us  in  the  study  of  all  parts 
of  our  subject,  and  especially  in  electrodynamics,  where  we  have 
to  deal  with  a  number  of  physical  quantities,  the  relations  of 
which  to  each  other  can  be  expressed  far  more  simply  by  a  few 
expressions  of  Hamilton's,  than  by  the  ordinary  equations. 

*  (For  SB  damenUry  Acounnt  of  Quatemioni,  the  reader  may  be  referred  to  Kel« 
laad  and  Tait't  '  Introduction  to  Quaternion^/  Tait*8  *  Elementary  Treaitiae  on 
Qmteniioiifl,*  and  Hamilton't '  Elements  of  Qoatemiona.* } 
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11.]  One  of  the  most  important  features  of  Hamilton': 
is  the  divlBion  of  quantities  into  Soalais  and  Vectora. 

A  Scalar  quantity  is  capable  of  beio^  completely  defi: 
single  numerical  specification.  Its  numerical  value  doi 
any  way  depend  on  the  directions  we  assume  for  the  cc 
axes. 

A  Vector,  or  Directed  quantity,  requires  for  its  definiti 
numerical  specifications,  and  these  may  most  simply  b 
stood  as  having  reference  to  the  directions  of  the  coordin 

Scalar  quantities  do  not  involve  direction.  The  voli 
geometrical  figure,  the  mass  and  the  energy  of  a  materi 
the  hydrostatical  pressure  at  a  point  in  a  fluid,  and  the  ] 
at  a  point  in  space,  are  examples  of  scalar  quantities. 

A  vector  quantity  has  direction  as  well  as  magnitud 
such  that  a  reversal  of  its  direction  reverses  its  sign, 
placement  of  a  point,  represented  by  a  straight  line  dra 
its  original  to  its  final  position,  may  be  taken  as  the 
vector  quantity,  from  which  indeed  the  name  of  ^ 
derived. 

The  velocity  of  a  body,  its  momentum,  the  force  act! 
an  electric  current,  the  magnetization  of  a  particle  of 
instances  of  vector  quantiUes. 

There  are  physical  quantities  of  another  kind  which  ai 
to  directions  in  space,  but  which  are  not  vectors.  Stn 
strains  in  solid  bodies  are  examples  of  these,  and  so  an 
the  properties  of  bodies  considered  in  the  theory  of  elast 
in  the  theory  of  double   refraction.     Quantities  of  tl 
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In  the  calculus  of  quaternions,  the  position  of  a  point  in  space 
18  defined  by  the  vector  drawn  from  a  fixed  point,  called  the 
oiigiil,  to  that  point  If  we  have  to  consider  any  physical 
quantity  whose  value  depends  on  the  position  of  the  point,  that 
quantity  is  treated  as  a  function  of  the  vector  drawn  from  the 
origin.  The  function  may  be  itself  either  scalar  or  vector.  The 
density  of  a  body,  its  tempei'ature,  its  hydrostatical  pressure,  the 
potential  at  a  point,  are  examples  of  scalar  functions.  The 
resultant  force  at  a  point,  the  velocity  of  a  fluid  at  a  point,  the 
velocity  of  rotation  of  an  element  of  the  fluid,  and  the  couple 
producing  rotation,  are  examples  of  vector  functions. 

12.]  Physical  vector  quantities  may  be  divided  into  two  classes, 
in  one  of  which  the  quantity  is  defined  with  reference  to  a  line, 
while  in  the  other  the  quantity  is  defined  with  reference  to  an 


For  instance,  the  resultant  of  an  attractive  force  in  any  direction 
may  be  measured  by  finding  the  work  which  it  would  do  on  a 
body  if  the  body  were  moved  a  short  distance  in  that  direction 
and  dividing  it  by  that  short  distance.  Here  the  attractive  force 
IB  defined  with  reference  to  a  line. 

On  the  other  hand,  the  flux  of  heat  in  any  direction  at  any 
point  of  a  solid  body  may  be  defined  as  the  quantity  of  heat 
which  crosses  a  small  area  drawn  perpendicular  to  that  direction 
divided  by  that  area  and  by  the  time.  Here  the  flux  is  defined 
with  reference  to  an  area. 

There  are  certain  cases  in  which  a  quantity  may  be  measured 
with  reference  to  a  line  as  well  as  with  reference  to  an  area. 

Thus,  in  treating  of  the  displacements  of  elastic  solids,  we  may 
direct  our  attention  either  to  the  original  and  the  actual  positions 
of  a  particle,  in  which  case  the  displacement  of  the  particle  is 
measured  by  the  line  drawn  from  the  first  position  to  the  second, 
or  we  may  consider  a  small  area  fixed  in  space,  and  determine 
what  quantity  of  the  solid  passes  across  that  area  during  the 
displacement. 

In  the  same  way  the  velocity  of  a  fluid  may  be  investigated 
either  with  respect  to  the  actual  velocity  of  the  individual 
particles,  or  with  respect  to  the  quantity  of  the  fluid  which  flows 
through  any  fixed  area. 

But  in  these  cases  we  require  to  know  separately  the  density 
of  the  body  as  well  as  the  displacement  or  velocity,  in  order  to 
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Apply  the  flrflt  method,  and  whenever  we  attempt  ti 
muloodlar  theory  we  have  to  use  the  second  method. 

In  the  OMo  of  the  flow  of  electricity  we  do  not  know 
of  its  density  or  it*  velocity  in  the  conductor,  we  only  1 
value  of  what,  on  the  fluid  theory,  would  correBpoo 
product  of  the  density  end  the  velocity.  Hence  in  all  s 
wo  must  apply  the  moro  general  method  of  measureme 
tltix  acrois  an  area. 

In  electrical  BOienoe,  electromotive  and  magnetic 
belong  to  the  first  olasa,  heing  defined  with  reference 
Whon  we  wish  to  indicate  this  fact,  we  may  refer  to 
Intensities. 

On  the  other  hand,  electric  aud  magnetic  indud 
electric  currents,  belong  to  the  second  clasa,  being  defi 
refcreuce  to  areas.  When  we  wish  to  indicate  this  fact, 
i-cfcr  to  them  as  Fluxes. 

Each  of  these  intensities  may  be  considered  aa  prod 
tending  to  produce,  its  oorreaponding  flux.  Thus,  eled 
intensity  produces  electric  currente  in  conductors,  and 
pi-odncG  them  in  dielectrics.  It  produces  electric  ind 
diuloctrios,  and  probably  in  conductors  also.  In  the  sa 
magDriic  intensity  produces  magnetic  induction. 

13.3  In  some  oases  the  flux  is  simply  proportional  to  t 
-  sity  and  in  the  same  direction,  but  in  otl>er  cases  we 
affirm  that  the  direction  and  m^nitude  of  the  flux  are 
of  the  direction  and  magnitude  of  the  int^tsity. 

The  case  in  which  the  components  of  the  flnx  ai 
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intensity.  In  all  cases,  however,  the  product  of  the  intensity 
and  the  flux  resolved  in  its  direction,  gives  a  result  of  scientific 
importance^  and  this  is  always  a  scalar  quantity. 

14.]  There  are  two  mathematical  operations  of  frequent  occur- 
rence which  are  appropriate  to  these  two  classes  of  vectors,  or 
directed  quantities. 

In  the  case  of  intensity,  we  have  to  take  the  integral  along  a 
fine  of  the  product  of  an  element  of  the  line,  and  the  resolved 
part  of  the  intensity  along  that  element.  The  result  of  this 
operation  is  called  the  Line-integral  of  the  intensity.  It  repre- 
sents the  work  done  on  a  body  carried  along  the  line.  In  certain 
cases  in  which  the  line-integral  does  not  depend  on  the  form  of 
the  line,  but  only  on  the  positions  of  its  extremities,  the  line- 
integral  is  called  the  Potential. 

In  the  case  of  fluxes,  we  have  to  take  the  integral,  over  a 
surface,  of  the  flux  through  every  element  of  the  surface.  The 
result  of  this  operation  is  called  the  Surface-integral  of  the  flux. 
It  represents  the  quantity  which  passes  through  the  surface. 

There  are  certain  surfaces  across  which  there  is  no  flux.  If 
two  of  these  surfaces  intersect,  their  line  of  intersection  is  a  line 
of  flax.  In  those  cases  in  which  the  flux  is  in  the  same  direction 
as  the  force,  lines  of  this  kind  are  often  called  Lines  of  Force. 
It  would  be  more  correct,  however,  to  speak  of  them  in  electro- 
statics and  magnetics  as  Lines  of  Induction,  and  in  electrokine- 
matics  as  Lines  of  Flow. 

15.]  There  is  another  distinction  between  difierent  kinds  of 
directed  quantities,  which,  though  very  important  from  a  physical 
point  of  view,  is  not  so  necessary  to  be  observed  for  the  sake  of 
the  mathematical  methods.  This  is  the  distinction  between 
longitudinal  and  rotational  properties. 

The  direction  and  magnitude  of  a  quantity  may  depend  upon 
some  action  or  effect  which  takes  place  entirely  along  a  certain 
line,  or  it  may  depend  upon  Romething  of  the  nature  of  rota- 
tion about  that  line  as  an  axis.  The  laws  of  combination  of 
directed  quantities  are  the  same  whether  they  are  longitudinal  or 
rotational,  so  that  there  is  no  diflerence  in  the  mathematical 
treatment  of  the  two  classes,  but  there  may  be  physical  circum- 
stances which  indicate  to  which  class  we  must  refer  a  particular 
phenomenon.  Thus,  electrolysis  consists  of  the  transfer  of  cer- 
tain substances  along  a  line  in  one  direction,  and  of  certain 
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other  substances  in  the  opposite  direction,  which  is  e 
a  longitudinal  phenomenon,  and  there  is  no  evidence 
rotational  effect  about  the  direction  of  the  force.  H 
infer  that  the  electric  current  which  causes  or  accc 
electrolysis  in  a  longitudinal,  and  not  a  rotational  pheno: 
On  the  other  hand,  the  north  and  south  poles  of  a  nu 
not  differ  as  oxygen  and  hydrogen  do,  which  appear  at 
places  during  electrolysis,  so  that  we  have  no  ovide: 
magDetiam  is  a  longitudinal  phenomenon,  while  the 
magnetism  in  rotating  the  plane  of  polarization  of  plane  ] 
light  distinctly  shews  that  magnetism  is   a  rotational 


On  Line-ijitegrala. 

16.]  The  operation  of  integration  of  the  resolved  p 
vector  quantity  along  a  line  is  important  in  physical 
generally,  and  should  be  clearly  understood. 

Let  ;r,  y,  z  be  the  coordinates  of  a  point  P  on  a  lit 
length,  measured  &om  a  certain  point  ^ ,  is  s.  These  coo 
will  be  functions  of  a  single  variable  e. 

Let  R  be  the  numerical  value  of  the  vector  quantity  s 
let  the  tangent  to  the  curve  at  P  make  with  the  directi 
the  angle  t,  then  B  cos  c  is  the  resolved  part  of  R  along 
and  the  integral  ^ 

L=l  Bcoafds 

is  called  the  line-integral  of  R  along  the  line  e. 
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between  A  and  P.  When,  however,  within  a  certain  region,  the 
quantity  Xdx-h  Tdy  +Zdz=  -jD*, 

that  is,  when  it  is  an  exact  differential  within  that  region,  the 
value  of  L  becomes 

and  is  the  same  for  any  two  forms  of  the  path  between  A  and  P, 
provided  the  one  form  can  be  changed  into  the  other  by  con- 
tinuous motion  without  passing  out  of  this  region. 

On  Potentials. 

The  quantity  4^  is  a  scalar  function  of  the  position  of  the  point, 
and  is  therefore  independent  of  the  directions  of  reference.  It 
is  caUed  the  Potential  Function,  and  the  vector  quantity  whose 
components  are  X,  F,  Z  is  said  to  have  a  potential  %  if 

^-(£).    ^=-0-   -=-(S)- 

When  a  potential  function  exists,  surfaces  for  which  the 
potential  is  constant  are  called  Equipotential  surfaces.  The 
direction  of  R  at  any  point  of  such  a  surface  coincides  with  the 
normal  to  the  surface,  and  if  ^n.  be  a  normal  at  the  point  P, 

then  U  =  — J-  ' 

an 

The  method  of  considering  the  components  of  a  vector  as  the 
first  derivatives  of  a  certain  function  of  the  coordinates  with  re- 
spect to  these  coordinates  was  invented  by  Laplace  ^  in  his  treat- 
ment of  the  theory  of  attractions.  The  name  of  Potential  was 
first  given  to  this  function  by  Oreen  f,  who  made  it  the  basis  of 
his  treatment  of  electricity.  Green's  essay  was  neglected  by 
mathematicians  till  1846,  and  before  that  time  most  of  its  im- 
portant theorems  had  been  rediscovered  by  Gauss,  Chasles, 
Sturm,  and  Thomson  %, 

In  the  theory  of  gravitation  the  potential  is  taken  with  the 
opposite  sign  to  that  which  is  here  used,  and  the  resultant  force 
in  any  direction  is  then  measured  by  the  rate  of  increase  of  the 
potential  function  in  that  direction.    In  electrical  -and  magnetic 

•  Md€,  C4U$U,  liv.  iii. 

t  Eanj  on  the  Applicaiion  of  Mathematical  Analymi  to  the  Theories  of  Elec- 
taiet^  aod  Magnetism,  Nottioffham,  1828.  Reprinted  in  CrelWs  Journal,  and  in 
Mr.  Ferren*  edition  of  Green'i  Worki. 

t  Ttkoamm  and  Tait,  Natural  Phihtophy,  f  488. 
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investigsbions  the  potential  is  defined  bo  that  the  tCBult 
in  any  direction  is  measured  by  the  decrease  of  the  poi 
that  direction.  This  method  of  aeing  the  expression 
correspond  in  sign  with  potential  energy,  which  always  < 
when  the  bodies  are  moved  in  the  direction  of  the  fore 
on  them. 

17.]  The  geometrical  nature  of  the  relation  beti 
potential  and  the  vector  thus  derived  from  it  receii 
light  from  Hamilton's  discovery  of  the  form  of  the 
by  which  the  vector  is  derived  from  the  potential. 

The  resolved  part  of  the  vector  in  any  direction  is,  as 
seen,  the  first  derivative  of  the  potential  with  respect 
ordinate  drawn  in  that  direction,  the  sign  being  reverse) 

Now  if  i,  j,  k  are  three  unit  vectors  at  right  anglef 
other,  and  if  X,  F,  Z  are  the  componeats  of  the  vector  3 
parallel  to  these  vectors,  then 

^  =  iX+j7+kZ; 
and  by  what  we  have  said  above,  if  4'  is  the  potential. 

If  we  now  write  V  for  the  operator, 
.  d       .  d      ,  d 
dx     ■'  dy       dz 
8  =  -V*. 
The  symbol  of  operation  V  may  be  interpreted  as  dir 
to  measure,  in  each  of  three  rectangular  directions,  thi 
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function  4^,  using  the  phrase  to  indicate  the  direction,  as  well  as 
the  magnitude,  of  the  most  rapid  decrease  of  ^. 

18.]  There  are  cases,  however,  in  which  the  conditions 

—  -  —  =  0   —-  —  =  0   and— -  — -0 
dy       dz^    *   dz      dx  ^    *  dx       dy  "^    ^ 

which  are  those  of  Xdx  +  Ydy  +  Zdz  being  a  complete  differential, 
are  satisfied  throughout  a  certain  region  of  space,  and  yet  the 
line-integral  from  il  to  P  may  be  difierent  for  two  lines,  each  of 
which  lies  wholly  within  that  region.  This  may  be  the  case  if 
the  region  is  in  the  form  of  a  ring,  and  if  the  two  lines  from  A 
to  P  pass  through  opposite  segments  of  the  ring.  In  this  case, 
the  one  path  cannot  be  transformed  into  the  other  by  continuous 
motion  without  passing  out  of  the  region. 

We  are  here  led  to  considerations  belonging  to  the  Geometry 
of  Position,  a  subject  which,  though  its  importance  was  pointed 
out  by  Leibnitz  and  illustrated  by  Gauss,  has  been  little  studied. 
The  most  complete  treatment  of  this  subject  has  been  given  by 
J.  B.  Listing*. 

Let  there  be  p  points  in  space,  and  let  I  lines  of  any  form  be 
drawn  joining  these  points  so  that  no  two  lines  intersect  each 
other,  and  no  point  is  left  isolated.  We  shall  call  a  figure  com- 
posed of  lines  in  this  way  a  Diagram.  Of  these  lines,  ^^^  1  are 
sufficient  to  join  the  p  points  so  as  to  form  a  connected  system. 
Every  new  line  completes  a  loop  or  closed  path,  or,  as  we  shall 
call  it,  a  Cycle.  The  number  of  independent  cycles  in  the 
diagram  is  therefore  k  =  l—p-^  I. 

Any  closed  path  drawn  along  the  lines  of  the  diagram  is  com- 
poeed  of  these  independent  cycles,  each  being  taken  any  number 
of  times  and  in  either  direction. 

The  existence  of  cycles  is  called  Cyclosis,  and  the  number  of 
cycles  in  a  diagram  is  called  its  Cyclomatic  number. 

Cyclosis  in  Surfaces  and  Regions. 

Surfaces  are  either  complete  or  bounded.  Complete  surfaces 
are  either  infinite  or  closed.  Bounded  surfaces  are  limited  by 
one  or  more  closed  lines,  which  may  in  the  limiting  cases  become 
double  finite  lines  or  points. 

•  Dtr  C01UU9  BaHmlicher  CompUre,  Gott  Abh.,  Bd.  z.  S.  97  ri861).  {For  an 
dcmentaiy  account  of  those  properties  of  multiply  connected  roace  which  are  necessary 
for  physical  porposes  see  LamVs  Treatise  on  the  Motion  of  Fluids,  p.  47.} 

VOL.  I.  G 


18  PSELIHIKABT. 

A  finite  region  of  apace  is  bonaded  by  one  or  mot 
Burfacee.  Of  tibese  one  ia  the  external  surface,  the  ot 
included  in  it  and  exclude  each  other,  and  are  called 
sui-faees. 

If  the  region  has  one  bounding  sur&ce,  we  may  supj 
surface  to  contract  inwards  without  breaking  its  contl 
cutting  itnelf.  If  the  region  ia  one  of  simple  continuity 
a  Nphere,  this  process  may  be  continued  till  it  is  redu< 
point ;  but  if  the  r^on  is  like  a  ring,  the  result  will  be 
curve ;  and  if  the  region  has  multiple  connections,  the  re 
be  a  diagram  of  lines,  and  the  cyolomatio  number  of  the 
will  be  that  of  the  region.  The  space  outside  the  region 
same  cyolomatic  number  aa  the  region  itoelf.  Hence,  if  tl 
is  bounded  by  internal  as  well  as  external  surfaces,  its  cyi 
number  is  the  suin  of  those  due  to  all  the  surfaces. 

When  a  region  encloses  within  itself  other' regions,  it 
a  Periphractio  region. 

The  number  of  internal  bounding  surfaces  of  a  r^on 
it«  periphractic  number.  A  closed  surface  is  also  peri] 
its  periphractio  number  being  unity. 

The  cyolomatio  number  of  a  closed  surface  is  twice 
either  of  the  regions  which  it  bounds.  To  find  the  cy< 
number  of  a  bounded  surface,  suppose  all  the  boundariec 
tract  inwards,  without  breaking  continuity,  till  they  me« 
surface  will  then  be  reduced  to  a  point  in  the  case  of  ao 
surface,  or  to  a  linear  diagram  in  the  case  of  cyclic  surfac 
cyclomatic  number  of  the  diagram  is  that-of  the  surface. 
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Hence  if  AQP  and  AQ^P  are  two  paths  from  il  to  P,  the  line- 
int^ral  for  AQ^P  is  the  sum  of  that  for  AQP  and  the  closed 
path  AQ^PQA.  But  the  line-integral  of  the  closed  path  is  zero, 
therefore  those  of  the  two  paths  are  equal. 

Hence  if  the  potential  is  given  at  any  one  point  of  such  a 
region,  that  at  any  other  point  is  determinate. 

20.]  Theobem  JL    Ina  cydic  region  in  which  the  equaJtion 

Xdx-h  Ydy+Zdz  =  -D^P 
is  everywhere  eatiafied,  the  line-integral  from  A  to  P  aUmg 
a  line  drawn  within  the  region,  will  not  in  general  be 
determinate  unless  the  channel  of  communication  between 
A  and  P  be  epedfied. 

Let  N  be  the  cyclomatic  number  of  the  region,  then  N  sections 
of  the  region  may  be  made  by  surfaces  which  we  may  call  Dia- 
phragms, so  as  to  close  up  N  of  the  channels  of  communication, 
and  reduce  the  region  to  an  acyclic  condition  without  destroying 
its  continuity. 

The  line-integral  from  A  to  any  point  P  taken  along  a  line 
which  does  not  cut  any  of  these  diaphragms  will  be,  by  the  last 
theorem,  determinate  in  value. 

Now  let  A  and  P  be  taken  indefinitely  near  to  each  other,  but 
on  opposite  sides  of  a  diaphragm,  and  let  K  be  the  line-integral 
firom  AtoP, 

Let  A'  and  P^  be  two  other  points  on  opposite  sides  of  the  same 
diaphragm  and  indefinitely  near  to  each  other,  and  let  K'  be  the 
line-integral  from  A'  to  P".    Then  K'  =  K. 

For  if  we  draw  AA'  and  PP'^  nearly  coincident,  but  on  oppo- 
site sides  of  the  diaphragm,  the  line-integrals  along  these  lines 
will  be  equal''*'.  Suppose  each  equal  to  Z,  then  K\  the  line-integral 
of^'P',isequaltothatof^'il  +  ilP  +  PP'=-Z  +  iir  +  i  =  iir  = 
that  of  AP. 

Hence  the  line-integral  round  a  closed  curve  which  passes 
through  one  diaphragm  of  the  system  in  a  given  direction  is  a 
constant  quantity  K,  This  quantity  is  called  the  Cyclic  constant 
corresponding  to  the  given  cycle. 

Let  any  closed  curve  be  drawn  within  the  region,  and  let  it  cut 
the  diaphragm  of  the  first  cycle  p  times  in  the  positive  direction 

*   [Since  X,  F,  Z,  are  continuom.} 

C  % 
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and  //  times  in  the  negative  direction,  and  let  'p  —  j/  =  n, 
the  line-integral  of  the  dosed  curve  will  be  »if  ]. 

Similarly  the  line-integral  of  any  closed  curve  will  be 
7ii^,  +  «,^j+  ...  +71,^,; 
where  n,  represents  the  excess  of  the  number  of  positive  ] 
of  the  curve  through  the  diaphragm  of  the  cycle  8  c 
number  of  negative  passages. 

If  two  curves  are  such  that  one  of  them  may  be  tran 
into  the  other  by  continuous  motion  without  at  any  time 
through  any  part  of  space  for  which  the  condition  of  h 
potential  is  not  fulfilled,  these  two  curves  are  called  Recon 
curves.  Curves  for  which  this  transformation  cannot  be 
are  called  Irreconcileable  curves  *. 

The  condition  that  Xdx  +  Yd'g  +  Zdz  is  a  complete  difl 
of  some  function  4*  for  all  points  within  a  certain  region 
in  several  physical  investigations  in  which  the  directed  q 
and  the  potential  have  different  physical  interpretations. 

In  pure  kinematics  we  may  suppose  ^,  F,  Z  to  be  t1 
ponents  of  the  displacement  of  a  point  of  a  continuous  bod 
original  coordinates  are  x,  y,  z ;  Uie  condition  then  expres 
these  displacements  constitute  a  von-rotatioTuU  elrain  f. 

It  X,  Y,  Z  represent  the  components  of  the  velocity  o1 
at  the  point  x,  y,  z,  then  the  condition  expresses  that  the 
of  the  fluid  is  irrotationaL 

If  X,  F,  Z  represent  the  components  of  the  force  at  tl 
X,  y,  z,  then  the  condition  expresses  that  the  work  doi 
particle  passing  from  one  point  to  another  is  the  different 
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Theorem  in.  llie  aurfa^'irUegral  of  the  fl/ux  invxirda  through 
a  closed  surface  may  be  expressed  as  the  volume-integral  of 
its  coTivergence  taken  within  the  surfojce.    (See  Art.  26.) 

Let  -Y,  F,  ^  be  the  componentB  of  JB,  and  let  i,  m,  ii  be  the 
direction-coBines  of  the  nonnal  to  8  measured  outwards.  Then 
the  surface-integral  of  R  over  8  i& 

ffRcoQ€d8  =  ffxidS+ffYmdS+ffZnd8,        (l) 

the  values  of  X,  F,  Z  being  those  at  a  point  in  the  surface,  and 

the  integrations  being  extended  over  the  whole  surface. 

If  the  surface  is  a  closed  one,  then,  when  y  and  z  are  given, 

the  coordinate  x  must  have  an  even  number  of  values,  since  a  line 

paraUel  to  x  must  enter  and  leave  the  enclosed  space  an  equal 

number  of  times  provided  it  meets  the  surface  at  all. 

At  each  entrance 

ld8=^  ^dydZy 

and  at  each  exit  id8=     dydz. 

Let  a  point  travelling  from  a:  =  —  go  toa;=  +  QO  first  enter 
the  space  when  x^x^^  then  leave  it  when  x::^x^t  and  so  on,* 
and  let  the  values  of  X  at  these  points  be  X^,  X^t  &c.>  then 

fjxid8=  -Jf{{X^-X,)  +  (X3-X,)  +  &c. 

+  i^i..i-^i,)}dydz.    (2) 

If  X  is  a  qaantity  which  is  continneus,  and  has  no  infinite  valaes 
between  Xi  and  x.^,  then 

where  the  integration  is  extended  from  the  first  to  the  second 
intersection,  that  is,  along  the  first  segment  of  x  which  is  within 
the  closed  surface.  Taking  into  account  all  the  segments  which 
lie  within  the  closed  surface,  we  find 

fjXldS  =  fff^  dxdydz,  (4) 

the  double  integi*ation  being  confined  to  the  closed  surface,  but 
the  triple  integration  being  extended  to  the  whole  enclosed  space. 
Hence,  if  X,  F,  Z  are  continuous  and  finite  within  a  closed  surface 
S,  the  total  surface-integral  of  R  over  that  surface  will  be 

//iico,.rf«=///(f+^+g)<fa„j,<;.,  (.) 
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the  triple  integratioa  being  extended  over  the  whole 
within  8. 

Let  us  next  sappose  that  X,  Y,  Z  are  not  continuous 
the  eloeed  sur&ce,  bat  that  at  a  oeitain  surface  Fix,  y,  s)  = 
values  of  X,  Y,  Z  alter  abruptly  from  X,  Y,  Z  on  the  n* 
side  of  the  surface  to  X',  Y',  Z  on  the  positive  ^de. 

If  this  discontinuity  ocean,  say,  between  z,  and  x^,  thi 
of  Xj— X,  will  be 

where  in  tbe  expression  under  the  integral  sign  only  tht 
values  of  the  deriv«Uve  of  X  are  to  be  considered. 

In  this  case  therefore  tbe  total  surface-integral  of  iZ  o' 
closed  Borface  will  be  expressed  by 

+  ff{Y-Y)dzdx+ff{Z'-  Zjdxdi 

or,  if  V,  m',  n'  are  the  direction-ooeineB  of  the  normal  to  t 
&oe  of  diecontinaity,  and  dS"  an  element  of  that  surface, 


V/" 


where  the  integration  of  the  last  term  is  to  be  extended  o 
Burface  of  discontinaity. 

If  at  every  point  where  X,  Y,  Z  are  continuous 
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Ib  satisfied.  We  have  as  a  consequence  of  this  the  surface-integral 
over  the  closed  surface  equal  to  zero. 

Now  let  the  closed  surface  8  consist  of  three  parts  S^^  S^,  and 
S^,  Let  iS|  be  a  surface  of  any  form  bounded  by  a  closed  line  X^. 
Let  S^  be  formed  by  drawing  lines  from  every  point  of  Zj  always 
coinciding  with  the  direction  of  R.  If  I,  m,  n  are  the  direction- 
cosines  of  the  normal  at  any  point  of  the  surface  S^y  we  have 

i2cos€  =  Zi+Fm  +  Zn=  0.  (12) 

Hence  this  part  of  the  surface  contributes  nothing  towards  the 
value  of  the  surface-integral. 

Let  S2  be  another  surface  of  any  form  bounded  by  the  closed 
curve  X2  in  which  it  meets  the  surface  Sq. 

^^  Qi  9  Qo '  Qs  ^  ^^®  surface-integrals  of  the  surfaces  iSj ,  Sf^ ,  £>^ , 
and  let  Q  be  the  surface-integral  of  the  closed  surface  8,    Then 

e  =  <2i  +  eo  +  <22  =  0;  (13) 

and  we  know  that  Q^  =  0 ;  (14): 

therefore  Q^  =  —  Q^ ;  (15) 

or,  in  other  words,  the  surface-integral  over  the  surface  82  is  equal 
and  opposite  to  that  over  8^  whatever  be  the  form  and  position 
of /S^,  provided  that  the  intermediate  surface  8q  is  one  for  which 
R  is  always  tangential. 

If  we  suppose  L^  a  closed  curve  of  small  area,  8^  will  be  a 
tubular  surface  having  the  property  that  the  surface-integral  over 
every  complete  section  of  the  tube  is  the  same. 

Since  the  whole  space  can  be  divided  into  tubes  of  this  kind 
provided  dX      dY     dZ      ^ 

a  distribution  of  a  vector  quantity  consistent  with  this  equation 
is  called  a  Solenoidal  Distribution. 

On  Tubes  and  Lines  of  Flow. 

If  the  space  is  so  divided  into  tubes  that  the  surface-integral 
for  every  tube  is  unity,  the  tubes  are  called  Unit  tubes,  and  the 
sarf&ce-integral  over  any  finite  surface  8  bounded  by  a  closed 
curve  L  is  equal  to  the  nuTiiber  of  such  tubes  which  pass  through 
S  in  the  positive  direction,  or,  what  is  the  same  thing,  the  number 
which  pass  through  the  closed  curve  Z. 

Hence  the  surface-integral  of  8  depends  only  on  the  form  of 
its  boundary  X,  and  not  on  the  form  of  the  surface  within  its 
bdindary. 
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On  Peripkractie  Regions. 

If,  througbout  the  whole  region  hoimded  externally 
single  closed  surface  8,  the  solenoidal  condition 
dX      dY     dZ     ^ 
dx       dy      dz 
is  satisfied,  then  the  surface-integral  taken  over  any  cloBed 
drawn  within  this  region  will  be  zero,  and  the  surface-i 
taken  over  a  bounded  surface  within  the  r^on  will  depei 
on  the  form  of  the  closed  curve  which  forms  its  boundary 

It  IB  not^  however,  generally  true  that  the  same  results 
if  the  region  within  which  the  solenoidal  condition  is  sati 
hounded  otherwise  than  by  a  single  surface. 

For  if  it  is  bounded  by  more  than  one  continuous  surface 
these  is  the  external  surface  and  the  others  are  internal  si 
and  the  region  iS  is  a  periphractic  region,  having  wiUiin  i 
regions  which  it  completely  encloses. 

If  within  one  of  these  enclosed  re^^ons,  say,  that  boundec 
closed  surface  jS',,  the  solenoidal  condition  is  not  satisfied, 

Q,  =  /Tiicos(dSi 

be  the  surface-integral  for  the  surface  enclosing  this  Kgi 
let  Q„  Q,,  &0.  be  the  corresponding  quantities  for  the  ot 
closed  regions  8^,  Sg,  &c. 

Then,  if  a  closed  surface  ^  is  drawn  within  the  reg^oi 
value  of  its  surface-integral  will  be  zero  only  when  this 
ff  doee  not  include  any  of  the  enclosed  regions  S,,  S^,  &g 
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number,  or  the  number  of  internal  surfaces.  In  drawing  these 
lines  we  must  remember  that  any  line  joining  surfaces  which  are 
already  connected  does  not  diminish  theperiphraxy,but  introduces 
cyclosis.  When  these  lines  have  been^drawn  we  may  assert  that 
if  the  solenoidal  condition  is  satisfied  in  the  region  S^  any  closed 
surface  drawn  entirely  within  S,  and  not  cutting  any  of  the  lines, 
has  its  surface-integral  zero.  If  it  cuts  any  line,  say  L^,  once  or 
any  odd  number  of  times,  it  encloses  the  surface  /S^  and  the 
surface-integral  is  Q^. 

The  most  familiar  example  of  a  periphractic  region  within  which 
the  solenoidal  condition  is  satisfied  is  the  region  surrounding  a 
mass  attracting  or  repelling  inversely  as  the  square  of  the  distance. 

In  the  latter  case  we  have 

where  m  is  the  mass,  supposed  to  be  at  the  origin  of  coordinates. 

At  any  point  where  r  is  finite 

dX      dY     dZ     ^ 
ax       cty      dz 
but  at  the  origin  these  quantities  become  infinite.    For  any  closed 
surface  not  including  the  origin,  the  surface-integral  is  zero.    If  a 
closed  surface  includes  the  origin,  its  surface-integral  is  4?rm. 

If,  for  any  reason,  we  wish  to  treat  the  region  round  vi  as  if  it 
were  not  periphi*actic,  we  must  draw  a  line  from  m  to  an  infinite 
distance,  and  in  taking  surface-integrals  we  must  remember  to 
add  4irm  whenever  this  line  crosses  from  the  negative  to  the 
positive  side  of  the  surface. 

On  Right-handed  and  Left-handed  Relations  in  Space. 
23.]  In  this  treatise  the  motions  of  translation  along  any  axis 
and  of  rotation  about  that  axis  will  be  assumed  to  be  of  the  same 
sign  when  their  directions  correspond  to  those  of  the  translation 
and  rotation  of  an  ordinary  or  right-handed  screw  *. 

^  The  oomlniiad  Action  of  the  moidet  of  the  arm  when  we  turn  the  upper  side  of 
ihm  right-hand  outwards,  and  at  the  same  time  thrust  the  hand  forwards,  will  impress 
the  right-handed  screw  motion  on  the  memory  more  firmly  than  any  verbal  definition. 
A  ooounoii  corkscrew  may  be  used  as  a  material  symbol  of  the  same  relation. 

ProfcaM>r  W.  H.  Miller  has  suggested  to  me  that  as  the  tendrils  of  the  vine  are 
right-handed  screws  and  those  of  the  hop  left-handed,  the  two  systems  of  relations 
ia  space  nught  be  called  those  of  the  yine  and  the  hop  respectively. 

Tli«  system  of  the  vine,  which  we  adopt,  is  that  of  Linnaeus,  and  of  screw-makers 
in  aU  civilized  countries  except  Japan.  De  Candolle  was  the  first  who  called  the 
hop-tendril  right-handed,  and  m  this  he  is  followed  by  Listing,  and  by  most  writers 
•B  the  csTcular  polarization  of  light.  Screws  like  the  hop- tendril  are  made  for  the 
eoopliags  of  rail  way-carriages,  and  for  the  fittings  of  wheels  on  the  left  side  of  ordinary 
hot  they  are  always  called  left-handed  screws  by  those  who  use  theuL 
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For  instance,  if  the  actusl  rotation  of  the  earth  from  wei 
iH  taken  poaitive,  the  direction  of  the  earth's  azia  from 
north  will  bo  taken  poHitive,  and  if  a  man  walks  forwai 
jtouitivo  direction,  the  poutive  rotation  is  in  the  order,  bee 
lianil,  feet,  left-hand. 

If  we  place  ourselves  on  the  poaitive  side  of  a  sur 
(wsitive  direction  along  its  bounding  curve  will  be  op 
the  motion  of  tho  hands  of  a  watch  with  its  face  towardi 

Tliia  is  the  right-handed  system  which  is  adopted  in  ' 
and  Tait'a  Natural  PhUoeophy,  and  in  Tait's  Quta 
Tho  oppOBito,  or  left-handed  system,  is  adopted  in  Bi 
Qimtefniona  (iMturea.  p.  76,  and  Elements,  p.  108,  an< 
nott»).  The  operation  of  passing  from  the  one  system  to  i 
is  called  by  Listing,  Pervei'»ion. 

The  rt'dexion  of  an  object  in  a  mirror  is  a  perverted 
the  object. 

When  we  use  the  Cartesian  axes  of  x,  y,  z,  we  shall  dr 
80  that  the  ordinary  conventions  about  the  cyclic  ordt 
symbols  lead  to  a  right-handed  system  of  directions  i 
Thus,  if  X  is  drawn  eastward  and  y  northward,  z  most  I 
upward  *. 

The  areas  of  surfaces  will  be  taken  positive  when  the 
integration  coincides  with  the  cyclic  order  of  the  symbol 
the  area  of  a  closed  curve  in  the  plane  of  xy  may  be  writt 

jxdy    OP    —jydx; 

the  order  of  int^ration  being  f ,  y  in  the  first  expression. 


24.]  LINB-INTEGBAL  AND   SUBFACE-INTEGEAL.  27 

We  now  proceed  to  prove  a  theorem  which  is  useful  as  estab- 
Hahing  a  connection  between  the  surface-integral  taken  over  a 
finite  surface  and  a  line-integral  taken  round  its  boundary. 

24.]  Theorem  IV.  A  line-integral  taken  round  a  closed  curve 
niay  he  ejtpreaeed  in  terms  of  a  surface-integral  taken  over 
a  surface  bounded  by  the  curve. 

Let  Xy  Y,  Zhe  the  components  of  a  vector  quantity  SI  whose 
line-integral  is  to  be  taken  round  a  closed  curve  s. 

Let  jS>  be  any  continuous  finite  sui'face  bounded  entirely  by  the 
doeed  cnrve  a,  and  let  (jfiyC  ^  ^^^  components  of  another  vector 
quantity  S,  related  to  X,  Y,  Z  by  the  equations 

dZ_dF^       ^dX_dZ^  dY^dX 

dy       dz '  dz       dx'  dx       dy  '  ' 

Then  the  surface-integral  of  S  taken  over  the  surface  S  is  equal  to 
the  line-integral  of  SI  taken  round  the  curve  8.  It  is  manifest  that 
f » 17,  C  satisfy  of  themselves  the  solenoidal  condition. 

d$      dr)       dC 
dx      dy       dz 
Let  I,  771,  n  be  the  direction-cosines  of  the  normal  to  an  element 
of  the  surface  dS,  reckoned  in  the  positive  direction.     Then  the 
value  of  the  surface-integral  of  S  may  be  written 

JJm-^-mri-^nOdS.  (2) 

In  order  to  form  a  definite  idea  of  the  meaning  of  the  element 
dS^  we  shall  suppose  that  the  values  of  the  coordinates  x,  y,  z  for 
every  point  of  the  surface  are  given  as  functions  of  two  inde- 
pendent variables  a  and  fi,  IS  fiis  constant  and  a  varies,  the  point 
(^»  y«  ^)  '^^  describe  a  curve  on  the  surface,  and  if  a  series  of  values 
is  given  to  )9,  a  series  of  such  curves  will  be  traced,  all  lying  on 
the  surfeu^e  S.  In  the  same  way,  by  giving  a  series  of  constant 
values  to  a,  a  second  series  of  curves  may  be  traced,  cutting  the 
first  series,  and  dividing  the  whole  surface  into  elementary 
portions,  any  one  of  which  may  be  taken  as  the  element  dS. 

The  projection  of  this  element  on  the  plane  of  yz  is,  by  the 
ordinary  formula, 

^dadfi       dfida^    ^  ^  ' 

The  expressions  for  radS  and  ndS  are  obtained  from  this  by 
substituting  rr,  y,  z  in  cyclic  order. 
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The  Burface-int^al  which  we  have  to  find  is 
fm+m,,+nOdS; 


!h^ 


or,  aubstitating  the  values  of  f  i],  C  i°  terms  of  X,  Y,  Z, 
^dX  _^dX     _^d7       dY      dZ_     dZ. 
dt         dy         dx        dz        dy         dx' 
The  part  of  this  which  depends  on  X  may  be  written 

'JdX  .rfr  dx      <|^^\      dX^.dxdy      ^^y\\Aod 
Idi^d^d^'  iVfid^^^'u^^d^dp'  dffdlfr^ 

adding  and  subtracting  ~i~  ;?-  71;  <  ^Jtis  becomes 

'idx  .dXdx      dXdy      dXdzx 

otr  /dX  dx 
'dl 

I«t  ua  now  luppoae  that  the  enrreB  for  which  ■  is  coi 
form  a  seriee  of  closed  curves  suirounding  a  point  01 
sur&oe  for  which  «  has  its  minimum  value,  Og,  and  let  th 
curve  of  the  series,  for  which  a  =  a^,  coincide  with  the  1 
curves. 

Let  us  also  suppose  that  the  corves  for  whidi  ^  is  coi 
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bat  one  value  of  x  at  the  point  where  a  =  Qq^  the  second  term  is 
zero,  and  the  expression  is  reduced  to  the  first  term : 

Since  the  curve  a  =  Oj  is  identical  with  the  closed  curve  8,  we 
may  vnite  the  expression  in  the  form 

"^  '  (10) 


where  the  integration  is  to  be  performed  round  the  curve  8.  We 
may  treat  in  the  same  way  the  parts  of  the  surface-integral 
which  depend  upon  Y  and  Z,  so  that  we  get  finally, 

Jfmr.r,^nOdS=fiX^£^Y%  +  Z^£)ds;     (11) 

where  the  first  integral  is  extended  over  the  surface  S,  and  the 
second  round  the  bounding  curve  8  *. 

On  the  effect  of  the  operator  V  on  a  vector  function. 

25.]  We  have  seen  that  the  operation  denoted  by  V  is  that  by 
which  a  vector  quantity  is  deduced  from  its  potential.  The  same 
operation,  however,  when  applied  to  a  vector  function,  produces 
results  which  enter  into  the  two  theorems  we  have  just  proved 
(HE  and  IV).  The  extension  of  this  operator  to  vector  displace- 
ments, and  most  of  its  further  development,  are  due  to  Professor 

Taitf. 
Let  <r  be  a  vector  function  of  /),  the  vector  of  a  variable  point. 

Let  us  suppose,  as  usual,  that 

p—ix+jy  +  kz, 
and  c7=iZ+yF+iZ; 

where  X,  F,  Z  aro  the  components  of  o-  in  the  directions  of  the 


We  have  to  perform  on  o-  the  operation 

\7—  •—  +  •  —  +  jfe  — . 
^   dx        dy        dz 

Performing  this  operation,  and  remembering  the  rules  for  the 
multiplication  of  i,  j^  k,  we  find  that  Vo-  consists  of  two  parts, 
one  scalar  and  the  other  vector. 

*  Thif  theorem  wm  given  bj  Professor  Stokes,  Smith*8  Prize  Examination,  1854, 
^oestloQ  8.    It  is  proved  in  Thomson  and  Tait*8  Natural  Philatophy^  %  190  {j), 

t  S«e  Proe,  R.  S.  Edin.,  April  28, 1862.  '  On  Greenes  and  other  allied  Theorems,' 
Trmma.  JB.  S,  Edin.,  1869-70,  a  very  valuable  paper ;  and  '  On  some  Qoatemion 
Integrals,'  Proe.  R.  8.  Edin,,  1870-71. 
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The  scalar  port  ii 
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,dX     dY 
dy 
and  the  vector  part  is 

,_,        .^Z    dT.     .  ,dX    dZ.     ,  ,dY    dX^ 

^'^<d-y~di)*'iib-d-J*''^d;--djy 

If  the  relation  between  X,  Y,  Z  and  ^,  r^,  C  i^  ^^^^  g^^ 
equation  (1)  of  the  last  theorem,  we  may  write 

rv<r=  tf +JT  +  Jfcf.     See  Theorem  IV. 

It  appears  therefore  that  the  functions  of  X,  Y,  Z  whicl 
in  the  two  theorems  are  both  obtained  by  the  operatioi 
the  vector  whose  components  are  X,  Y,  Z.  The  theorems 
selves  may  be  written 

JjjsViTds=    Jfs.aVvdt,    (ni) 

and  Js<Tdp    =  -jfs.VnJJvds;    (IV) 

where  (2;  is  an  element  of  a  volume,  tJs  of  a  sar&ce,  d 

I  curve,  and  Uv  a  unit-vector  in  the  di 

\       I        /  of  the  normal. 

*■  '  To  underatand  the  meaning  of  these 

— ••      •       - —     tiona  of  a  vector,  let  ub  suppose  that  it, 

y  V  value  of  ir  at  a  point  P,  and  let  us  ei 

\  the  valueof  IT— (T^in  theneighbonrhoot 

If  we  draw  a  closed  surface  round  P 

if  the  surface-integral  of  <r  over  this  i 


is  directed  inwards,  SVa  will  be  positive,  and  the  vector 
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In  Fig.  3  we  have  an  illustration  of  rotation  combined  with 
eonveigence. 
Let  us  now  consider  the  meaning  of  the  equation 

FVcr  =  0. 

This  implies  that  Vo-  is  a  scalar,  or  that  the  vector  <r  is  the  space- 
variation  of  some  scalar  function  4^. 

26.]  One  of  the  most  remarkable  properties  of  the  operator  V 
IB  that  when  repeated  it  becomes 

an  operator  occurring  in  all  parts  of  Physics,  which  we  may  refer 
to  as  Laplace's  Operator. 

This  operator  is  itself  essentially  scalar.  When  it  acts  on  a 
scalar  function  the  result  is  scalar,  when  it  acts  on  a  vector 
function  the  result  is  a  vector. 

If,  with  any  point  P  as  centre,  we  draw  a  small  sphere  whose 
radius  is  r,  then  if  g^  is  the  value  of  q  at  the  centre,  and  q  the 
mean  value  of  q  for  all  points  within  the  sphere, 

so  that  the  value  at  the  centre  exceeds  or  falls  short  of  the  mean 
value  according  as  V^q  is  positive  or  negative. 

I  propose  therefore  to  call  V^q  the  concentration  of  q  at  the 
point  Py  because  it  indicates  the  excess  of  the  value  of  q  at  that 
point  over  its  mean  value  in  the  neighbourhood  of  the  point. 

If  f  is  a  scalar  function,  the  method  of  finding  its  mean  value 
is  well  known.  If  it  is  a  vector  function^  we  must  find  its  mean 
valoe  by  the  rules  for  integrating  vector  functions.  The  result 
of  course  is  a  vector. 
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DESCRIPTION  OF  PHENOMENA. 


Electrification  by  Friction. 


27.]  ExpEElMENT  I  *.  Let  a  piece  of  gloss  and  a  piece  c 
neither  of  wMeh  exhibits  any  electrical  properties,  be  rub 
gether  and  left  with  the  rubbed  surfaces  in  contact.  Tb 
still  exhibit  do  electrical  properties.  Let  them  be  separated 
will  now  attract  each  other. 

If  a  second  piece  of  glass  be  rubbed  with  a  second  | 
resin,  and  if  the  pieces  be  then  separated  and  suspended 
neighbourhood  of  the  former  pieces  of  glass  and  reun,  it  i 
observed — 

(1)  That  the  two  pieces  of  glass  repel  each  other. 

{2)  That  each  piece  of  glass  attracts  each  piece  of  resin. 
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If  a  body  electrified  in  any  manner  whatever  behaves  as  the 
glass  does,  that  is,  if  it  repels  the  glass  and  attracts  the  resin,  the 
body  is  said  to  be  vitveoudy  electrified,  and  if  it  attracts  the  glass 
and  repels  the  resin  it  is  said  to  be  resirvoudy  electrified.  All 
electrified  bodies  are  found  to  be  either  vitreously  or  resinously 
electrified. 

It  is  the  established  practice  of  men  of  science  to  call  the  vitreous 
electrification  positive,  and  the  resinous  electrification  negative. 
The  exactly  opposite  properties  of  the  two  kinds  of  electrification 
justify  us  in  indicating  them  by  opposite  signs,  but  the  applica- 
tion of  the  positive  sign  to  one  rather  than  to  the  other  kind  must 
be  considered  as  a  matter  of  arbitrary  convention,  just  as  it  is  a 
matter  of  convention  in  mathematical  diagrams  to  reckon  positive 
distances  towards  the  right  hand. 

No  force,  either  of  attraction  or  of  repulsion,  can  be  observed 
between  an  electrified  body  and  a  body  not  electrified.  When,  in 
any  case,  bodies  not  previously  electrified  are  observed  to  be  acted 
on  by  an  electrified  body,  it  is  because  they  have  become  electrified 
by  induction, 

Electrifijcation  by  Induction. 

28.]  ExPEBTMENT  II  *.    Let  a  hollow  vessel  of  metal  be  hung 
up  by  white  silk  threads,  and  let  a  similar  thread 
be  attached  to  the  lid  of  the  vessel  so  that  the  vessel 
may  be  opened  or  closed  without  touching  it. 

Let  the  pieces  of  glass  and  resin  be  similarly  sus- 
pended and  electrified  as  before. 

Let  the  vessel  be  originally  unelectrified,  then  if 
an  electrified  piece  of  glass  is  hung  up  within  it  by 
its  thread  without  touching  the  vessel,  and  the  lid 
cloeed,  the  outside  of  the  vessel  will  be  found  to 
be  vitreously  electrified,  and  it  may  be  shewn  that 
the  electrification  outside  of  the  vessel  is  exactly  the 
same  in  whatever  part  of  the  interior  space  the  glass  Fig.  4. 
is  suspended  f. 

If  the  glass  is  now  taken  out  of  the  vessel  without  touching 
it,  the  electrification  of  the  glass  will  be  the  same  as  before  it 
was  put  in,  and  that  of  the  vessel  will  have  disappeared. 

^  This,  ftod  BevenJ  experiments  which  foUow,  are  due  to  Faraday,  '  On  Static 
Eladricmi  IndnctiTe  Action/  Phil  Mag.,  1843,  or  Exp.  Ees.,  vol.  ii.  p.  279. 
t  {ThiaiianOlnstntionof  ArUlOOo.} 
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This  electrification  of  the  veBael,  which  depends  on  tl 
being  irithin  it,  and  wliich  vanishea  when  the  glass  is  ren 
called  electrification  hj  Induction. 

Similar  efiects  would  he  produced  if  the  glass  were  soi 
near  the  vessel  on  the  outside,  hut  in  that  case  we  shoi 
an  electrification,  vitreous  in  one  pari;  of  the  outside  of  tb 
and  resinous  in  another.  When  the  glass  is  in«de  thi 
the  whole  of  the  outside  is  vitreously  and  the  whole  of  tfa 
resinously  electrified. 

Electrification  by  Conduction. 

29.]  ExPE&iHEMT  III.  Let  the  metal  vessel  be  electin 
induction,  as  in  the  last  experiment,  let  a  second  metall 
be  suspended  by  white  silk  threads  near  it,  and  let  a  met 
similarly  suspended,  be  brought  so  as  to  touch  simultaneoi 
electrified  vessel  and  the  second  body. 

The  second  body  will  now  he  found  to  be  vitreously  el© 
and  the  vitreous  electrification  of  the  vessel  will  have  dimi 

The  electrical  condition  has  been  transferred  &om  the  v 
the  second  body  by  means  of  the  wire.  The  wire  is  callet 
doctor  of  electricity,  and  the  second  body  is  said  toheele 
by  conduction.  . 

C<mdiLctorB  and  Insulatora, 
ExPEBiHGNT  IV.    If  a  glass  rod,  a  stick  of  resin  orgutta- 
or  a  white  stlk  thread,  had  been  used  instead  of  the  metal  v 
transfer  of  electricity  would  have  taken  place.    Hence  tbesi 
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medium.  Such  a  medium,  considered  as  transmitting  these 
deetrical  effects  without  conduction,  has  been  called  by  Faraday 
a  Dielectric  medium,  and  the  action  which  takes  place  through  it 
is  called  Induction. 

In  Experiment  IH  the  electrified  vessel  produced  electrification 
in  the  second  metallic  body  through  the  medium  of  the  wire. 
Let  us  suppose  the  wire  removed,  and  the  electrified  piece  of 
glass  taken  out  of  the  vessel  without  touching  it,  and  removed 
to  a  sufficient  distance.  The  second  body  will  still  exhibit 
vitreous  electrification,  but  the  vessel,  when  the  glass  is  removed, 
win  have  resinous  electrification.  If  we  now  bring  the  wire  into 
contact  with  both  bodies,  conduction  will  take  place  along  the 
wire,  and  all  electrification  will  disappear  from  both  bodies, 
shewing  that  the  electrification  of  the  two  bodies  was  equal  and 
opposite. 

SO.]  ExPEBiMENT  y.  In  Experiment  II  it  was  shewn  that  if 
a  piece  of  glass,  electrified  by  rubbing  it  with  resin,  is  hung  up  in 
an  insulated  metal  vessel,  the  electrification  observed  outside  does 
not  depend  on  the  position  of  the  glass.  If  we  now  introduce  the 
piece  of  resin  with  which  the  glass  was  rubbed  into  the  same  vesael, 
without  touching  it  or  the  vessel,  it  will  be  found  that  there  is 
no  electrification  outside  the  vessel.  From  this  we  conclude  that 
the  electrification  of  the  resin  is  exactly  equal  and  opposite  to  that 
of  the  glass.  By  putting  in  any  number  of  bodies,  electi-ified  in 
any  way,  it  may  be  shewn  that  tiie  electrification  of  the  outside  of 
the  vessel  is  that  due  to  the  algebraic  sum  of  all  the  electrifica- 
tions, those  being  reckoned  negative  which  are  resinous.  We  have 
thus  a  practical  method  of  adding  the  electrical  effects  of  several 
bodies  without  altering  their  electrification. 

31.]  ExPEBiMENT  VI.  Let  a  second  insulated  metallic  vessel, 
B,  be  provided,  and  let  the  electrified  piece  of  glass  be  put  into 
the  first  vessel  il,  and  the  electrified  piece  of  resin  into  the  second 
vessel  B.  Let  the  two  vessels  be  then  put  in  communication  by 
the  metal  wire,  as  in  Experiment  III.  All  signs  of  electrification 
will  disappear. 

Next,  let  the  wire  be  removed,  and  let  the  pieces  of  glass  and  of 
resin  be  taken  out  of  the  vessels  without  touching  them.  It  will 
be  found  that  A  is  electrified  resinously  and  B  vitreously. 

If  now  the  glass  and  the  vessel  A  be  introduced  together  into 
a  laiger  insulated  metal  vessel  C,  it  will  be  found  that  there  is  no 
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electrification  oatside  G.  This  shews  that  the  eleotrificatii 
is  exactly  equal  and  opposite  to  that  of  the  piece  of  gli 
that  of  B  maj  be  shewn  in  the  same  way  to  be  equal  and  c 
to  that  of  the  piece  of  reain. 

We  have  thus  obtained  a  method  of  charging  a  vessel 
quantity  of  electricity  exactly  equal  and  opposite  to  tha 
electrified  body  without  altering  the  electrification  of  Uu 
and  we  may  in  thia  way  charge  any  number  of  veese 
exactly  equal  quantities  of  eletMiricity  of  either  kind,  wl 
may  take  for  prOTisional  units. 

32.]  ExPEBiUENT  Yn.  Let  the  vessel  B,  charged 
quantity  of  positive  electricity,  which  we  shall  call, 
present,  unity,  be  introduced  into  the  larger  insulated  ^ 
without  touching  it.  It  will  prodnce  a  positive  electri 
on  U)e  outside  of  C.  Now  let  B  be  made  to  touch  the  ii 
C.  No  change  of  the  external  electrification  will  be  ot 
If  £  is  now  taken  out  of  0  without  touching  it,  and  remi 
a  sufficient  distance,  it  will  be  found  that  B  is  compleb 
chained,  and  that  C  has  become  charged  with  a  unit  of  j 
electricity. 

We  have  thus  a  method  of  transferring  the  charge  of  B 

Let  B  be  now  recharged  with  a  unit  of  electricity,  inti 
into  G  already  charged,  made  to  touch  the  inside  of  G,  \ 
moved.  It  will  be  found  that  B  is  again  completely  disc 
BO  that  the  charge  of  C  is  doubled. 

If  thia  process  is  repeated,  it  will  be  found  that  h 
highly  G  is  previoasly  chatted,  and  in  whatever  wa 
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33.]  Before  we  proceed  to  the  investigation  of  the  law  of 
electrical  force,  let  us  enumerate  the  facts  we  have  already 
established. 

By  placing  any  electrified  system  inside  an  insulated  hollow 
conducting  vessel,  and  examining  the  resultant  effect  on  the 
outside  of  the  vessel,  we  ascertain  the  character  of  the  total 
electrification  of  the  system  placed  inside,  without  any  com- 
munication of  electricity  between  the  different  bodies  of  the 
system. 

The  electrification  of  the  outside  of  the  vessel  may  be  tested 
with  great  delicacy  by  putting  it  in  communication  with  an 
electroscope. 

We  may  suppose  the  electroscope  to  consist  of  a  strip  of  gold 
leaf  hanging  between  two  bodies  charged,  one  positively,  and 
the  other  negatively.  If  the  gold  leaf  becomes  electrified  it  will 
incline  towards  the  body  whose  electrification  is  opposite  to  its 
own.  By  increasing  the  electrification  of  the  two  bodies  and  the 
delicacy  of  the  suspension,  an  exceedingly  small  electrification  of 
the  gold  leaf  may  be  detected. 

When  we  come  to  describe  electrometers  and  multipliers  we 
shall  find  that  there  are  still  more  delicate  methods  of  detecting 
electrification  and  of  testing  the  accuracy  of  our  theories,  but  at 
present  we  shall  suppose  the  testing  to  be  made  by  connecting 
the  hollow  vessel  with  a  gold  leaf  electroscope. 

This  method  was  used  by  Faraday  in  his  very  admirable 
demonstration  of  the  laws  of  electrical  phenomena  *. 

34.]  I.  The  total  electrification  of  a  body,  or  system  of  bodies, 
remains  always  the  same,  except  in  so  far  as  it  receives  electrifi- 
cation from  or  gives  electrification  to  other  bodies. 

In  all  electrical  experiments  the  electrification  of  bodies  is 
found  to  change,  but  it  is  always  found  that  this  change  is  due 
to  want  of  perfect  insulation,  and  that  as  the  means  of  insulation 
are  improved,  the  loss  of  electrification  becomes  less.  We  may 
therefore  assert  that  the  electrification  of  a  body  placed  in  a 
perfectiy  insulating  medium  would  remain  perfectiy  constant. 

II.  When  one  body  electrifies  another  by  conduction,  the 
total  electrification  of  the  two  bodies  remains  the  same,  that 
is,  the  one  loses  as  much  positive  or  gains  as  much  negative 

*  'On  SUiic  Electrical  Inductive  Action,'  Phil.  Mag,,  184S  or  Exp,  Uet.,  vol.  ii. 
p.  279. 
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electrifloation  aa  the  other  gains  of  poeitive  or  losea  of  nt 
electrification. 

For  if  the  two  bodies  are  enclosed  in  the  hollow  vea 
ehonge  of  the  total  electrification  is  observed. 

III.  When  electrification  ia  produced  by  Motion,  or  I: 
other  known  method,  equal  quantities  of  positive  and  Qt 
electi'ificatioQ  are  produced. 

For  the  electrification  of  the  whole  system  may  be  tei 
the  hollow  vessel,  or  the  process  of  eloetrificatiou  may  be  < 
on  within  the  vessel  itself,  and  however  intense  the  el 
cation  of  thu  parts  of  the  system  may  be,  the  electrifica 
the  whole,  as  indicated  by  the  gold  leaf  electroscope, 
variably  zero. 

The  electrification  of  a  body  is  therefore  a  physical  qt 
capable  of  measurement,  and  two  or  more  electrifications 
combined  experimentally  with  a  result  of  the  same  Id 
when  two  quantities  are  added  algebraically.  We  thereCi 
entitled  to  use  language  fitted  to  deal  with  electrific^o 
quantity  as  well  as  a  quality,  and  to  speak  of  any  elea 
body  as  *  chained  with  a  certain  quantity  of  positive  or  nc 
electricity.' 

35.]  While  admitting  electricity,  as  we  have  now  done, 
rank  of  a  physical  quantity,  we  must  not  too  hastily  t 
that  it  is,  or  is  not,  a  subatanee,  or  that  it  is,  or  is  not,  a  I 
energy,  or  that  it  belongs  to  any  known  cat^oiy  of  pi 
quantitieti.  All  that  we  have  hitherto  proved  is  that  it  < 
be  ereate<l  or  annihilated,  bo  that  if  the  total  quantity  o 
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the  result  of  the  action  between  the  paxts  of  an  intervening 
medium,  it  is  oonoeivable  that  in  all  cases  of  the  increase  or 
diminution  of  the  energy  within  a  closed  surface  we  may  be 
able,  when  the  nature  of  this  action  of  the  parts  of  the  medium 
is  dearly  imderstood,  to  trace  the  passage  of  the  energy  in  or 
out  through  that  surface. 

There  is,  however,  another  reason  which  warrants  us  in 
asserting  that  electricity^  as  a  physical  quantity,  synonymous 
with  the  total  electrification  of  a  body,  is  not,  like  heat,  a  form 
of  energy.  An  electrified  system  has  a  certain  amount  of 
energy,  and  this  enei^gy  can  be  calculated  by  multiplying  the 
quantity  of  electricity  in  each  of  its  parts  by  another  physical 
quantity,  called  the  Potential  of  that  part,  and  taking  half  the 
fiom  of  the  products.  The  quantities  *  Electricity '  and '  Potential,' 
when  multiplied  together,  produce  the  quantity  'Energy.'  It  is 
impossible,  therefore,  that  electricity  and  energy  should  be 
quantities  of  the  same  category,  for  electricity  is  only  one  of  the 
factors  of  eneigy,  the  other  factor  being  *  Potential.'  * 

^ei^i  which  is  the  product  of  these  factors,  may  also  be 
considered  as  the  product  of  several  other  pairs  of  factors, 
such  as 

A  Force  x  A  distance  through  which  the  force  is  to  act. 

A  Mass  X  Gravitation  acting  through  a  certain  height. 

A  Mass  X  Half  the  square  of  its  velocity. 

A  Pressure  x  A  volume  of  fiuid  introduced  into  a  vessel 

at  that  pressure. 
A  Chemical  Affinity  x  A  chemical  change,  measured  by  the  num- 
ber of  electro-chemical  equivalents  which 
enter  into  combination. 
If  we  ever  should  obtain  distinct  mechanical  ideas  of  the  nature 
of  electric  potential,  we  may  combine  these  with  the  idea  of 
energy  to  determine  the  physical  category  in  which  *  Electricity ' 
is  to  be  placed. 

36.]  In  most  theories  on  the  subject.  Electricity  is  treated  as 
a  sul^tance,  but  inasmuch  as  there  are  two  kinds  of  electrifi- 
cation which,  being  combined,  annul  each  other,  and  since 
we  cannot  conceive  of  two  substances  annulling  each  other,  a 
distinction  has  been  drawn  between  Free  Electricity  and  Com- 
bined Electricity. 

^  {It  10  shown  afterwards  that '  Potential  *  is  not  of  zero  dimensions. } 
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Tkn}ry  of  Tvjo  Fluids. 

In  wlint  in  mllntl  tlio  Theory  of  Two  Fluids,  all  boi 
tliPir  Diii'loctrUtod  Htato,  are  supposed  to  be  chftrged  vit 
iliiMttitiiw  of  ponitivu  and  negative  electricity,  liese  qn 
nro  niip]KHWHl  to  \m  ho  groat  that  no  process  of  electri 
liftN  ever  yet  doprivml  a  l^ody  of  all  the  eleotridty  ol 
kind.  Thti  prooiwn  of  elootrification,  according  to  this 
rt>i»iin(it  in  taking  a  C(>rtain  quantity  P  of  positive  el« 
fnim  the  Inxly  A  and  communicating  it  to  £,  or  in 
A  i|ilAiUUy  iV  of  motive  electricity  from  B  and  commm 
t(  t«>  .'I,  or  in  s\)iiio  combination  of  these  processes. 

T))p  r^wult  will  l<e  that  ^1  vill  have  P-i-^  units  of  i 
cWtficity  o^'er  and  above  its  remaining  pomtive  ele 
wliirh  is  pupposotl  to  bo  in  a  state  of  combinaUon  with  i 
qUMUttty  of  nt^tivif  cloctricitj.  This  (juantity  P+X  i 
the  Pivt'  rloetncitr,  tltc  rwt  is  flailed  the  Combined,  La 
Fixrti  elwU-idty, 

In  niwl  oxpi«ition»  of  this  theory  the  two  elevtrict 
r«)M  '  FUiidc*  Uxwufv  thoy  aiv  capable  of  beii^  tim 
fW^in  «^n<>  Kxly  t«^  Miothor.  and  aw.  Tithio  coDdocting 
i^\tn>mply  mi^bitok  Tho  i.Hh«r  pntpeities  of  doiiK  such 
in<«iia.  xtvi}>)tl%  *n>l  «Ja«ti<-ilT.  ar^  not  attiihatMl  to  I 
ihoM*  wht^  haw  lAaM  ih^  ihtforr  for  meivJr  mubeffian 
fs'<w« ;  bnt  tho  asw  of  the  wot^  Flud  has  been  Mpt  to 
the  vnljTM'.  iwlttiUn^  many  ir<ii  of  «d«iKv  vbo  a»  xk< 
^ihii*^''pJi<'r^  an.1  who  hav*  j)Nw<ii  i-«i  th*  w^j^i  FbS; 
('mly  Uvm  xn  th*  ti^utuoBX  of  the  ih*ifiiT-  »iifi  stv 
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by  the  transfer  of  P  units  of  positive  electricity  from  A  to  B, 
together  with  the  transfer  of  N  units  of  negative  electricity  from 
B  to  A.    But  if  P  +  iV  units  of  positive  electricity  had  been 
transferred  from  -4  to  jB,  or  if  P+ JV  units  of  negative  electricity 
bad  been  transferred  from  B  to  A^  the  resulting  'free  electricity' 
on  A  and  on  B  would  have  been  the  same  as  before,  but  the 
quantity  of  '  combined  electricity '  in  A  would  have  been  less  in 
the  second  case  and  greater  in  the  third  than  it  was  in  the  first. 
It  would  appear  therefore,  according  to  this  theory,  that  it  is 
possible  to  alter  not  only  the  amount  of  free  electricity  in  a 
body,  but  the  amount  of  combined  electricity.    But  no  phe- 
nomena have  ever  been  observed  in  electrified  bodies  which  can 
be  traced  to  the  varying  amount  of  their  combined  electricities. 
Hence  either   the  combined    electricities   have  no  observable 
properties,  or  the  amount  of  the  combined  electricities  is  in- 
capable of  variation.    The  first  of  these  alternatives  presents  no 
difficulty  to  the  mere  mathematician,  who  attributes  no  pro- 
perties to  the  fluids  except  those  of  attraction  and  repulsion,  for 
he  conceives  the  two  fluids  simply  to  annul  one  another,  like 
+€  and  — «,  and  their  combination  to  be  a  true  mathematical 
zero.     But  to  those  who  cannot  use  the  word  Fluid  without 
thinking  of  a  substance  it   is  difficult  to  conceive  how  the 
combination  of  the  two  fluids  can  have  no  properties  at  all,  so 
that  the  addition  of  more  or  less  of  the  combination  to  a  body 
shall  not  in  any  way  afiect  it,  either  by  increasing  its  mass  or 
ita  weight,  or  altering  some  of  its  other  properties.     Hence  it 
has  been  supposed  by  some,  that  in  every  process  of  electrifica- 
tion exactly  equal  quantities  of  the  two  fluids  are  transferred  in 
opposite  directions,  so  that  the  total  quantity  of  the  two  fluids 
in  any  body  taken  together  remains  always  the  same.     By  this 
new  law  they  'contrive  to  save  appearances,'  forgetting  that 
there  would  have  been  no  need  of  the  law  except  to  reconcile 
the  *  Two  Fluids '  theory  with  facts,  and  to  prevent  it  from  pre- 
dicting non-existent  phenomena. 

Theoi'y  of  One  Fluid, 

37.]  In  the  theory  of  One  Fluid  everything  is  the  same  as  in 
the  theory  of  Two  Fluids  except  that,  instead  of  supposing  the 
two  substances  equal  and  opposite  in  all  respects,  one  of  them, 
generally  the  negative  one,  has  been  endowed  with  the  pro- 
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]»'rtloH  and  natno  of  Ordinary  Matter,  while  the'  other 
tliu  iiaiiio  of  Tlio  Klootrio  Fluid.  The  particles  of  the  i 
Hiijiiiutieil  to  rupol  ono  another  according  to  tiie  law 
irivurHO  HijUAn)  of  tho  diat&nco,  and  to  attract  those  of 
Rcoonlinj;  to  the  itanio  law.  Thoso  of  matter  are  aupp 
rtipiO  each  other  aiid  attract  thoBO  of  electricity. 

If  tlie  ijuaiitity  of  tlie  electric  fluid  in  a  body  ia  sue! 
{lartitOo  uf  Uio  oloctric  fluid  outside  the  body  is  as  much  : 
liy  tho  oluotrio  fluid  in  tlio  body  as  it  is  attracted  by  tiie 
of  tlui  lK)dy,  tlio  body  ia  said  to  be  Saturated.  If  the  q 
of  fluid  in  the  body  is  greater  than  that  required  for  sat 
tht>  oxcesa  is  called  tho  Hodundaot  fluid,  and  the  body  is 
Ih)  Ovtvoliargeil.  If  it  is  leas,  the  body  is  said  to  be 
vhiuvml,  aiid  the  quantity  of  fluid  which  would  be  reqi 
uturatv  it  ia  »oin«tiui«a  called  the  Deficient  fluid.  The  : 
i>f  uuita  of  electricity  required  to  saturate  one  gnu 
itrtliitary  matter  must  be  wry  great,  because  a  gramme 
liuty  W  beaieu  out  to  an  area  of  a  square  metre,  and  i 
thi»  ft.in»  way  have  a  uogative  chai^  of  at  least  60,000  i 
(>lt>«>tri«>)ty.  li)  tirvler  to  saturate  the-gold  leaf  when  so  c 
thid  quantity  of  eleotrio  fluid  must  be  conimunic&ted  b 
tltat  tbo  wh^f  quantity  rvquiwd  to  saturate  it  must  b« 
than  thi».  'I'hv  attraction  between  the  matter  and  tb 
i»  two  saturated  bMUe«  is  »uppoe<eii  to  be  a  Terr  little 
thau  tW  [v}4)Ut^>iU  t>etvMKt  the  two  portions  of  matter  a 
t<(<twe«>u  the  twv  )>urtiott»  of  fluid.  This  residual  tone  Lj  sc 
to  aiwuut  for  the  atlractiott  ol' graTiutioo. 
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electricity  repd  one  another,  is  in  direct  antagonism  with  the 
well-established  fact  that  every  particle  of  matter  attracts  every 
other  particle  throughout  the  universe.  If  the  theory  of  One 
Fluid  were  true  we  should  have  the  heavenly  bodies  repelling 
one  another. 

It  is  manifest  however  that  the  heavenly  bodies,  according  to 
this  theory,  if  they  consisted  of  matter  uncombined  with  elec- 
tricity, would  be  in  the  highest  state  of  negative  electrification, 
and  would  repel  each  other.  We  have  no  reason  to  believe  that 
they  are  in  such  a  highly  electrified  statej  or  could  be  maintained 
in  that  state.  The  earth  and  all  the  bodies  whose  attraction  has 
been  observed  are  rather  in  an  unelectrified  state,  that  is,  they  con- 
tain the  normal  charge  of  electricity,  and  the  only  action  between 
them  is  the  residual  force  lately  mentioned.  The  artificial  manner, 
however,  in  which  this  residual  force  is  introduced  is  a  much 
more  valid  objection  to  the  theory. 

In  the  present  treatise  I  propose,  at  different  stages  of  the  in- 
vestigation, to  test  the  different  theories  in  the  light  of  additional 
classes  of  phenomena.  For  my  own  part,  I  look  for  additional 
light  on  the  nature  of  electricity  from  a  study  of  what  takes  place 
in  the  space  intervening  between  the  electrified  bodies.  Such  is 
the  essential  character  of  the  mode  of  investigation  pursued  by 
Faraday  in  his  Experimental  Researches^  and  as  we  go  on  I 
intend  to  exhibit  the  results,  as  developed  by  Faraday, 
W.  Thomson,  &c.,  in  a  connected  and  mathematical  form,  so 
that  we  may  perceive  what  phenomena  are  explained  equally  well 
by  all  the  theories,  and  what  phenomena  indicate  the  peculiar 
difficulties  of  each  theory. 

Measurement  of  the  Force  hettceen  Electrified  Bodies* 

38.]  Forces  may  be  measured  in  various  ways.  For  instance, 
one  of  the  bodies  may  be  suspended  from  one  arm  of  a  delicate 
balance,  and  weights  suspended  from  the  other  arm,  till  the  body, 
when  unelectrified,  is  in  equilibrium.  The  other  body  may  then 
be  placed  at  a  known  distance  beneath  the  first,  so  that  the 
attraction  or  repulsion  of  the  bodies  when  electrified  may  increase 
or  diminish  the  apparent  weight  of  the  first.  The  weight  which 
must  be  added  to  or  taken  from  the  other  arm,  when  expressed 
in  dynamical  measure,  will  measure  the  force  between  the  bodies. 
This  arrangement  was  used  by  Sir  W.  Snow  Harris,  and  is  that 
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adopted    in    Sir    W.    Thomson's   absolute  eleotrometi 
Art  217. 

It  is  Bometimes  more  convonient  to  uae  a  torBioD-bc 
wliich  a  horizontal  arm  is  Buspendod  hj  a  fine  wire  or  fi 
to  1h)  capable  of  vibrating  about  the  vertical  wire  as  an 
the  body  is  attached  to  one  end  of  the  arm  and  acted  o 
foroe  in  the  tangential  direction,  so  as  to  turn  the  arm  i 
vortical  axis,  and  oo  twist  the  suspenBioD  wire  through 
angle.  The  torsional  rigidity  of  the  wire  is  found  by  t 
the  time  of  oscillation  of  the  arm,  the  moment  of  inert 
arm  being  otherwise  known,  and  from  the  angle  of  toi 
the  torsional  rigidity  the  foroe  of  attraction  or  repnlsio 
deduced.  The  torsion-balance  was  devised  by  Michel 
determination  of  the  force  of  gravitation  between  ama 
and  was  used  by  Cavendish  for  this  purpose.  Coulomb, 
independently  of  these  philosophers,  reinvokted  it,  th 
studied  its  action,  and  successfully  applied  it  to  disoora 
of  electric  and  magnetic  forces ;  and  the  torsion<baUnc< 
since  been  used  in  researches  where  small  forces  ha 
measured.     See  Art  31S. 

S9.]  Let  us  suppose  that  by  either  of  these  methodi 
measure  the  force  between  two  electrified  bodies, 
suppose  the  dimensions  of  the  bodies  small  compared 
iUstauce  between  them,  so  that  the  result  may  not 
alt»re<t  by  any  inequality  of  distribution  of  the  electrifii 
either  body,  and  we  shall  suppose  that  both  bodie 
Busp^vled  in  air  as  to  be  at  a  considerable  distance  & 
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Then  each  of  the  m  positive  units  in  A  will  repel  each  of  the 
m'  pocdtive  units  in  B  with  a  certain  force,  say/,  making  a  total 
effeet  equal  to  mm'f. 

Since  the  effect  of  negative  electricity  is  exactly  equal  and 
opposite  to  that  of  positive  electricity,  each  of  the  m  positive  units 
in  A  will  attract  each  of  the  n'  negative  units  in  B  with  the 
same  force  /,  making  a  total  effect  equal  to  m  riff. 

Similarly  the  n  negative  units  in  A  will  attract  the  7>i^  positive 
units  in  J3  with  a  force  nm'f,  and  will  repel  the  n'  negative  units 
in  B  with  a  force  nny. 

The  total  repulsion  will  therefore  be  (mm'  +  7i7i')/;  and  the 
total  attraction  will  be  {mn'  -\-m'n)f. 

The  resultant  repulsion  will  be 

(mwr'  +  nri'— mil'— nm')/    or    (m— n)  (mf—n')/. 

Now  m-^n  =  eia  the  algebraical  value  of  the  charge  on  A^  and 
m^^nf  =  ^  is  that  of  the  charge  on  £,  so  that  the  resultant  re- 
pulsion may  be  written  ee%  the  quantities  e  and  e'  being  always 
understood  to  be  taken  with  their  proper  signs. 

Variation  of  the  Force  with  the  Distance. 

40l]  Having  established  the  law  of  force  at  a  fixed  distance, 
we  may  measure  the  force  between  bodies  charged  in  a  constant 
manner  and  placed  at  different  distances.  It  is  found  by  direct 
measurement  that  the  force,  whether  of  attraction  or  repulsion, 
varies  inversely  as  the  square  of  the  distance,  so  that  if/  is  the 
repulsion  between  two  units  at  unit  distance,  the  repulsion  at  dis- 
tance r  will  be/r~*,  and  the  general  expression  for  the  repulsion 
between  e  units  and  e'  units  at  distance  r  will  be 

fee'  r"^. 

Definition  of  tlie  Electrostatic  Unit  of  Electricity, 

41.]  We  have  hitherto  used  a  wholly  arbitrary  standard  for  our 
unit  of  electricity,  namely,  the  electrification  of  a  certain  piece  of 
glass  as  it  happened  to  be  electrified  at  the  commencement  of  our 
experiments.  We  are  now  able  to  select  a  unit  on  a  definite 
principle,  and  in  order  that  this  unit  may  belong  to  a  general 
system  we  define  it  so  that/  may  be  unity,  or  in  other  words — 

The  dectrostatic  unit  of  electricity  ie  that  quantity  of  jxmiive 
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electricity  which,  when  placed  at  unit  of  distance  from 
qiiatitity,  repels  it  with  unit  of  force  *. 

This  unit  is  called  the  Electrontatio  unit  to  diatingaia 
the  Electromagnetic  unit,  to  be  afterwards  defined. 

We  may  now  write  the  general  law  of  electrical  actic 
simple  form  F=  ee'  r-^  ■    or 

The  repulsion  between  two  eftnall  bodies  charged  res 
with  e  and  e'  unite  of  electricity  ie  numerically  equt 
product  of  the  charges  divided  by  the  square  of  ike  diata 

Bvmensiona  of  the  Mectroetatic  Unit  of  Quanti 
42.]  If  [Q]  is  the  concrete  electrostatic  unit  of  qnantj 
and  e,  e'  the  numerical  values  of  particular  quantities  ; 
the  unit  of  length,  and  r  the  numerical  value  of  the  distal 
if  [F]  is  the  unit  of  force,  and  F  the  numerical  value  of  * 
then  the  equation  becomes 

F[F]  =  ee'r-^m[L-'']; 
whence  [Q]  =  [IF^] 

=  [LiT-mi]. 

This  unit  is  called  the  Electroetatic  Unit  of  electricity, 
unitfi  may  be  employed  for  practical  purposes,  and  in  c 
partments  of  electrical  science,  but  in  the  equations  of 
statics  quantities  of  electricity  are  understood  to  be  eetii 
electrostatic  units,  just  as  in  physical  astronomy  we  e 
unit  of  mass  which  is  founded  on  the  phenomena  of  gra 
and  which  differs  from  the  units  of  mass  in  common  use. 
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eapable  of  carrying  charges  su/Bcient  to  produce  measurable 
forcee.  The  action  of  each  body  will  then  produce  an  effect  on 
the  distribution  of  electricity  on  the  other,  so  that  the  charge 
cannot  he  considered  as  evenly  distributed  over  the  surface,  or 
eoUected  at  the  centre  of  gravity ;  but  its  effect  must  be  calcu- 
lated by  an  intricate  investigation.  This,  however,  has  been 
done  as  regards  two  spheres  by  Poisson  in  an  extremely  able 
manner,  and  the  investigation  has  been  greatly  simplified  by 
Sr  W.  Thomson  in  his  Theory  of  Electrical  Images,  See  Arts. 
172-175, 

Another  difficulty  arises  from  the  action  of  the  electricity 
induced  on  the  sides  of  the  case  containing  the  instrument.  By 
making  the  inner  surface  of  the  instrument  of  metal,  this  effect 
can  be  rendered  definite  and  measurable. 

An  independent  difficulty  arises  from  the  imperfect  insulation 
of  the  Bodies,  on  account  of  which  the  charge  continually  de- 
creases. Coulomb  investigated  the  law  of  dissipation,  and  made 
corrections  for  it  in  his  experiments. 

The  methods  of  insulating  charged  conductors,  and  of  measur- 
ing electrical  effects,  have  been  greatly  improved  since  the  time 
of  Coulomb,  particularly  by  Sir  W.  Thomson ;  but  the  perfect 
aoeuiacy  of  Coulomb's  law  of  force  is  established,  not  by  any 
direct  experiments  and  measurements  (which  may  be  used  as 
illustrations  of  the  law),  but  by  a  mathematical  consideration  of  the 
phenomenon  described  as  Experiment  VII,  namely,  that  an  elec- 
trified conductor  J?,  if  made  to  touch  the  inside  of  a  hollow  closed 
conductor  C  and  then  withdrawn  without  touching  C,  is  per- 
fectly discharged,  in  whatever  manner  the  outside  of  G  may  be 
electrified.  By  means  of  delicate  electroscopes  it  is  easy  to  shew 
that  no  electricity  remains  on  B  after  the  operation,  and  by  the 
mathematical  theory  given  at  Arts.  74  c,  74  (7,  this  can  only  be  the 
case  if  the  force  varies  inversely  as  the  square  of  the  distance, 
for  if  the  law  were  of  any  different  form  B  would  be  electrified. 

The  Electric  Field. 

44.]  The  Electric  Field  is  the  portion  of  space  in  the  neigh- 
bourhood of  electrified  bodies,  considered  with  reference  to  elec- 
tric phenomena.  It  may  be  occupied  by  air  or  other  bodies,  or 
it  may  be  a  so-called  vacuum,  from  which  we  have  withdrawn 
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every  substance  which  wa  can  act  upon  with  the  meai 
dispoBal. 

If  an  electrified  body  be  placed  at  any  part  of  the  elei 
it  will,  in  general,  prodace  a  sensible  disturbance  in  th 
fication  of  the  other  bodies. 

But  if  the  body  is  very  small,  and  its  charge  also  ve 
the  electrification  of  the  other  bodies  will  not  be  seni 
turbed,  and  we  may  consider  the  position  of  the  body 
mined  by  its  centre  of  mass.  The  force  acting  on  the  1 
then  be  proportional  to  its  charge,  and  will  be  rovers 
the  charge  is  reversed. 

]jet  e  be  the  charge  of  the  body,  and  F  the  force  actii 
body  in  a  certain  direction,  then  when  e  is  very  small  F  i 
tional  to  e,  or  F=  Re, 

where  R  depends  on  the  distribution  of  electricity  on  ' 
bodies  in  the' field.  If  the  charge  e  could  be  made 
unity  without  disturbing  the  electrification  of  other  b 
should  have  F=R. 

We  shall  caU  R  the  Kesultant  I^ectromotive  Inteuai 
given  point  of  the  field.  When  we  wish  to  express  the 
this  quantity  is  a  vector  we  shall  denote  it  by  the  Qermaz 

Total  Electromotive  Force  and  Potential. 

45.]  If  the  small  body  carrying  the  small  charge  e  I 

from  one  given  point,  A,  to  another  B,  along  a  given 

will  ezperience  at  each  point  of  its  course  a  force  Re, 

varies  from  point  to  point  of  the  course.     Let  the  wh 
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• 

It  depends  only  on  the  position  of  A,  In  mathematical  investi- 
gations, B  is  generally  taken  at  an  infinite  distance  from  the 
electrified  bodies. 

A  body  charged  positively  tends  to  move  from  places  of  greater 
positive  potential  to  places  of  smaller  positive,  or  of  negative, 
potential,  and  a  bo4y  charged  negatively  tends  to  move  in  the 
opposite  direction. 

In  a  conductor  the  electrification  is  free  to  move  relatively  to 
the  conductor.  If  therefore  two  parts  of  a  conductor  have 
different  potentials,  positive  electricity  will  move  from  the  part 
having  greater  potential  to  the  part  having  less  potential  as  long 
18  that  difference  continues.  A  conductor  therefore  cannot  be 
in  electrical  equilibrium  unless  every  point  in  it  has  the  same 
potential.    This  potential  is  called  the  Potential  of  the  Conductor. 

Equipotential  Surfaces. 

46.]  If  a  surface  described  or  supposed  to  be  described  in  the 
electric  field  is  such  that  the  electric  potential  is  the  same  at 
every  point  of  the  surface  it  is  called  an  Equipotential  surface. 

An  electrified  particle  constrained  to  rest  upon  such  a  surface 
will  have  no  tendency  to  move  from  one  part  of  the  surface  to 
another,  because  the  potential  is  the  same  at  every  point.  An 
equipotential  surface  is  therefore  a  surface  of  equilibrium  or  a 
level  surface. 

The  resultant  force  at  any  point  of  the  surface  is  in  the  direc- 
tion of  the  normal  to  the  surface,  and  the  magnitude  of  the  force 
is  such  that  the  work  done  on  an  electrical  unit  in  passing  from 
the  surface  V  to  the  surface  W  is  F~  V\ 

No  two  equipotential  surfaces  having  different  potentials  can 
meet  one  another,  because  the  same  point  cannot  have  more  than 
one  potential,  but  one  equipotential  surface  may  meet  itself,  and 
this  takes  place  at  all  points  and  along  all  lines  of  equilibrium. 

The  surface  of  a  conductor  in  electrical  equilibrium  is  neces- 
sarily an  equipotential  surface.  If  the  electrification  of  the  con- 
ductor IB  positive  over  the  whole  surface,  then  the  potential  will 
diminish  as  we  move  away  from  the  surface  on  every  side,  and 
the  conductor  will  be  surrounded  by  a  series  of  surfaces  of  lower 
potential. 

But  if  (owing  to  the  action  of  external  electrified  bodies)  some 

VOL.  I,  £ 
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regions  of  the  conductor  &re  charged  positively  ajid  o 
gativaly,  tlie  complete  equipotential  surfaoe  will  oonsi 
surface  of  the  conductor  itself  together  with  a  system 
surfaces,  meeting  the  surface  of  the  conductor  in  the  lix 
divide  the  positive  from  the  negative  regions  *,  These  '. 
be  lines  of  equilibrium,  and  an  electrified  particle  place 
of  these  lines  will  experience  no  force  in  any  direction. 

When  the  surface  of  a  conductor  is  charged  positively 
parte  and  negatively  in  others,  there  must  be  some  otb< 
fied  body  in  the  field  besides  itself.  For  if  we  allow  a  | 
electrified  particle,  starting  from  a  positively  charged  p 
surface,  to  inove  always  in  the  direction  of  the  result 
upon  it,  the  potential  at  the  particle  will  continually  din 
the  particle  reaches  either  a  negatively  charged  surface  a< 
tial  less  than  that  of  the  first  conductor,  or  moves  ofi"  to  a 
distance.  Since  the  potential  at  .an  infinite  distance  is 
latter  case  can  only  occur  when  the  potential  of  the  coo 
positive. 

In  the  same  way  a  negatively  electrified  particle,  m 
from  a  negatively  charged  part  of  the  surface,  must  eit 
a  positively  charged  surface,  or  pass  oS  to  infinity,  and  i 
case  can  only  happen  when  the  potential  of  the  con 
negative. 

Therefore,  if  both  positive  and  negative  charges  e: 
conductor,  there  must  be  some  other  body  in  the  fie! 
potential  has  the  same  sign  Aa  that  of  the  conductor  but 
numerical  value,  and  if  a  conductor  of  any  form  is  alo 
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A  conductor  placed  inBide  the  vessel  aod  communicating  with 
it»  may  be  considered  as  bounded  by  the  interior  surface.  Hence 
aaeh  a  conductor  has  no  charge. 

LiTiea  of  Force. 

47.]  Tho  Kne  described  by  a  point  moving  always  in  the  direc- 
tion of  the  resultant  intensity  is  called  a  Line  of  Force.  It  cuts 
the  equipotential  surfaces  at  right  angles.  The  properties  of 
lines  of  force  will  be  more  fully  explained  afterwards,  because 
Faraday  has  expressed  many  of  the  laws  of  electrical  action  in 
terms  of  his  conception  of  lines  of  force  drawn  in  the  electric 
field,  and  indicating  both  the  direction  and  the  intensity  at  every 
point. 

Electric  Tension. 

48.]  Since  the  surface  of  a  conductor  is  an  equipotential  surface, 
the  resultant  intensity  is  normal  to  the  surface,  and  it  will  be 
shewn  in  Art.  80  that  it  is  proportional  to  the  superficial  density  of 
the  electrification.  Hence  the  electricity  on  any  small  area  of  the 
surface  will  be  acted  on  by  a  force  tending  frora  the  conductor 
and  proportional  to  the  product  of  the  resultant  intensity  and 
the  density,  that  is,  proportional  to  the  square  of  the  resultant 
intensity. 

This  force,  which  acts  outwards  as  a  tension  on  every  part  of  the 
eonductor,  will  be  called  electric  Tension.  It  is  measured  like 
ordinary  mechanical  tension,  by  the  force  exerted  on  unit  of  area. 

The  word  Tension  has  been  used  by  electricians  in  several  vague 
senses,  and  it  has  been  attempted  to  adopt  it  in  mathematical 
language  as  a  synonym  for  Potential ;  but  on  examining  the  cases 
in  which  the  word  has  been  used,  I  think  it  will  be  more  con- 
sistent with  usage  and  with  mechanical  analogy  to  understand  by 
tension  a  pulling  force  of  so  many  pounds  weight  per  square  inch 
exerted  on  the  surface  of  a  conductor  or  elsewhere.  We  shall 
find  that  the  conception  of  Faraday,  that  this  electric  tension 
exists  not  only  at  the  electrified  surface  but  all  along  the  lines  of 
force,  leads  to  a  theory  of  electric  action  as  a  phenomenon  of 
stress  in  a  medium. 

Electromotive  Force. 

40.]  When  two  conductors  at  different  potentials  are  connected 
by  a  thin  conducting  wire,  the  tendency  of  electricity  to  flow 
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along  the  wire  is  measnred  by  the  difference  of  the  potc 
the  two  bodies.  The  difference  of  potentials  between  t 
duotors  or  two  points  is  therefore  called  the  Eleotromot 
between  them. 

Eleotromotive  force  cannot  in  all  oases  be  expressei 
form  of  a  difference  of  potentials.  These  cases,  however 
treated  of  in  Electrostatics.  We  shall  consider  them  t 
come  to  heterogeneous  circuita,  chemical  actions,  mo 
magnets,  inequalities  of  temperature,  &c. 

Capacity  of  a  Cortductor. 
60.]  If  one  conductor  is  insulated  while  all  the  sun 
conductors  are  kept  at  the  zero  potential  by  being  put  in 
nication  with  the  earth,  and  if  the  conductor,  when  charf 
a  qnaoUty  E  of  electricity,  has  a  potential  V,  the  ratio  o 
is  called  the  Capacity  of  the  conductor.  If  the  cond 
completely  enclosed  within  a  conducting  vessel  without  < 
it,  Uieo  the  charge  on  the  inner  oonductor  will  be  equal 
posite  to  the  charge  on  the  inner  surface  of  the  outer  cc 
and  will  be  equal  to  the  capacity  of  the  inner  oonductor  m 
by  the  di£Ference  of  the  potentials  of  the  two  conductors 

Electric  Accumulatore. 

A  system  consisting  of  two  oondnctors  whose  opposed 

are  separated  from  each  other  by  a  thin  etratum  of  an  in 

medium  is  called  ao  electric  Accumulator.    The  two  co: 

are  called  the  Electrodes  and  the  insulating  medium  is  o 
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mass  becomes  the  same.  In  the  ease  of  pieces  of  metal  used  in 
ordinaiy  experiments  this  process  is  completed  in  a  time  too  short 
to  be  observed}  but  in  the  case  of  very  long  and  thin  wires,  such 
as  those  used  in  telegraphs,  the  potential  does  not  become  uniform 
till  after  a  sensible  time,  on  account  of  the  resistance  of  the  wire 
to  the  passage  of  electricity  through  it. 

The  resistance  to  the  passage  of  electricity  is  exceedingly  dif- 
ferent in  different  substances,  as  may  be  seen  from  the  tables  at 
Arts.  362,  364,  and  367,  which  will  be  explained  in  treating  of 
Electric  Currents. 

All  the  metals  are  good  conductors,  though  the  resistance  of  lead 
is  12  times  that  of  copper  or  silver,  that  of  iron  6  times,  and  that 
of  mercury  60  times  that  of  copper.  The  resistance  of  all  metals 
increases  as  their  temperature  rises. 

Many  liquids  conduct  electricity  by  electrolysis.  This  mode  of 
conduction  will  be  considered  in  Part  11.  For  the  present,  we 
may  regard  all  liquids  containing  water  and  all  damp  bodies  as 
conductors,  far  inferior  to  the  metals  but  incapable  of  insulating 
a  charge  of  electricity  for  a  sufficient  time  to  be  observed.  The 
resistance  of  electrolytes  diminishes  as  the  temperature  rises. 

On  the  other  hand,  the  gases  at  the  atmospheric  pressure, 
whether  dry  or  moist,  are  insulators  so  nearly  perfect  when  the 
electric  tension  is  small  that  we  have  as  yet  obtained  no  evidence 
of  electricity  passing  through  them  by  ordinary  conduction.  The 
gradual  loss  of  charge  by  electrified  bodies  may  in  every  case  be 
traced  to  imperfect  insulation  in  the  supports,  the  electricity 
either  passing  through  the  substance  of  the  support  or  creeping 
over  its  surface.  Hence,  when  two  charged  bodies  are  hung  up 
near  each  other,  they  will  preserve  their  charges  longer  if  they 
are  electrified  in  opposite  ways,  than  if  they  are  electrified  in  the 
same  way.  For  though  the  electromotive  force  tending  to  make 
the  electricity  pass  through  the  air  between  them  is  much  greater 
when  they  are  oppositely  electrified,  do  perceptible  loss  occurs  in 
this  way.  The  actual  loss  takes  place  through  the  supports,  and 
the  electromotive  force  through  the  supports  is  greatest  when  the 
bodies  are  electrified  in  the  same  way.  The  result  appears 
anomalous  only  when  we  expect  the  loss  to  occur  by  the  passage 
of  electricity  through  the  air  between  the  bodies.  The  passage 
of  electricity  through  gases  takes  place,  in  general,  by  disruptive 
discharge,  and  does  not  begin  till  the  electromotive  intensity  has 
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reached  a  oertain  value.  The  value  of  the  electromotive  ii 
'which  can  exist  in  a  dlQleotrio  without  a  discharge  takii 
is  called  the  Electric  Strength  of  the  dielectric.  The 
strength  of  air  diminishes  as  the  pressure  is  reduced  fi 
atmospheric  pressure  to  that  of  ahout  three  millimt 
mercury  *.  When  the  pressure  is  still  further  reduced,  the 
strength  rapidly  increases ;  and  -when  the  exhaustion  is  ca 
the  highest  degree  hitherto  attained,  the  electromotive  ii 
required  to  produce  a  spark  of  a  quarter  of  an  inch  is 
than  that  which  will  give  a  spark  of  eight  inches  in  aii 
ordinary  pressure. 

A  vacuum,  that  is  to  say,  that  which  remains  in  a  vest 
we  have  removed  everything  which  we  can  remove  &o 
therefore  an  insulator  of  very  great  electric  strength. 

The  electric  strength  of  hydrogen  is  much  less  tiian  tlu 
at  the  same  pressure. 

Certain  kinds  of  glass  when  cold  are  marvellously  pei 
sulators,  and  Sir  W.  Thomson  has  preserved  charges  of  el( 
for  years  in  hulbs  hermetically  sealed.  The  same  glass,  h 
becomes  a  conductor  at  &  temperature  below  that  of  boiUnj 

Qutta-percha,  caoutchouc,  vulcanite,  paraffin,  and  rei 
good  insulators,  the  resistance  of  gutta-percha  at  76'  I 
about  6x10"  times  that  of  copper. 
.  Ice,  crystals,  and  solidified  electrolytes,  are  also  insulal 

Certain  liquids,  such  as  naphtha,  turpentine,  and  some 
insulators,  but  inferior  to  the  best  solid  insulators. 
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the  ntioe  in  whieh  their  capacities  exceeded  that  of  plates  of  air 
of  the  same  dimensions. 

Fanulay,  to  whom  these  researches  were  unknown,  discovered 
that  the  capacity  of  an  accumulator  depends  on  the  nature  of  the 
iiwn luting  medium  between  the  two  conductors,  as  well  as  on  the 
dimensions  and  relative  position  of  the  conductors  themselves. 
By  substituting  other  insulating  media  for  air  as  the  dielectric  of 
the  accumulator,  without  altering  it  in  any  other  respect,  he  found 
that  when  air  and  other  gases  were  employed  as  the  insulating 
medium  the  capacity  of  the  accumulator  remained  sensibly  the 
same,  but  that  when  shellac,  sulphur,  glass,  &c.  were  substituted 
for  air,  the  capacity  was  increased  in  a  ratio  which  was  different/ 
for  each  substance. 

By  a  more  delicate  method  of  measurement  Boltzmann  succeeded 
in  observing  the  variation  of  the  inductive  capacities  of  gases  at 
different  pressures. 

This  property  of  dielectrics,  which  Faraday  called  Specific  In- 
ductive Capacity,  is  also  called  the  Dielectric  Constant  of  the 
substance.  It  is  defined  as  the  ratio  of  the  capacity  of  an 
aoeomulator  when  its  dielectric  is  the  given  substance,  to  its 
capacity  when  the  dielectric  is  a  vacuum. 

If  the  dielectric  is  not  a  good  insulator,  it  is  difficult  to  measure 
its  inductive  capacity,  because  the  accumulator  will  not  hold  a 
charge  for  a  sufficient  time  to  allow  it  to  be  measured  ;  but  it  is 
certain  that  inductive  capacity  is  a  property  not  confined  to 
good  insulators,  and  it  is  probable  that  it  exists  in  aU  bodies  *, 

Absorption  of  Electricity, 

58.]  It  is  found  that  when  an  accumulator  is  formed  of  certain 
dielectrics,  the  following  phenomena  occur. 

When  the  accumulator  has  been  for  some  time  electrified  and 
is  then  suddenly  discharged  and  again  insulated,  it  becomes 
recharged  in  the  same  sense  as  at  first,  but  to  a  smaller  degree, 
so  that  it  may  be  discharged  again  several  times  in  succession, 
these  discharges  always  diminishing.  This  phenomenon  is  called 
that  of  the  Residual  Discharge. 

*  {Cohn  and  Arons  {Wiedemann's  Annalen^  v.  88,  p.  18)  have  invetti(^ted  the 
tpfftfr^  indactive  oapaoitiei  of  tome  non-insulating  flaida  such  as  water  and  alcohol  : 
tbcj  find  that  these  are  very  large ;  thus,  that  of  distilled  water  is  about  76  and  that  of 
cCbjl  ftloohol  aboQt  26  tiniM  that  of  air. } 
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The  inetontaneouB  discharge  appears  always  to  be  prop 
to  the  difference  of  potentials  at  the  instant  of  dischai 
the  ratio  of  these  quantities  is  the  true  capacity  of  the  t 
later ;  but  if  the  contact  of  Uie  discharger  is  prolonged 
include  some  of  the  residual  discharge,  the  apparent  cap 
the  accumulator,  calculated  from  such  a  dischaific,  will 
great. 

The  accumulator  if  charged  and  left  insulated  appears 
ita  charge  by  conduction,  but  it  is  found  that  the  propo: 
rate  of  loss  is  much  greater  at  first  than  it  is  afterwards, 
the  measure  of  conductivity,  if  deduced  from  what  tak( 
at  first,  would  be  too  great.  Thus,  when  the  insulatii 
submarine  cable  is  tested,  the  insulation  appears  to  im| 
the  electrification  continues. 

Thermal  phenomena  of  a  kind  at  first  sight  analogo 
place  in  the  case  of  the  conduction  of  beat  when  the  < 
sides  of  a  body  are  kept  at  different  temperatures.  In  I 
of  heat  we  know  tiiat  they  depend  on  the  beat  taken 
given  out  by  the  body  itself.  Hence,  in  the  case  of  the  el 
phenomena,  it  has  beon  supposed  that  electiicity  is  absorl 
emitted  by  the  parts  of  the  body.  We  shall  see,  bowt 
Art.  329,  that  the  phenomena  can  be  explained  withe 
hypothesis  of  absorption  of  electricity,  by  supposing  the  dJ 
in  some  d^ree  heterogeneous. 

That  the  phenomena  called  Electric  Absorption  are 
actual  absorption  of  electricity  by  the  Bubstonce  may  be 
by  charging  the  substance  in  any  manner  with  electricit 
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place  among  a  system  of  bodies  surrounded  by  a  metallic  vessel, 
the  chaige  on  the  outside  of  that  vessel  is  not  altered. 

Now  if  any  portion  of  electricity  could  be  forced  into  a  body 
so  as  to  be  absorbed  in  it,  or  to  become  latent,  or  in  any  way 
to  exist  in  it,  without  being  connected  with  an  equal  portion 
of  the  opposite  electricity  by  lines  of  induction,  or  if,  after 
having  been  absorbed,  it  could  gradually  emerge  and  return 
to  its  ordinary  mode  of  action,  we  should  find  some  change  of 
electrification  in  the  surrounding  vessel. 

As  this  is  never  found  to  be  the  case,  Faraday  concluded  that 
it  is  impossible  to  communicate  an  absolute  charge  to  matter,  and 
that  no  portion  of  matter  can  by  any  change  of  state  evolve  or 
render  latent  one  kind  of  electricity  or  the  other.  He  therefore 
regarded  induction  as  Hhe  essential  function  both  in  the  first 
development  and  the  consequent  phenomena  of  electricity.'  His 
'induction'  is  (1298)  a  polarized  state  of  the  particles  of  the 
dielectric,  each  particle  being  positive  on  one  side  and  negative 
on  the  other,  the  positive  and  the  negative  electrification  of  each 
particle  being  always  exactly  equal. 

Disruptive  Discharge,* 

55.]  If  the  electromotive  intensity  at  any  point  of  a  dielectric 
is  gradually  increased,  a  limit  is  at  length  reached  at  which  there 
is  a  sudden  electrical  discharge  through  the  dielectric,  generally 
accompanied  with  light  and  sound,  and  with  a  temporary  or 
permanent  ruptui*e  of  the  dielectric. 

The  electromotive  intensity  when  this  takes  place  is  a  measuie 
of  what  we  may  call  the  electric  strength  of  the  dielectric. 
It  depends  on  the  nature  of  the  dielectric,  and  is  greater  in 
dense  air  than  in  rare  air,  and  greater  in  glass  than  in  air,  but 
in  every  case,  if  the  electromotive  force  be  made  great  enough, 
the  dielectric  gives  way  and  its  insulating  power  is  destroyed,  so 
that  a  current  of  electricity  takes  place  through  it.  It  is  for  this 
reason  that  distributions  of  electricity  for  which  the  electromotive 
intensity  becomes  anywhere  infinite  cannot  exist. 

*  See  Fandmy,  Ezp,  Beit,,  vol.  i,  series  xii.  and  ziii 

{So  mAny  invesUgations  have  been  made  on  the  passage  of  electricity  through 
faaci  dnee  the  first  edition  of  this  book  was  published  that  the  mere  enumeration  of 
tlMm  would  stretoh  beyond  the  limits  of  a  foot-note.  A  summary  of  the  results 
ehtaiaH  by  these  researches  wiU  be  given  in  the  Supplementary  Volume. } 
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The  Electric  Olcnv. 


Thus,  wHen  a  conductor  baving  a  sharp  point  ia  electt 
theory,  based  on  the  hypothesis  that  it  retains  its  char 
to  the  concluaion  that  as  we  approach  the  point  the  si 
density  of  the  electricity  increases  witbout  limit,  so  thi 
point  itself  the  surface-density,  and  therefore  the  : 
electromotive  intensity,  would  be  infinite.  If  the  air, 
surrounding  dielectric,  bad  an  invincible  insulating  po 
result  would  actually  occur;  but  the  fact  ia,  that  as  bo( 
resultant  intensity  in  the  neighbourhood  of  the  point  hai 
a  certain  limit,  the  insulating  power  of  the  air  gives  wa; 
the  air  close  to  the  point  becomes  a  conductor.  At  i 
distance  from  the  point  the  resultant  intensity  is  not  suf 
break  through  the  insulation  of  the  air,  so  that  the  electri 
is  checked,  and  the  electricity  accumulates  in  the  air  n 
point. 

The  point  is  thus  surrounded  by  particles  of  air*  cbai 
electricity  of  the  same  kind  as  its  own.  The  effect  of  tbii 
air  round  the  point  ia  to  relieve  the  air  at  the  point  ib 
part  of  the  enormoua  electromotive  intensity  which  it  wc 
experienced  if  the  conductor  alone  bad  been  electrified, 
the  aurface  of  the  electrified  body  is  no  longer  pointed,  bei 
point  is  enveloped  by  a  rounded  mass  of  charged  air,  th' 
of  wbicb,  rather  than  that  of  the  solid  conductor,  may  be 
as  the  outer  electrified  surface. 

If  this  portion  of  charged  air  could  be  kept  still,  the  e 
body  would   retain  its  charge,  if  not  on  itself  at  lea 
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In  this  way  the  following  phenomena  are  produced : — At  and 
•dose  to  the  point  there  is  a  steady  glow,  arising  from  the  con- 
stant discharges  which  are  taking  place  between  the  point  and 
the  air  very  near  it. 

The  charged  particles  of  air  tend  to  move  off  in  the  same  general 
direction,  and  thus  produce  a  current  of  air  from  the  point,  con- 
sisting of  the  charged  particles,  and  probably  of  others  carried 
along  by  them.  By  artificially  aiding  this  current  we  may  increase 
the  glow,  and  by  checking  the  formation  of  the  current  we  may 
prevent  the  continuance  of  the  glow  *, 

The  electric  wind  in  the  neighbourhood  of  the  point  is  sometimes 
very  rapid,  but  it  soon  loses  its  velocity,  and  the  air  with  its 
ebaiged  particles  is  carried  about  with  the  general  motions  of  the 
atmosphere,  and  constitutes  an  invisible  electric  doud.  When  the 
chai]ged  particles  come  near  to  any  conducting  surface,  such  as  a 
wall,  they  induce  on  that  surface  a  charge  opposite  to  their  own, 
and  are  then  attracted  towards  the  wall,  but  since  the  electro- 
motive force  is  small  they  may  remain  for  a  long  time  near  the 
wall  without  being  drawn  up  to  the  surface  and  discharged.  They 
thus  form  an  electrified  atmosphere  clinging  to  conductors,  the 
presence  of  which  may  sometimes  be  detected  by  the  electrometer. 
Hie  electrical  forces,  however,  acting  between  large  masses  of 
charged  air  and  other  bodies  are  exceedingly  feeble  compared  with 
the  ordinary  forces  which  produce  winds,  and  which  depend  on 
inequalities  of  density  due  to  difierences  of  temperature,  so  that 
it  is  very  improbable  that  any  observable  part  of  the  motion 
of  ordinary  thunder  clouds  arises  from  electrical  causes. 

The  passage  of  electricity  from  one  place  to  another  by  the 
motion  of  charged  particles  is  called  Electrical  Convection  or 
Convective  Discharge. 

The  electrical  glow  is  therefore  produced  by  the  constant  passage . 
of  electricity  through  a  small  portion  of  air  in  which  the  tension 
is  very  high,  so  as  to  charge  the  surrounding  particles  of  air  which 
are  continually  swept  off  by  the  electric  wind,  which  is  an  essential 
part  of  the  phenomenon. 

The  glow  is  more  easily  formed  in  rare  air  than  in  dense  air, 
and  more  easily  when  the  point  is  positive  than  when  it  is  negative. 

•  8m  Pricrtley*!  Hittory  qf.  Electricity,  pp.  117  and  591 ;  and  Cavendish^n  '  Elec- 
MMDbM,'  Pka,  Trans.,  1771,  $  4,  or  Art.  125  of  Electrical  Retearchst  of  the 
hU  Hmry  Cavmwiiek. 
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This  and  many  other  differeDCte  hetween  positive  and 
electrification  muBt  be  studied  by  those  who  desire  to 
something  about  the  nature  of  electricity.  They  h 
however,  been  satiBfactorily  brought  to  bear  upon  any 
theory. 

The  ElKtric  Brush. 
66.]  The  electric  brush  is  a  phenomenon  which  maj 
dnccd  by  electrifying  a  blunt  point  or  small  ball  so  as  tc 
an  electric  field  in  which  the  tension  diminishes  as  the 
increases,  bat  in  a  less  rapid  manner  than  when  a  Bhar[ 
used.  It  consists  of  a  succession  of  discharges,  ramifyin 
divei^e  from  the  ball  into  the  air,  and  terminating  < 
charging  portions  of  air  or  by  reaching  some  other  condi 
is  accompanied  by  a  sound,  the  pitch  of  which  depenc 
interval  between  the  successive  dlBcharges,  and  the 
current  of  ur  as  in  the  case  of  the  glow. 

The  Electric  Spark. 

57.]  When  the  tension  in  the  space  between  two  con< 
considerable  all  the  way  between  them,  as  in  the  case  of 
whose  distance  is  not  great  compared  with  their  r 
discharge,  when  it  occurs,  usually  takes  the  form  of  a  e 
which  nearly  the  whole  electrification  is  dischai^d  at  o 

In  this  case,  when  any  part  of  the  dielectric  has  gi' 
the  parts  on  either  side  of  it  in  the  direction  of  the  eleo 
are  put  into  a  state  of  greater  tension  so  that  tliey  also  f 
and  BO  the  discharge  proceeds  right  through  the  dielecbi 
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SO  that  if  the  electricity,  for  example,  is  pasBing  along  a  tube 
containing  a  very  small  quantity  of  gas,  a  number  of  luminous 
disks  will  be  seen  arranged  transversely  at  nearly  equal  intervals 
along  the  axis  of  the  tube  and  separated  by  dark  strata.  If  the 
strength  of  the  current  be  increased  a  new  disk  will  start  into 
existence,  and  it  and  the  old  disks  will  arrange  themselves  in 
closer  order.  In  a  tube  described  by  Mr.  Gassiot  *  the  light  of 
each  of  the  disks  is  bluish  on  the  negative  and  reddish  on  the 
poeitive  side,  and  bright  red  in  the  central  stratum. 

These,  and  many  other  phenomena  of  electrical  discharge,  are 
exceedingly  important,  and  when  they  are  better  understood  they 
will  probably  throw  great  light  on  the  nature  of  electricity  as 
well  as  on  the  nature  of  gases  and  of  the  medium  pervading  space. 
At  present,  however,  they  must  be  considered  as  outside  the 
domain  of  the  mathematical  theory  of  electricity. 

Electric  Phenomena  of  ToumnaZiTie'f. 

58.]  Certain  crystals  of  tourmaline,  and  of  other  minerals^ 
possess  what  may  be  called  Electric  Polarity.  Suppose  a  crystal 
of  tourmaline  to  be  at  a  uniform  temperature,  and  apparently 
free  from  electrification  on  its  surface.  Let  its  temperature  be 
now  raised,  the  crystal  remaining  insulated.  One  end  will  be 
found  positively  and  the  other  end  negatively  electrified.  Let 
the  sorfiEtce  be  deprived  of  this  apparent  electrification  by  means 
of  a  flame  or  otherwise,  then  if  the  crystal  be  made  still  hotter, 
electrification  of  the  same  kind  as  before  will  appear^  but  if  the 
crystal  be  cooled  the  end  which  was  positive  when  the  crystal 
was  heated  will  become  negative. 

These  electrifications  are  observed  at  the  extremities  of  the 
er3rBtallographic  axis.  Some  crystals  are  terminated  by  a  six- 
sided  pyramid  at  one  end  and  by  a  three-sided  pyramid  at  the 
other.  In  these  the  end  having  the  six-sided  pyramid  becomes 
positive  when  the  crystal  is  heated. 

Sir  W.  Thomson  supposes  every  portion  of  these  and  other 
hemihedraJ  crystals  to  have  a  definite  electric  polarity,  the 
intensity  of  which  depends  on  the  temperature.  When  the 
surface  is  passed  through  a  flame,  every  part  of  the  surface 
becomes  electrified  to  such  an  extent  as  to  exactly  neutralize, 

*  InielUetual  Obgerver,  March  1866. 

'f  { For  »  fuUer  ftcoount  of  this  property  and  the  electrification  of  crystals  by  radiant 
Ugkt  and  beat,  see  JFMemann's  EUktrieiUit,  v.  2,  p.  816.} 
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for  all  external  points,  the  effect  of  the  intemal  polar! 
crystal  then  has  no  external  electrical  action,  nor  any 
to  change  its  mode  of  electrification.  But  if  it  he  heated 
the  interior  polarization  of  each  particle  of  the  crystal  i 
and  can  no  longer  be  balanced  by  the  Buperficial  electi 
80  that  there  ia  a  resultant  external  action. 

Plan  of  this  Treatise. 

59.]  In  the  following  treatise  I  propose  first  to  ex] 
ordinary  theory  of  electrical  action,  which  considers  i 
pending  only  on  the  electrified  bodies  and  on  their 
position,  without  taking  account  of  any  phenomena  wh 
take  place  in  the  intervening  media.  In  this  way  ' 
establish  the  law  of  the  inverse  square,  the  theory  of  th 
tial,  and  the  equations  of  Laplace  and  Foisson.  We  st 
consider  the  chaises  and  potentials  of  a  system  of  e 
conductors  as  connected  by  a  system  of  equations,  the  co 
of  which  may  be  supposed  to  be  determined  by  experi 
those  cases  in  which  our  present  mathematical  methodi 
applicable,  and  from  these  we  shall  determine  the  mc 
forces  acting  between  the  different  electrified  bodies. 

We  shall  then  investigate  certain  general  theorems  I 
Green,  Gauss,  and  Thomson  have  indicated  the  conditioi 
lution  of  problems  in  the  distribution  of  electricity.  O] 
of  these  theorems  is,  that  if  Poisson's  equation  is  satisfiet 
function,  and  if  at  the  surface  of  every  conductor  the 
has  the  value  of  the  potential  of  that  conductor,  then  t 
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no  further  in  speculating  on  its  cause.  If,  on  the  o£her  hand,  we 
adopt  the  conception  of  action  through  a  medium,  we  are  led  to 
enquire  into  the  nature  of  that  action  in  each  part  of  the  medium. 

It  appears  from  the  theorem,  that  if  we  are  to  look  for  the  seat 
of  the  electric  energy  in  the  different  parts  of  the  dielectric  me- 
dium, the  amount  of  energy  in  any  small  part  must  depend  on 
the  square  of  the  resultant  electromotive  intensity  at  that  place 
multiplied  by  a  coefficient  called  the  specific  inductive  capacity 
of  the  medium. 

It  is  better,  however,  in  considering  the  theory  of  dielectrics 
from  the  most  general  point  of  view,  to  distinguish  between  the 
electromotive  intensity  at  any  point  and  the  electric  polarization 
of  the  medium  at  that  point,  since  these  directed  quantities, 
though  related  to  one  another,  are  not,  in  some  solid  substances, 
in  the  same  direction.  The  most  general  expression  for  the  electric 
oieigy  of  the  medium  per  unit  of  volume  is  half  the  product  of 
the  electromotive  intensity  and  the  electric  polarization  multi- 
plied by  the  cosine  of  the  angle  between  their  directions.  In 
all  fluid  dielectrics  the  electromotive  intensity  and  the  electric 
polarization  are  in  the  same  direction  and  in  a  constant  ratio. 

If  we  calculate  on  this  hypothesis  the  total  energy  residing 
in  the  medium,  we  shall  find  it  equal  to  the  energy  due  to  the 
electrification  of  the  conductor  on  the  hypothesis  of  direct  action 
at  a  distance.  Hence  the  two  hypotheses  are  mathematically 
equivalent. 

If  we  now  proceed  to  investigate  the  mechanical  state  of  the 
medium  on  the  hypothesis  that  the  mechanical  action  observed 
between  electrified  bodies  is  exerted  through  and  by  means  of 
the  medium,  as  in  the  familiar  instances  of  the  action  of  one 
body  on  another  by  means  of  the  tension  of  a  rope  or  the 
preasure  of  a  rod,  we  find  that  the  medium  must  be  in  a  state  of 
mechanical  stress. 

The  nature  of  this  stress  is,  as  Faraday  pointed  out*,  a  tension 
along  the  lines  of  force  combined  with  an  equal  pressure  in  all 
directions  at  right  angles  to  these  lines.  The  magnitude  of  these 
fttresses  is  proportional  to  the  energy  of  the  electrification  per 
unit  of  volume,  or,  in  other  words,  to  the  square  of  the  resultant 
electromotive  intensity  multiplied  by  the  specific  inductive 
capacity  of  the  medium. 

*  Bxp,  lUs.,  Mriot  xi.  1297. 
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This  distribution  of  stress  is  the  only  one  coosistent  * 
observed  mechanical  action  on  the  electrified  bodies, 
with  the  observed  equilibrium  of  the  Quid  dielectri 
surronnds  them.  X  have  therefore  thought  it  a  warrant 
in  scientific  procedure  to  assume  the  actual  existene 
state  of  stress,  and  to  follow  the  assumption  into  its  conai 
Finding  the  phrase  electric  tension  used  in  several  Tagi 
I  have  attempted  to  confine  it  to  what  I  conceive  to  fa 
in  the  minds  of  some  of  those  who  have  used  it,  nai 
state  of  stress  in  the  dielectric  medium  which  cause 
of  the  electrified  bodies,  and  leads,  when  continually  au 
to  disruptive  discharge.  Electric  tension,  in  this  se 
teneion  of  exactly  the  same  kind,  and  meaaured  in  the  ai 
as  the  tension  of  a  rope,  and  the  dielectric  medium,  w 
support  a  certain  tension  and  no  more,  may  be  said 
a  certain  strength  in  exactly  the  same  sense  as  tJte  ro] 
to  have  a  certain  strength.  Thus,  for  example,  Thoi 
found  that  air  at  the  ordinary  pressure  and  tempera 
support  an  electric  tension  of  9600  grains  weight  pc 
foot  before  a  spark  passes, 

60.]  From  the  hypothesis  that  electric  action  is  not 
action  between  bodies  at  a  distaQce,  but  is  exerted  by 
the  medium  between  the  bodies,  we  have  deduced  i 
medium  must  be  in  a  state  of  stress.  We  have  also  as 
the  character  of  the  stress,  and  compared  it  with  On 
which  may  occur  in  solid  bodies.  Along  the  lines  of  fo 
is   tension,  and  perpendicular  to   them   there   is  i»«e 
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The  electric  polarization  of  an  elementary  portion  of  a  dielectric 
18  a  forced  state  into  which  the  medium  is  thrown  by  the  action 
of  electromotiye  force,  and  which  disappears  when  that  force  is 
zemoved.  We  may  conceiye  it  to  consist  in  what  we  may  call 
an  electric  displacement,  produced  by  the  electromotive  intensity. 
When  the  electromotiye  force  acts  on  a  conducting  medium  it 
prodnces  a  current  through  it,  but  if  the  medium  is  a  non-con- 
dnetor  or  dielectric,  the  current  cannot  { continue  to}  flow  through 
tlie  medium,  but  the  electricity  is  displaced  within  the  medium 
in  the  direction  of  the  electromotiye  intensity,  the  extent  of  this 
displacement  depending  on  the  magnitude  of  the  electromotiye 
intensity,  so  that  if  the  electromotiye  intensity  increases  or 
diminishes;  the  electric  displacement  increases  or  diminishes  in 
the  same  ratio. 

The  amount  of  the  displacement  is  measured  by  the  quantity 
of  electricity  which  crosses  unit  of  area,  while  the  displacement 
inereases  from  zero  to  its  actual  amount.  This,  therefore,  is  the 
measure  of  the  electric  polarization. 

The  analogy  between  the  action  of  electi-omotiye  intensity  in 
producing  electric  displacement  and  of  ordinary  mechanical  force 
in  producing  the  displacement  of  an  elastic  body  is  so  obyious  that 
IluiYe  ventured  to  call  the  ratio  of  the  electromotive  intensity  to 
the  corresponding  electric  displacement  the  coefficient  of  electric 
datticUy  of  the  medium.  This  coefficient  is  different  in  different 
media,  and  varies  inversely  as  the  specific  inductive  capacity  of 
each  medium. 

The  variations  of  electric  displacement  evidently  constitute 
electric  currents^.  These  currents,  however,  can  only  exist 
during  the  variation  of  the  displacement,  and  therefore,  since 
the  displacement  cannot  exceed  a  certain  value  without  causing 
dismptive  discharge,  they  cannot  be  continued  indefinitely  in 
the  same  direction,  like  the  currents  through  conductors. 

In  tourmaline,  and  other  pyro-electric  crystals,  it  is  probable 
that  a  state  of  electric  polarization  exists,  which  depends  upon 
temperature,  and  does  not  require  an  external  electromotive  force 
to  produce  it.  If  the  interior  of  a  body  were  in  a  state  of 
permanent  electric  polarization,  the  outside  would  gradually 
become  charged  in  such  a  manner  as  to  neutralize  the  action  of 
the  internal  polarization  for  all  points  outside  the  body.    This 

*  { If  we  Mmime  the  riewi  enunciated  in  the  preceding  pangraph. } 

VOL.  I.  y 
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external  Buperficial  ch&rge  could  not  be  detected  by  ai 
ordinary  tests,  and  oould  not  be  removed  by  any  of  tbe 
methods  for  discharging  superficial  eleotrifioadon.  The 
polarization  of  the  substance  would  therefore  never  be  di 
unless  by  some  means,  such  aa  change  of  temperature,  th< 
of  the  internal  polarization  oould  be  inareased  or  dii 
The  external  electrification  would  then  be  no  longra 
of  neutralizing  the  external  effect  of  the  internal  poh 
and  an  apparent  eleotrifioatjon  would  be  observed,  as  in 
of  tourmaline. 

If  a  charge  e  is  uniformly  distributed  over  the  suri 
sphere,  tbe  resoltant  intensity  at  any  point  of  the  med 
rounding  the  sphere  is  proportional  to  tbe  charge  « 
by  tbe  square  of  the  distanoe  from  the  centre  of  thi 
This  resultant  intensity,  according  to  our  theory, is  aooo 
by  a  displacement  of  cJectricity  in  a  direction  outwards 
sphere. 

If  we  now  draw  a  concentrio  spherical  surface  of  radi 
whole  displacement,  E,  through  tius  surface  will  be  pro] 
to  the  resultant  intensity  multiplied  by  the  area  of  the  i 
surface.  But  the  resultant  intensity  is  directly  as  the 
and  inversely  as  the  square  of  the  radius,  while  tbe  an 
snr&ce  is  directly  as  the  square  of  the  radios. 

Hence  the  whole  displacement,  E,  is  proportional  to  th 
e,  and  is  independent  of  the  radius. 

To  determine  tbe  ratio  between  the  chai^  e,  and  the  < 
of  electricity,  E,  displaced  outwards  through   any  on 
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the  displacement,  iE  =  16^  and  since  E  and  e  vanish  together, 
E  =s  e^  or — 

The  dUpktcement  outwards  through  any  spherical  surfoAie 
amcentric  with  the  sphere  is  equal  to  the  charge  on  tlie  sphere. 

To  fix  our  ideaa  of  electric  displacement,  let  us  consider  an 
aocomulator  formed  of  two  conducting  plates  A  and  £,  separated 
by  a  stratum  of  a  dielectric  C.  Let  TT  be  a  conducting  wire 
jpining  A  and  B,  and  let  us  suppose  that  by  the  action  of  an 
electromotiYe  force  a  quantity  Q  of  positive  electricity  is  trans- 
ferred along  the  wire  from  B  to  A.  The  positive  electrification 
of  A  and  the  negative  electrification  of  B  will  produce  a  certain 
electromotive  force  acting  from  A  towards  B  in  the  dielectric 
stfmtum,  and  this  will  pi*oduce  an  electric  displacement  from 
A  towards  B  within  the  dielectric.  The  amount  of  this  dis- 
placement, as  measured  by  the  quantity  of  electricity  forced 
across  an  imaginary  section  of  the  dielectric  dividing  it  into 
two  strata,  will  be,  according  to  our  theory,  exactly  Q.  See  Arts. 
75,  76,  111, 

It  appears,  therefore,  that  at  the  same  time  that  a  quantity 
Q  of  electricity  is  being  transferred  along  the  wire  by  the  electro- 
motive force  from  B  towards  ^,  so  as  to  cross  every  section  of 
the  wire,  the  same  quantity  of  electricity  crosses  every  section 
of  the  dielectric  from  A  towards  B  by  reason  of  the  electric  dis- 
placement. 

The  displacements  of  electricity  during  the  discharge  of  the 
accumulator  will  be  the  reverse  of  these.  In  the  wire  the  dis- 
charge will  be  Q  from  A  to  £,  and  in  the  dielectric  the  displace- 
ment will  subside,  and  a  quantity  of  electricity  Q  will  cross 
every  section  from  B  towards  A. 

ETery  case  of  charge  or  discharge  may  therefore  be  considered 
as  a  motion  in  a  closed  circuit,  such  that  at  every  section  of 
the  circuit  the  same  quantity  of  electricity  crosses  in  the  same 
time,  and  this  is  the  case,  not  only  in  the  voltaic  circuit  where 
it  has  always  been  recognized,  but  in  those  cases  in  which  elec- 
tricity has  been  generally  supposed  to  be  accumulated  in  certain 
places. 

61.]  We  are  thus  led  to  a  very  remarkable  consequence  of  the 
theory  which  we  are  examining,  namely,  that  the  motions  of 
electricity  are  like  those  of  an  in/^ompressible  fluids  so  that  the 
total  quantity  within  an  imaginary  fixed  closed  surface  remains 

1*  a 
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always  the  same.  This  result  appears  at  first  eight  h 
contradiction  to  the  fact  that  -we  can  charge  a  condao 
then  introduce  it  into  the  closed  space,  and  ao  alter  thi 
titj  of  electricity  within  that  space.  But  we  must  re: 
that  the  ordinary  theory  takes  no  aecount  of  the  elect 
plaoement  in  the  sobstance  of  dielectrics  which  we  ha' 
investigating,  but  confines  its  attention,  to  the  electrifio 
the  bounding  surfaces  of  the  conductors  and  dielectrics, 
case  of  the  charged  conductor  let  us  suppose  the  char{ 
positive)  then  if  the  surrounding  dielectric  extends  on  t 
beyond  the  closed  surface  there  will  be  eleclric  polai 
accompanied  with  displacement  from  witlkin  outwards  i 
tiio  closed  surface,  and  the  surface-integral  of  the  dispk 
taken  over  the  Borfaoe  will  be  equal  to  tbe  charge  on  t 
duotor  within. 

Thus  when  the  charged  condnctor  is  introduced  into  th 
space  there  is  immediately  a  displacement  of  a  quantity 
tricity  equal  to  the  charge  through  the  surface  &om  witt 
wards,  and  the  whole  quantity  within  the  surface  rema 
same. 

The  theory  of  electric  polarization  will  be  disoni 
greater  length  in  Chapter  V,  and  a  mechanical  iUustn 
it  will  be  given  in  Art  334,  bat  its  importance  cannot  I 
understood  till  we  arrive  at  the  study  of  electromagnet 
nomena. 

,  62.]  The  peculiar  features  of  the  theory  are : — 
.  That  the  energy  of  electrification  resides  in  the  di 


62.]  tTHBOBY  PROPOSED.  69 

multiplied  by  r— -K",  where  K  is  the  specific  inductive  capacity  of 

the  dielectrie. 

Hat  the  energy  per  unit  of  volume  of  the  dielectric  arising 
from  the  electric  polarization  is  half  the  product  of  the  electro- 
motive intensity  and  the  electric  displacement^  multiplied,  if 
neoeesary,  by  the  cosine  of  the  angle  between  their  directions. 

That  in  fluid  dielectrics  the  electric  polarization  is  accompanied 
by  a  tension  in  the  direction  of  the  lines  of  induction,  combined 
with  an  equal  pressure  in  all  directions  at  right  angles  to  the 
linee  of  induction,  the  tension  or  pressure  per  unit  of  area  being 
numerically  equal  to  the  energy  per  unit  of  volume  at  the  same 
place. 

That  the  surface  of  any  elementary  portion  into  which  we  may 
conceive  the  volume  of  the  dielectric  divided  must  be  conceived 
to  be  charged  so  that  the  surface-density  at  any  point  of  tiie 
surface  is  equal  in  magnitude  to  the  displacement  through  that 
point  of  the  surface  reckoned  inwards.  If  the  displacement  is  in 
the  positive  direction,  the  surface  of  the  element  will  be  charged 
negatively  on  the  positive  side  of  the  element,  and  positively  on 
the  negative  side.  These  superficial  charges  will  in  general 
destroy  one  another  when  consecutive  elements  are  considered, 
except  where  the  dielectric  has  an  internal  charge,  or  at  the 
surface  of  the  dielectric. 

That  whatever  electricity  may  be,  and  whatever  we  may 
understand  by  the  movement  of  electricity,  the  phenomenon 
which  we  have  called  electric  displacement  is  a  movement  of 
electricity  in  the  same  sense  as  the  transference  of  a  definite 
quantity  of  electricity,  through  a  wire  is  a  movement  of  elec- 
tricity, the  only  difference  being  that  in  the  dielectric  there  is  a 
force  which  we  have  called  electric  elasticity  which  acts  against 
the  electric  displacement,  and  forces  the  electricity  back  when 
the  electromotive  force  is  removed ;  whereas  in  the  conducting 
wire  the  electric  elasticity  is  continually  giving  way,  so  that 
a  current  of  true  conduction  is  set  up^  and  the  resistance  depends 
not  on  the  total  quantity  of  electricity  displaced  from  its  position 
of  equilibrium,  but  on  the  quantity  which  crosses  a  section  of 
the  conductor  in  a  given  time. 

That  in  every  case  the  motion  of  electricity  is  subject  to  the 
same  condition  as  that  of  an  incompressible  fluid,  namely,  that 
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at  every  instant  as  much  must  flow  out  of  any  gives 
aurfB«e  as  flows  into  it. 

It  follows  from  thia  that  every  electric  current  must 
olosed  oirouit  The  importance  of  this  result  will  be  see 
we  investigate  the  laws  of  electro-magnetism. 

Since,  aa  we  have  seen,  the  theory  of  direct  action  ai 
tance  ia  mathematically  identical  with  that  of  action  bj 
of  a  medium,  the  actual  phenomena  may  be  explained  by 
theory  aa  well  aa  by  ibe  other,  provided  suitable  hypoti 
introduced  when  any  difficulty  occurs.  Thus,  Mosaotti 
duoed  the  mathematical  theory  of  dielectrics  from  the  c 
theory  of  attraction  merely  by  giving  an  eleotrio  in8t« 
magnetic  interpretation  to  the  symbols  in  tiie  investiga 
which  Pfusaon  haa  deduced  the  theory  of  magnetic  in 
from  the  theory  of  magnetic  fluids.  He  assumes  the  e: 
within  the  dielectric  of  small  conducting  elements,  caj 
having  their  opposite  surfaces  oppositely  electrified  by  in 
but  not  capable  of  lofflng  or  gaining .  electricity  on  thf 
owing  to  thwr  being  insulated  from  each  other  by 
oonduoting  medium.  Thia  theory  of  dieleotries  ia  cc 
with  the  laws  of  electricity,  and  may  be  actually  true. 
true,  the  specific  inductive  capacity  of  a  dieleetrio  may  be 
but  cannot  be  less,  than  that  of  a  vacuum.  No  instaaoe 
been  found  of  a  dielectric  having  an  inductive  capacity  1 
that  of  a  vacuum,  but  if  such  should  be  discovered,  M 
physical  theory  must  be  abandoned,  although  his  i 
would  all  remain  exact,  and  would  only  require  us  to  i 


CHAPTER   II. 

ELEMENTABT  MATHEMATICAL  THEOBT  OF  STATICAL 

ELECTEICITY. 

D^nition  of  Electricity  as  a  MathemcUical  QaavJtity. 

68.]  Wb  have  seen  that  the  properties  of  charged  bodies  are 
such  that  the  charge  of  one  body  may  be  equal  to  that  of  an- 
other, or  to  the  sum  of  the  charges  of  two  bodies,  and  that  when 
two  bodies  are  equally  and  oppositely  charged  they  have  no  elec- 
trical effect  on  external  bodies  when  placed  together  within  a 
dosed  insulated  conducting  vessel.  We  may  express  all  these 
results  in  a  concise  and  consistent  manner  by  describing  an 
electrified  body  as  cJiarged  with  a  certain  quantity  of  electricity, 
which  we  may  denote  by  e.  When  the  charge  is  positive,  that 
is,  according  to  the  usual  convention,  vitreous,  e  will  be  a  positive 
quantity.  When  the  charge  is  negative  or  resinous,  e  will  be 
n^&tive,  and  the  quantity  ~6  may  be  interpreted  either  as  a 
n^&tive  quantity  of  vitreous  electricity  or  as  a  positive  quantity 
of  resinous  electricity. 

The  effect  of  adding  together  two  equal  and  opposite  charges 
of  electricity,  +  e  and  —6,  is  to  produce  a  state  of  no  charge 
expressed  by  zero.  We  may  therefore  regard  a  body  not  charged 
as  virtuaUy  charged  with  equal  and  opposite  charges  of  indefinite 
magnitude,  and  a  charged  body  as  virtually  charged  with  un- 
equal quantities  of  positive  and  negative  electricity,  the  algebraic 
sum  of  these  charges  constituting  the  observed  electrification. 
It  is  manifest,  however,  that  this  way  of  regarding  an  electrified 
body  is  entirely  artificial,  and  may  be  compared  to  the  concep- 
tion of  the  velocity  of  a  body  as  compounded  of  two  or  more 
different  velocities,  no  one  of  which  is  the  actual  velocity  of  the 
body. 
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OH  BL80TBI0  DENSITT. 
Distribution  in  Three  DimewAons. 

64.]  Dejinitiori.  The  electric  Tolume-denBity  at  a  givt 
in  space  is  the  liioiting  ratio  of  the  quantity  of  electricit; 
a  sphere  whose  centre  ia  the  given  point  to  the  volunu 
sphere,  when  its  radius  is  diminished  without  limit. 

We  shall  denote  this  ratio  by  the  symbol  p,  which 
positive  or  negative. 

DittrihutUyn  over  a  Swrfcue. 

It  is  a  result  alike  of  theory  and  of  experiment,  that,  in 
cases,  the  cbai^  of  a  body  is  entirely  on  the  surface.  The 
at  a  point  on  the  sur&ce,  if  defined  according  to  the  metbi 
above,  would  be  Infinite.  We  therefore  adopt  a  different 
for  the  measurement  of  surface-density. 

Definition.  The  electric  density  at  a  given  point  on  a 
is  the  limiting  ratio  of  the  quantity  of  electricity  within  i 
whose  centre  is  the  given  point  to  the  area  of  the  aurft 
tained  within  the  sphere,  when  its  radius  is  diminished 
limit. 

We  shall  denote  t^e  surface-density  by  the  symbol  <r. 

Those  writers  who  supposed  electricity  to  be  a  mater 
or  a  coUeotion  of  particles,  were  ob%ed  in  this  case  to 
the  electricity  distributed  on  the  surface  in  the  form  of  a 
of  a  certain  thickness  6,  its  density  being  pg,  or  that  vt 
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Dktrilmtion  on  a  Line. 

It  is  sometimes  convenient  to  suppose  electricity  distributed 
on  a  line,  that  is,  a  long  narrow  body  of  which  we  neglect  the 
thickness.  In  this  case  we  may  define  the  line-density  at  any 
point  to  be  the  limiting  ratio  of  the  charge  on  an  element  of  the 
line  to  the  length  of  that  element  when  the  element  is  diminished 
without  limit. 

If  X  denotes  the  line-density,  then  the  whole  quantity  of  elec<» 

trimty  on  a  curve  is  €  =  1  Xds^  where  ds  is  the  element  of  the 

curve.  Similarly,  if  <r  is  the  surface-density,  the  whole  quantity 
of  electricity  on  the  surface  is 

e  =ffadS, 

where  dS  is  the  element  of  surface. 

If  p  is  the  volume-density  at  any  point  of  space,  then  the 
whole  electricity  with  a  certain  volume  is 

e  =/ 1  Ipdxdydz, 

where  dxdydz  is  the  element  of  volume.  The  limits  of  in- 
tegration in  each  case  are  those  of  the  curve,  the  surface,  or  the 
portion  of  space  considered. 

It  is  manifest  that  6,  A,  a  and  p  are  quantities  differing  in  kind, 
each  being  one  dimension  in  space  lower  than  the  preceding,  so 
that  if  /  be  a  line,  the  quantities  e,  Za,  P  a,  and  l^p  will  be  all  of 
the  same  kind,  and  if  [X]  be  the  unit  of  length,  and  [a],  [it],  [p] 
the  units  of  the  different  kinds  of  density,  [e],  [Lk\,  [L^  a],  and 
[X'  p]  will  each  denote  one  unit  of  electricity. 

Definition  of  the  Unit  of  Electricity. 

65.]  Let  A  and  B  be  two  points  the  distance  between  which 
is  the  unit  of  length.  Let  two  bodies,  whose  dimensions  are 
small  compared  with  the  distance  AB,  be  charged  with  equal 
quantities  of  positive  electricity  and  placed  at  A  and  B  respect- 
ively, and  let  the  charges  be  such  that  the  force  with  which  they 
repel  each  other  is  the  unit  of  force,  measured  as  in  Art.  6.  Then 
the  charge  of  either  body  is  said  to  be  the  unit  of  electricity  ^. 

If  the  charge  of  the  body  at  B  were  a  unit  of  negative 

*  {In  this  definition  the  dieleciiio  separating  the  charged  bodies  is  supposed  to  be 
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oloatricity,  then,  eince  the  action  between  the  bodies  i 
rovuniud,  we  should  have  an  attraction  equal  to  the  unit 
If  the  diargo  of  A  wore  also  negatiTe,  and  equal  to  v 
foroo  would  be  repulsive,  and  equal  to  unity. 

Since  the  action  between  any  two  portions  of  electrioi 
afTeotud  by  the  presence  of  other  portions,  the  repulsion 
e  units  of  electricity  at  A  and  e'  units  at  £  is  ee',  the 
AB  being  unity.     See  Art.  39. 

Zaw  of  Force  betiveen  Charged  Bodies. 
66.]  Coulomb  shewed  by  experiment  that  the  force 
charged  bodies  whose  dimensions  are- small  compared 
distance  between  them,  varies  inversely  as  the  square  ol 
tanoe.  Uenoo  the  repulsion  between  two  such  bodies 
with  quaiititits  t  and  e'  and  placed  at  a  distance  r  is 


We  shall  prove  in  Arts.  74  c,  74  d,  74  e  that  this  law  is 
one  consistent  with  the  observed  fact  that  a  ooaductc 
in  the  insido  of  a  closed  hollow  conductor  and  in  eoni 
it,  is  deprive<l  of  all  electrical  chai^.  Onr  oratTictio 
accuracy  of  the  law  of  the  inverse  square  of  the  dista 
be  euasidoiiMl  to  rest  on  experiments  of  this  kind,  lal 
ou  ih»  diniet  measurements  of  Conlomh. 
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wliieh  the  electrioal  density  is  p,  and  oi^  y\  2^,  and  p'  are  the 
eorresponding  quantities  for  the  second  body,  and  the  integration 
is  extended  first  over  the  one  body  and  then  over  the  other. 

ResvMant  Intensity  at  a  Point* 

68.]  In  order  to  simplify  the  mathematical  process,  it  is  con- 
venient to  consider  the  action  of  an  electrified  body,  not  on 
another  body  of  any  form,  but  on  an  indefinitely  small  body, 
charged  with  an  indefinitely  small  amount  of  electricity,  and 
placed  at  any  point  of  the  space  to  which  the  electrical  action 
extends.  By  making  the  charge  of  this  body  indefinitely  small 
we  render  insensible  its  disturbing  action  on  the  charge  of  the 
first  body. 

Let  e  be  the  charge  of  the  small  body,  and  let  the  force  acting 
on  it  when  placed  at  the  point  (x,  y,  z)  he  Re^  and  let  the 
direction-cosines  of  the  force  be  Z,  m,  n,  then  we  may  call  R  the 
resultant  electric  intensity  at  the  point  (a;,  y,  z). 

I£  X,  Yj  Z  denote  the  components  of  R,  then 

X  =  Rl,        F  =  Rm,        Z  =  Rn. 

In  speaking  of  the  resultant  electric  intensity  at  a  point,  we 
do  not  necessarily  imply  that  any  force  is  actually  exerted  there, 
bat  only  that  if  an  electrified  body  were  placed  there  it  would  be 
acted  on  by  a  force  R  e,  where  e  is  the  charge  of  the  body  *. 

Definition.  The  resultant  electric  intensity  at  any  point  is 
the  force  which  would  be  exerted  on  a  small  body  charged  with 
the  unit  of  positive  electricity,  if  it  were  placed  there  without 
disturbing  the  actual  distribution  of  electricity. 

This  force  not  only  tends  to  move  a  body  charged  with 
electricity,  but  to  move  the  electricity  within  the  body,  so  that 
the  positive  electricity  tends  to  move  in  the  direction  of  R  and 
the  negative  electricity  in  the  opposite  direction.  Hence  the 
qoantity  R  is  also  called  the  Electromotive  Intensity  at  the 
point  {x,  y,  z). 

When  we  wish  to  express  the  fact  that  the  resultant  intensity 
is  a  vector,  we  shall  denote  it  by  the  German  letter  (S.  If  the 
body  is  a  dielectric,  then,  according  to  the  theory  adopted  in 
thin  treatise,  the  electricity  is  displaced  within  it,  so  that  the 

*  The  Heetrio  and  Magnetic  Intensities  oorrespond,  in  electricity  and  magnetiim, 
to  the  intensity  of  gimrity,  commonly  denoted  by  g^  in  the  theory  of  heavy  bodiei. 
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qnaotity  of  electricity  which  is  forced  in  the  direction  ol 
.  unit  of  area  fixed  perpendicular  to  @  is 

-where  2)  is  the  displacement,  {§  the  resultant  inteuaity,  s 
specific  inductive  capacity  of  the  dielectric. 

If  the  body  is  a  conductor,  the  state  of  conetnunt  is  co 
^Ting  way,  bo  that  a  current  of  conduction  is  prod 
maintained  as  long  as  @  acts  op  the  medium. 

Line-Integral  of  Electric  Intensity,  or  Electromotivt 
altyng  an  Arc  of  a  Curve. 

69.]  The  Electromotive  force  along  a  ^ven  arc  AP  c 
is  numerically  measured  hy  the  work  frhich  would  be 
the  electric  intensity  on  a  unit  of  positive  electricity  can 
tlie  curve  from  A,  the  beginning,  to  P,  the  end  of  the  a 

If  8  is  the  length  of  thp  arc,  measured  from  A,  and 
Bultant  intensity  R  at  any  point  of  the  curve  makes  a 
with  the  tangent  drawn  in  the  positive  direction,  then 
done  on  unit  of  electridty  in  moving  along  the  eleme 
curve  £fo  will  be  iJ  cos  *(fo, 

and  the  total  electromotive  force  E  wpl  be 

E  =  jReosfde, 
the  integration  being  extended  from  the  beginning  t< 
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In  this  ease  Fis  a  scalar  function  of  the  position  of  a  point  in 
spsoe,  that  is,  when  we  know  the  coordinates  of  the  point,  the 
nine  of  F  is  determinate,  and  this  value  is  independent  of  the 
position  and  direction  of  the  axes  of  reference.    See  Art.  16. 

On  Functiona  of  the  Position  of  a  Point 

In  what  foll6w8,  when  we  describe  a  quantity  as  a  function  of 
the  position  of'  a  point,  we  mean  that  for  every  position  of  the 
point  the  function  has  a  determinate  Value.  We  do  not  imply 
tiiat  this  valtie  can  always  be  expressed  by  the  same  formula 
for  all  points  of  space,  for  it  may  be  expressed  by  one  formula 
on  one  side  of  a  given  surface  and  by  another  formula  on  the 
other  side. 

On  Potential  Inunctions, 

70.]  The  quantity  Xdx  +  Tdy  +  ZcbiB  bji  exact  differential 
whenever  the  force  arises  from  attractions  or  repulsions  whose 
intensity  is  a  function  of  the  distances  from  any  number  of 
points.  For  if  r ^  be  the  distance  of  one  of  the  points  from  the 
point  {x^  y,  z),  and  if  E^  be  the  repulsion,  then 

with  similar  expressions  for  I^  and  Z^,  so  that 

Xidx+  y\dy-\-Z^dz  =  R^dr^ ; 

and  since  iZ^  is  a  function  of  r^  only,  R^dr^  is  an  exact  differ- 
ential of  some  funfttion  of  r^,  say  —  V^ 
Similarly  for  any  other  force  R^^  acting  from  a  centre  at  dis-^ 

twice  r^  X,cte+  T^dy-¥Z^dz  =  R^dr^:=^^dV^ 

But  X= Xj  +  Xj  +  &c.,  and  Y  and  Z  are  compounded  in  the  same 
way,  therefore 

Xdx-\'  Tdy-hZdz  =  -dTf-dF-fcc.  =  -dV. 

The  int^ral  of  this  quantity,  under  the  condition  that  it  vanishes 
at  an  infinite  distance,  is  called  the  Potential  Function, 

The  use  of  this  function  in  the  theory  of  attractions  was  intro- 
duced by  Laplace  in  the  calculation  of  the  attraction  of  the 
earth.  Green,  in  his  essay  *  On  the  Application  of  Mathematical 
Analysis  to  EUectricity/  gave  it  the  name  of  the  Potential 
Function.    Qauss,  working  independenUy  of  Green,  also  used 
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the  word  FotentW.  ClanBlus  and  others  have  applied  i 
Potential  to  the  work  which  would  be  done  if  two  I 
syateiBB  were  removed  to  an  infinite  distance  from  one 
We  shall  follow  the  use  of  the  word  in  recent  Englis 
and  avoid  ambiguity  by  adopting  the  following  definitio 
Sir  W.  Thomson. 

Definition  of  Poteniial.  The  Potential  at  a  Point  is  i 
which  would  be  done  on  a  unit  of  positive  electricity 
electric  forces  if  it  were  placed  at  that  point  without  di 
the  electric  distribution,  and  carried  from  that  point  t 
finite  distance:  or,  what  comes  to  the  same  thing,  t 
which  must  be  done  by  an  external  agent  in  order  to  1 
nnit  of  positive  electricity  from  an  infinite  distance  (or  i 
place  where  the  potential  is  zero)  to  the  given  point 

71.]  Expresaiovs  for  the  Resultant  Intensity  and 
c<nn.ponent8  in  terms  of  the  Potential. 
Since  the  total  elec^motive  force  along  any  aro  AB  : 

if  we  pnt  lis  for  the  arc  AB  we  shall  have  for  (he  int« 
solved  in  the  direction  of  da, 

T,  dV 

JtCOSCsa 7-  ; 

da 
whence,  by  assaming  de  purallel  to  each  of  the  axes  in  at 
we  get 
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eoDdoctor.    Hence  i2  =  0  throughout  the  whole  space  occupied 
bj  the  conductor.    From  this  it  follows  that 

—  =  0         — =0         —  =  0- 
dx       '        dy  "^   ^        dz        ' 

ind  therefore  for  every  point  of  the  conductor 

ifhere  (7  is  a  constant  quantity. 

Since  the  potential  at  all  points  within  the  substance  of  the 
eondactor  is  C,  the  quantity  C  is  called  the  Potential  of  the  con- 
ductor. C  may  be  defined  as  the  work  which  must  be  done  by 
external  agency  in  order  to  bring  a  unit  of  electricity  from  an 
infinite  distance  to  the  conductor,  the  distribution  of  electricity 
being  supposed  not  to  be  disturbed  by  the  presence  of  the  unit  '^, 

It  will  be  shevm  at  Art.  246  that  in  general  when  two  bodies 
of  different  kinds  are  in  contact,  an  electromotive  force  acts  from 
one  to  the  other  through  the  surface  of  contact,  so  that  when 
they  are  in  equilibrium  the  potential  of  the  latter  is  higher  than 
that  of  the  former.  For  the  present,  therefore,  we  shall  suppose 
all  our  conductors  made  of  the  same  metal,  and  at  the  same 
temperature^ 

If  the  potentials  of  the  conductors  A  and  J3  be  T^  and  Vb 
respectively,  then  the  electi*omotive  force  along  a  wire  joining 
il  and  J5  will  be  ^— ^ 

in  the  direction  AB^  that  is,  positive  electricity  will  tend  to  pass 
from  the  conductor  of  higher  potential  to  the  other. 

Potential,  in  electrical  science,  has  the  same  relation  ta  Elec- 
tricity that  Pressure,  in  Hydrostatics,  has  to  Fluid,  or  that  Tem- 
perature, in  Thermodynamics,  has  to  Heat.  Electricity,  Fluids, 
and  Heat  all  tend  to  pass  from  one  place  to  another,  if  the 
Potential,  Pressure,  or  Temperature  is  greater  in  the  first  place 
than  in  the  second.  A  fluid  is  certainly  a  substance,  heat  is  as 
certainly  not  a  substance,  so  that  though  we  may  find  assistance 
from  analogies  of  this  kind  in  forming  clear  ideas  of  formal 
relations  of  electrical  quantities,  we  must  be  careful  not  to  let 
the  one  or  the  other  analogy  suggest  to  us  that  electricity  is 
either  a  substance  like  water,  or  a  state  of  agitation  like  heat. 

*  { If  there  ii  ftoy  diicoptinuity  in  the  potential  at  we  pats  from  the  dieledaio  to 
the  eoodnctor  it  ia  necenarj  to  Mtate  whether  the  electrified  point  ia  brought  inaide 
the  oondnetor  or  merelj  to  the  turCftoe.} 
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PoterUial  due  to  any  Electrical  Syntem. 

78.]  Let  there  be  a  single  ^ectiified  point  charged 
quantity  e  of  electricity,  and  let  r  be  the  dietanoe  of  t 
of,  /,  /  from  it,  then 

Let  tbere  be  any  number  of  electrified  points  whoee  co( 
are  (x^,  y^,  z,),  {x^,  j/„  z^,  &c.  and  their  ohargea  t^,  e^, 
let  their  dietances  from  the  point  (x',  y*,  ^)  be  ri,r^,  J 
the  potential  of  the  system  at  {<xf,  if,  s')  will  be 

Let  the  electric  density  at  any  point  {x,  y,  z)  within 
trified  body  be  p,  then  the  potential  due  to  Uie  body  is 


-m 


where  r=((x^i^  +  (y-^  +  (i-^)l, 

the  integration  being  extended  throughout  the  body. 

On  the  Proof  of  the  Law  of  the  Inverae  Square. 

74a.]  The  &at  that  the  force  between  electrified  1 
inversely  as  the  square  of  the  distance  may  be  considei 
established  by  Coulomb's  direct  experiments  with  the 
balance.    The  results,  however,  which  we  derive  from 
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togeiher,  formed  an  insulated  spherical  shell  concentric  with  the 
globe. 

The  globe  could  then  be  made  to  communicate  with  the  hemi- 
spheres by  means  of  a  short  wire,  to  which  a  silk  string  was 
fastened  so  that  the  wire  could  be  removed  without  dischar^g 
the  apparatus. 

The  globe  being  in  communication  with  the  hemispheres,  he 
charged  the  hemispheres  by  means  of  a  Leyden  jar,  the  potential 
of  which  had  been  previously  measured  by  an  electrometer,  and 
immediately  drew  out  the  communicating  wire  by  means  of  the 
rilk  string,  removed  and  discharged  the  hemispheres,  and  tested 
the  electrical  condition  of  the  globe  by  means  of  a  pith  ball 
electrometer. 

No  indication  of  any  charge  of  the  globe  could  be  detected  l^y 
the  pith  ball  electrometer,  which  at  that  time  (1773)  was  con- 
sidered the  most  delicate  electroscope. 

Cavendish  next  communicated  to  the  globe  a  known  fraction 
of  the  charge  formerly  communicated  to  the  hemispheres,  and 
tested  the  globe  again  with  his  electrometer. 

He  thus  found  that  the  charge  of  the  globe  in  the  original 
experiment  must  have  been  less  than  ^^  ^^  ^^^  charge  of  the 
whole  apparatus,  for  if  it  had  been  greater  it  would  have  been 
detected  by  the  electrometer. 

He  then  calculated  the  ratio  of  the  charge  of  the  globe  to 
that  of  the  hemispheres  on  the  hypothesis  that  the  repulsion^is 
inveiMtly  as  a  power  of  the  distance  differing  slightly  from  2, 
and  found  that  if  this  difference  was  -^j^  tliere  would  have 
been  a  charge  on  the  globe  equal  to  jV  of  that  of  the  whole 
apparatus,  and  therefore  capable  of  being  detected  by  the 
electrometer. 

746.]  The  experiment  has  recently  been  repeated  at  the 
CaTendish  Laboratory  in  a  somewhat  different  manner. 

The  hemispheres  were  fixed  on  an  insulating  stand,  and  the 
globe  fixed  in  its  proper  position  within  them  by  means  of  an 
ebonite  ring.  By  this  arrangement  the  insulating  support  of  the 
globe  was  never  exposed  to  the  action  of  any  sensible  electric 
force,  and  therefore  never  became  charged,  so  that  the  disturbing 
effect  of  electricity  creeping  along  the  surface  of  the  insulators 
entirely  removed. 

Instead  of  removing  the  hemispheres  before  testing  the  potential 

VOL.  !•  O 
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of  the  globe,  they  were  left  in  their  poaition,  but  cUfcb 
earth.  The  effect  of  a  gWeu  charge  of  the  globe  on  the 
teeter  was  not  bo  great  as  if  the  hemispherea  had  been  i 
but  this  disadvantage  was  more  than  compensated  by  thi 
security  afforded  by  the  conducting  vessel  against  all 
electric  disturbances. 

The  short  wire  which  made  the  connexion  between  i 
and  the  globe  was  fastened  to  a  email  metal  disk  whi 
as  a  lid  to  a  small  bole  in  the  abell,  bo  that  when  < 
and  the  lid  were  lifted  up  by  a  silk  string,  the  eleotrod 
electrometer  could  be  made  to  dip  into  the  hole  and  ret 
globe  within. 

The  electrometer  was  Thomson's  Quadrant  Electron: 
'scribed  in  Art  219.  The  case  of  the  electrometer  and  oi 
electrodes  were  always  connected  to  earth,  and  the 
electrode  was  connected  to  earth  till  the  electricity  of  t 
bad  been  discharged. 

To  estimate  the  original  charge  of  the  shell,  a  small  b 
was  placed  on  an  insulating  support  at  a  considerable 
from  the  shell 

The  operations  were  conducted  as  follows: — 

The  shell  was  charged  by  communication  with  a  Leyd 

The  small  ball  was  connected  to  earth  so  as  to  give  it  a 
charge  by  induction,  and  was  then  left  insulated. 

'The  communicating  wire  between  the  globe  and  the  e 
removed  by  s  silk  string. 

The  shell  was  then  discharged,  and  kept  connected  to 
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Bat  if  the  repulsion  bad  been  as  r^'^  tbe  potential  of  tbe  globe 
would  have  been  —0*1478  g  of  that  of  the  shell  by  equation  (22), 
p.  85. 

Hence  it  ±d  he  the  greatest  deflection  of  the  electrometer 
which  could  escape  observation,  and  D  the  deflection  observed  in 
the  second  part  of  the  experiment,  {since  ^HTd  qV/ii^Vmxxst  be 
less  than  d/D^}  q  cannot  exceed 

^72D 

Now  even  in  a  rough  experiment  D  was  more  than  300  (2,  so 
that  q  cannot  exceed  ^ 

*  21600* 


Hieory  of  the  Experiment 

74  c.]  To  find  the  potential  at  any  point  due  to  a  uniform 
spherical  shell,  the  repulsion  between  two  units  of  matter  being 
any  given  function  of  the  distance. 

Let  4>  (r)  be  the  repulsion  between  two  units  at  distance  r,  and 
let/(r)  be  such  that 

-^P(=f(ry)  =  rf%{r)dT.  (1) 

Let  the  radius  of  the  shell  be  a,  and  its  surfSetce  density  a-,  then, 
if  a  denotes  the  whole  charge  of  the  shell, 

a  =  4ira*(r.  (2) 

Let  b  denote  the  distance  of  the  given  point  from  the  centre  of 
the  shell,  and  let  r  denote  its  distance  from  any  given  point  of 
the  shelL 

If  we  refer  tbe  point  on  the  shell  to  spherical  coordinates,  the 
pole  being  the  centre  of  the  shell,  and  the  axis  the  line  drawn  to 
the  given  point,  then  ^ 

r«  =  a*  +  6*-2a6cosd.  *^  (3) 

Tbe  mass  of  the  element  of  the  shell  is 

<ra^Hia$d<l>dey  (4) 

and  the  potential  due  to  this  element  at  the  given  point  is 

<ra^s\ne'f^ded<l>i  (6) 

G  2 
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and  this  hu  to  be  integrated  with  respect  to  i>  from  < 

^  =  2  T,  whieli  gives  „ ,  . 

2ir«ro»Bintf.-0^dtf, 
r 

which  bu  to  be  integrated  from  $  =  0  io  $  =  v. 

BiSerentiating  (3)  we  find 

rdr  =  abmi0d$. 

Substituting  the  value  of  dd  in  (6)  we  obtun 

2»<r|/(r)dr, 
tto  integral  of  which  is 

F=2.,r?{/(r,)-/(r,)), 

where  r,  is  tite  greatest  valne  of  r,  which  is  always  a  + 
is  the  least  value  of  t,  which  is  &— a  when  the  given 
outside  the  shell  and  a  —  h  when  it  is  within  the  shell. 
If  we  write  a  for  the  whole  charge  of  the  shell,  and 
potential  at  the  given  point,  then  for  a  point  ontaide  the 

I'-jfs  (/(»+«)-/(»-<•))■ 
For  a  point  on  the  shell  iteelf 

and  for  a  point  inside  the  shell 

We  have  next  to  determine  the  potentials  of  two  w 
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By  putting  Azs  B  =  V^  and  solving  the  equations  (13)  and 
(14)  for  p,  we  find  for  the  charge  of  the  inner  shell 
fl      oTTs    bfi2a)-a[/{a+b)-f(a-b)-] 

In  the  experiment  of  Cavendish,  the  hemispheres  forming  the 
outer  shell  were  removed  to  a  distance  which  we  may  suppose 
infinite,  and  discharged.  The  potential  of  the  inner  shell  (or 
globe)  would  then  become 

A  =2^/(26).  .(16) 

In  the  form  of  the  experiment  as  repeated  at  the  Cavendish 
Laboratoiy  the  outer  shcdl  was  left  in  its  place,  but  connected 
to  earth,  so  that  A  =  0.  In  this  case  we  find  for  the  potential 
of  the  inner  globe  in  terms  of  V 

74(1.]  Let  us  now  assume,  with  Cavendish,  that  the  law  of 
force  is  some  inverse  power  of  the  distance,  not  differing  much 
from  the  inverse  square,  and  let  us  put 

<^(r)=7^-*;  (18) 

1 

If  we  suppose  ;  to  be  small,  we  may  expand  this  by  the  ex- 
ponential Uieorem  in  the  form 

and  if  we  neglect  terms  involving  q^,  equations  (16)  and  (17)  be- 
come 

firom  which  we  may  determine  q  in  terms  of  the  results  of  the 
experiment 

74  e.]  Laplace  gave  the  first  demonstration  that  no  function  of 
the  distance  except  the  inverse  square  satisfies  the  condition  that 
a  uniform  spherical  shell  exerts  no  force  on  a  particle  within  it  f. 

•  {8tiicUy/(f)-/(0)  -  i3T,r«+»  if  q*  be  le«  tlummiity. } 
t  Mte.  Cel,  L  2. 


then  /(^)  =  l3Ta^'*"^*.  ^19) 
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If  we  suppose  that  fi  in  equation  (16)  ie  always  zero, 
apply  the  method  of  Laplace  to  determine  the  form  of  /( 
have  liy  (18), 

h/(2a)~af{a  +  b)  +a/ia-b)  =  0. 
Differontiating  twioe  with  respect  to  b,  and  dividing  b 
find  f"{a  +  b)=ri<t~h). 

If  this  equation  is  generally  true 

f"{r)  =  Og,  a  constant. 
Honoo,  /{r)  =  Cor  +  C,; 

and  by  (1)  £'^ir)dT  =-ffl  =  0,  +  ^ . 

*(»•)  =  ^- 

Wo  may  observe,  however,  that  though  the  aasum] 
()avundish,  that  the  force  varies  as  some  power  of  the  < 
may  appear  loss  genenJ  than  that  of  lApIace,  who  bu{ 
to  be  ftny  fimetion  of  the  distanoe,  it  is  the  only  one  c( 
with  the  fact  that  aimilar  surfaces  can  be  electrified  i 
hkvc  umitar  electrical  properties,  (so  that  the  Unee  of  1 
similar}. 

VW  if  the  force  wei«  any  function  of  ihe  distance  < 
pow«r  of  Ui«  distanoe,  the  imtio  of  the  foroea  at  two  < 
distanoos  would  not  be  a  fonotum  of  the  ratio  of  the  di 
but  would  depend  on  the  abeolate  vahie  of  the  distan 
would  therefore  involve  the  tatioa  of  i 
ab»olm<J 


76.]  ELBOTBIO  INDUCTION.  87 

SvLrface-IiUegral  of  Electric  Induction^  and  Electric 
DUplacement  through  a  m^rface, 
75.]  Let  iZ  be  the  resultant  intensity  at  any  point  of  the 
Borfaoe,  and  c  the  angle  which  iZ  makes  with  the  normal  drawn 
towards  the  positive  side  of  the  surface,  then  iZ  cos  c  is  the 
component  of  the  intensity  normal  to  the  surface,  and  if  <i;S  is  the 
element  of  the  surface,  the  electric  displacement  through  dS  will 
be,  by  Art.  68,  1   ir ti         jo 

Since  we  do  not  at  present  consider  any  dielectric  except  air, 

We  may,  however,  avoid  introducing  at  this  stage  the  theory 
of  electric  displacement,  by  calling  Rcoa^dS  the  Induction 
through  the  element  dS.  This  quantity  is  well  known  in 
mathematical  physics,  but  the  name  of  induction  is  borrowed 
from  Faraday.    The  surface-integral  of  induction  is 

R  cos  €dS^ 


If' 


and  it  appears  by  Art.  21,  that  if  X,  F,  Z  are  the  components 
of  i2,  and  if  these  quantities  are  continuous  within  a  region 
bounded  by  a  closed  surface  S^  the  induction  reckoned  from 
within  outwards  is 

JJr  cos  ^dS=Jff{^  +  f  +  ^^)dxdydz, 

the  integration  being  extended  through  the  whole  space  within 
the  surface. 

Induction  through  a  Closed  Surface  due  to  a  single 

Cenire  of  Force. 

76.]  Let  a  quantity  e  of  electricity  be  supposed  to  be  placed  at 
a  point  0,  and  let  r  be  the  distance  of  any  point  P  from  0,  the 
intensity  at  that  point  is  i2  =  er"^  in  the  dii*ection  OP. 

Let  a  line  be  drawn  from  0  in  any  direction  to  an  infinite  dis- 
tance. If  0  is  without  the  closed  surface  this  line  will  either 
not  cut  the  surface  at  all,  or  it  will  issue  from  the  surface  as 
many  times  as  it  enters.  If  0  is  within  the  surface  the  line 
must  first  issue  from  the  surface,  and  then  it  may  enter  and 
issue  any  number  of  times  alternately,  ending  by  issuing  from  it. 

Let  4  be  the  angle  between  OP  and  the  normal  to  the  surface 
drawn  outwards  where  OP  cuts  it,  then  where  the  line  issues 
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From  the  snrfaoe,  cob  «  -will  be  positive,  and  where  it  ente 
will  be  negative. 

Now  let  a  sphere  be  described  with  centre  0  and  radio 
and  let  the  line  OP  describe  a  conical  sar&ce  of  small 
aperture  about  0  as  vertex. 

This  cone  will  cut  off  a  small  element  dm  from  the  su 
the  sphere,  and  small  elements  dSi,  dS^,  &.a.  ft'om  thi 
surface  at  the  different  places  where  the  line  OP  interaed 

Then,  since  any  one  of  these  elements  dS  intersects  t 
at  a  distance  r  from  the  vertex  and  at  an  obliquity  c, 

dS  =  ±r'8eo«doi ; 
and,  unce  R  =  er-\  we  shall  have 

RomtdS  =  ±edw, 
the  positive  sign  being  taken  when  r  issues  from  the  sorii 
the  negative  when  it  enters  it. 

If  the  point  0  is  without  the  closed  suriace,  the  positivi 
are  eqn^  in  number  to  the  negative  ones,  so  that 
direction  of  r,  SRcoafd8=0,      ■ 

and  therefore  /  /  Raw  c  dS  =  0, 


the  int^ration  being  extended  over  the  whole  closed  soi 
If  the  point  0  is  within  the  closed  surface  the  radios  ve 

first  issues  from  the  dosed  suriace,  ^ving  a  positive  value 

and  then  has  an  equal  number  of  mtrances  and  issues,  so 

this  case  2fico8edS=  «d«. 

Extending  tlie  int^pation  over  the  whole  closed  snr 

shall  include  the  whole  of  the  spherical  sui-face,  the  a 
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«i  0.  This  quantity,  therefore,  depends  only  on  the  closed  curve, 
and  the  form  of  the  surface  of  which  it  is  the  boundary  may  be 
changed  in  any  way,  provided  it  does  not  pass  from  one  side  to 
the  other  of  the  centre  of  force. 

On  the  Equations  of  Laplace  and  Poisson. 

77.]  Since  the  value  of  the  total  induction  of  a  single  centre 

of  force  through  a  closed  surface  depends  only  on  whether  the 

centre  is  within  the  surface  or  not,  and  does  not  depend  on  its 

pofiiiion  in  any  other  way,  if  there  are  a  number  of  such  centres 

^i» ^»  &c  within  the  surface,  and  6/,  e^^  &c.  without  the  surface, 

we  shall  have  r  r 

I  I RcoQfdS  =^  4-ne; 

where  e  denotes  the  algebraical  sum  of  the  quantities  of  elec*- 
trioity  at  all  the  centres  of  force  within  the  closed  surface,  that 
18,  the  total  electricity  within  the  surface,  resinous  electricity 
being  reckoned  negative. 

If  the  electricity  is  so  distributed  within  the  surface  that  the 
density  is  nowhere  infinite,  we  shall  have  by  Art.  64, 

4ire=  AttI  I  I pdxdydz^ 
and  by  Art.  75, 

If  we  take  as  the  closed  surface  that  of  the  element  of  volume 
dxdydZf  we  shall  have,  by  equating  these  expressions, 

dX     d7     dZ_ 
dx      dy       dz" 
and  if  a  potential  V  exists,  we  find  by  Art.  71, 

d«F     d'^V     d^V    , 

This  equation,  in  the  case  in  which  the  density  is  zero,  is  called 
Li^lace's  Equation.    In  its  more  general  form  it  was  first  given 
by  Poisson.    It  enables  us,  when  we  know  the  potential  at  every 
point,  to  determine  the  distribution  of  electricity. 
We  shall  denote,  as  in  Art  26,  the  quantity 

d^V     d^V  ,  d^V  ,  ^™ 

d^'-dt'-d^    ^y  ^^^' 
and  we  may  express  Poisson's  equation  in  words  by  saying  that 
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the  electric  density  multiplied  by  4  «  is  the  concentratio 
potentisL  Where  there  ia  no  electrification,  the  potentii 
concentration,  and  this  is  the  interpretation  of  Laplace's  < 

By  Art.  72,  V  ie  constant  -within  a  conductor.  Heno 
a  conductor  the  Tolume-density  is  zero,  and  the  -whol 
must  be  on  the  surface. 

If  we  suppose  that  in  the  superficial  and  linear  disti 
of  electricity  the  volume-dansity  p  remains  finite,  and 
electricity  exiate  in  the  form  of  a  thin  stratum  or  a  narr 
then,  by  increasing  p  and  diminishing  the  depth  of  the 
or  the  section  of  the  fibre,  we  may  approach  the  limi< 
superficial  or  linear  distribution,  and  the  equation  be 
throughout  the  process  will  remain  true  at  the  limit, 
preted  in  accordance  with  the  actual  circumstances. 

Variaiifyn  of  the  Potential  at  a  Charged  Surfaci 
78  a.]  The  potential  function,  V,  most  be  physically  oo 
in  the  sense  defined  in  Art.  7,  except  at  the  bounding  s 
two  difierent  media,  in  which  case,  as  we  shall  see  in 
there  may  be  a  difference  of  potential  between  the  su 
BO  that  when  the  electricity  is  in  equilibrium,  the  pot 
a  point  in  one  substance  is  higher  than  the  potentii 
contiguous  point  in  the  other  substance  by  a  constant  i 
C,  depending  on  the  natures  of  the  two  substances  and 
temperatures. 

But  the  first  derivatives  of  V  with  respect  to  ts,  2/,  or  i 
discontinuous,  and,  by  Art.  8,  the  points  at  which  thii 
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from  a  given  point  of  the  surface  into  the  positive  region.    Those 
of  the  normal  p^  drawn  from  the  same  point  into  the  negative 
npoa  will  be  ^l,  —  m,  and  ^  n. 
The  rates  of  variation  of  V  along  the  normals  are 

dPi  dx         dy         dz'  ^  ' 

dp^  dx  dy  dz*  ^  ' 

Let  any  line  be  drawn  on  the  surface,  and  let  its  length,  measured 
from  a  fixed  point  in  it^  be  6,  then  at  every  point  of  the  surface, 
and  therefore  at  every  point  of  this  line,  T^  »  ^  =  (7.  Differen- 
tiating this  equation  with  respect  to  8,  we  get 

^dx  dx^  da  ^dy  dyf  ds  ^dz  dz^ds  '  ^  ^ 
and  since  the  normal  is  perpendicular  to  this  line 

,dx  ,      dy        dz     ^  ,^. 

From  (3),  (4),  (5),  (6)  we  find 

^_^=U^+^^,  (7) 

dx       dx         M^yj      dvj' 

^_^=«f^  +  ^\*  (9) 

dz       da         ^rfvj      dpj 

If  we  consider  the  variation  of  the  electromotive  intensity  at 
a  point  in  passing  through  the  surface,  that  component  of  the  in- 
tensity which  is  normal  to  the  surface  may  change  abruptly  at 
the  sorfiEMse,  but  the  other  two  components  parallel  to  the  tangent 
plane  remain  continuous  in  passing  through  the  surface. 

786.]  To  determine  the  charge  of  the  surface,  let  us  consider  a 
doeed  surface  which  is  partly  in  the  positive  region  and  partly  in 
the  negative  region,  and  which  therefore  encloses  a  portion  of  the 
•arfSaee  of  discontinuity. 

^  « Since  (fi)  and  (6)  are  true  for  an  infinite  number  of  values  ^^  T~  '  ^  •  7  >  ^®  ^^® 

I  m  n  ^dje       dz '         ^  dy       dy'  dz       dz  ^  ^ 

d}\     dV^x 
mmd  therefbce  by  eqnatiooa  (8)  and  (4)  each  of  thete  ratios  »  j—  +  -j—  f' 
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The  aurfsoe  integral, 


If- 


coatdS, 


exteaded  over  thia  aurface,  ia  equal  to  4  ve,  where  e  is  the 
of  electricity  within  the  eloaed  surface. 
Proceeding  as  in  Art.  21,  we  find 

where  the  triple  integral  is  extended  thronghoat  the  close 
and  the  donble  integral  over  the  aurface  of  discontinuit; 
Subetituting  for  the  terms  of  this  equation  their  val 
(').  (8),  (S), 

But  by  the  definition  of  the  volume-density,  p,  and  t^ 
density,  v, 

4»«  =i'wjjjpdxdydz  +  A-Kl\<rdS. 

Hence,  comparing  the  last  terms  of  theee  two  equations 

dV.     dV. 

dt\     at-. 
This  equation  is  called  the  characteristic  equation  of 
eleotrified  aurface  of  which  the  surface-deumty  ia  a. 

78  ■*.]  If  V  is  a  function  of  x,  y,  z  which,  throughoa 
contilkaous  r^on  of  space,  satisfies  Laplaee'a  eqnatiot 

drY    tpr    <pr 
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dV  . 

to  differ  from  C.    Hence  -^  just  outside  the  surface  may  be 

positive  or  Degative,  but  cannot  be  zero  except  for  normals 
drawn  from  the  boundary  line  between  a  positive  and  a  negative 


Bat  if  1/  is  the  normal  drawn  inwards  from  the  surface  S^V^C 
and  J-,  =  0. 
Hence,  at  eveiy  point  of  the  surfieuie  except  certain  boundary 


dV     dV ,        ,      , 
d7  +  ^<=-*"') 

IB  a  finite  quantity,  positive  or  negative,  and  therefore  the  surface 
8  has  a  continuous  distribution  of  electricity  over  all  parts  of  it 
except  certain  boundary  lines  which  separate  positively  from 
negatively  charged  areas. 

Laplace's  equation  is  not  satisfied  at  the  surface  S  except  at 
points  lying  on  certun  lines  on  the  surface.  The  surface  S  there- 
fore, within  which  F  =  C7,  includes  the  whole  of  the  continuous 
r^on  within  which  Laplace's  equation  is  satisfied* 

Force  Acting  on  a  Charged  Surface. 

79.]  The  general  expressions  for  the  components  of  the  force 
acting  on  a  charged  body  parallel  to  the  three  axes  are  of  the  form 

A  =  1 1 1 pXdxdydz,  (14) 

with  similar  expressions  for  B  and  C,  the  components  parallel  to 
y  and  z. 

But  at  a  charged  surface  p  is  infinite,  and  X  may  be  discon- 
tinuoos^  so  that  we  cannot  calculate  the  force  directly  from 
expressions  of  this  form. 

We  have  proved,  however,  that  the  discontinuity  afiects  only 
that  component  of  the  intensity  which  is  normal  to  the  charged 
sor&ce,  the  other  two  components  being  continuous. 

Let  us  therefore  assume  the  axis  of  x  normal  to  the  surface  at 
the  given  point,  and  let  us  also  assume,  at  least  in  the  first  part 
of  our  investigation,  that  X  is  not  really  discontinuous,  but  that 
it  changes  continuously  from  X^  to  X^  while  x  changes  from  x^ 
to  fl^.  If  the  result  of  our  calculation  gives  a  definite  limiting 
valae  for  the  force  when  0^2  ~-^  is  diminished  without  limit,  we 
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may  consider  it  correct  when  x^  =  Xi,  and  the  charged 
has  no  tbickneBs. 

SubBtJtuting  for  p  ita  value  as  found  in  Art.  77, 

Integrating  this  expression  with  respect  to  z  tana  x 
x  =  a^  it  becomes 

This  is  the  valoe  of  A  for  a  stratum  parallel  to  yg  of  w 
thickness  ia  x^—Xi. 

Since  Y  and  Z  are  continuous,  ^-  +  -^  is  finite,  and 
'  ay      ds  ' 

is  also  finite, 

where  G  is  the  greatest  valne  of  (-i-  +  -j-)  X  betweei 
and  x  =  x^. 

Hence  when  x^—z^  is  diminished  without  limit  this  t( 
nltimately  vanish,  leaving 


''=//r;W-^.')'^*' 


where  Xi  is  the  value  of  X  on  the  negative  and  X,  on  the 
side  of  the  sur&ce. 
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We  may  now  sDppose  the  direction  of  the  normal  to  the  surface 
to  be  in  any  direction  with  respect  to  the  axes,  and  write  the 
general  expressions  for  the  components  of  the  force  on  the  element 
ofsurfacedS,  A=  \(X,  +  X^)adS,) 

B=i{7^^7,)ndS,    •  (20) 

(7=  J  (^1  +  ^2)  ^^5- 

Charged  Sv,rface  of  a  Conductor. 

80.]  We  have  already  shewn  (Art.  72)  that  throughout  the 
subatanoe  of  a  conductor  in  electric  equilibrium  JT  =  F=  ^  =  0, 
and  therefore  V  is  constant. 

„  dX      dY     dZ      , 

and  therefore  p  must  be  zero  throughout  the  substance  of  the 
conductor,  or  there  can  be  no  electricity  in  the  interior  of  the 
conductor. 

Hence  a  superficial  distribution  of  electricity  is  the  only 
possible  distribution  in  a  conductor  in  equilibrium. 

A  distribution  throughout  the  mass  of  a  body  can  exist  only 
when  the  body  is  a  non-conductor. 

Since  the  resultant  intensity  within  the  conductor  is  zero,  the 
resultant  intensity  just  outside  the  conductor  must  be  in  the 
direction  of  the  normal  and  equal  to  4  ir  (r,  acting  outwards  from 
the  conductor. 

This  relation  between  the  surface-density  and  the  resultant  in- 
tensity close  to  the  surface  of  a  conductor  is  known  as  Coulomb's 
Law,  Coulomb  having  ascertained  by  experiment  that  the  elec- 
tromotive intensity  near  a  given  point  of  the  surface  of  a  con- 
ductor is  norma]  to  the  surface  and  proportional  to  the  surface- 
density  at  the  given  point.    The  numerical  relation 

li  =  4  7r<r 
was  established  by  Poisson. 

The  force  acting  on  an  element,  d  £f,  of  the  charged  surface  of 
a  conductor  is,  by  Art.  79,  (since  the  intensity  is  zero  on  the 
inner  side  of  the  surface,) 

iRadS^  2'!ra^dS=:  ^RHS. 
'  Sir 

This  force  acts  along  the  normal  outwards  from  the  conductor, 
whether  the  charge  of  the  surface  is  positive  or  negative. 
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Its  value  In  iynee  per  square  centimetre  is 

acting  as  a  tenBion  outwards  from  the  surface  of  the  com 

81.]  If  we  now  suppose  an  elongated  body  to  be  el 
we  may,  by  diminishing  its  lateral  dimensions,  arrivi 
conception  of  an  electrified  line. 

Let  ds  be  the  length  of  a  small  portion  of  the  elongat 
and  let  c  be  its  circumference,  and  a-  the  snrface-densit 
electricity  on  its  surface ;  then,  if  A  is  the  charge  per 
length,  \  =  cir,  and  the  resultant  electric  intensity  cloa 
surface  will  be  \ 

c 

If,  while  X  remtuns  finite,  c  he  diminished  indefinitely 
tensity  at  the  surface  will  be  increased  indefinitely, 
every  dielectric  there  is  a  limit  beyond  which  the 
cannot  be  increased  without  a  dismptire  discharge, 
distribution  of  electridty  in  which  a  finite  quantity  is  j 
a  finite  portion  of  a  line  is  inconsistent  witii  the  o 
existing  in  nature. 

Even  if  an  insulator  could  be  fouod  such  that  no  i 
could  be  driven  through  it  by  an  infinite  force,  it  ^ 
impossible  to  obai^e  a  linear  conductor  with  a  finite  qu 
electricity,  for  {since  a  finite  charge  would  make  the 
infinite}  an  infinite  electromotive  force  would  be  re( 
bring  the  electrituty  to  the  linear  conductor. 

In  the  same  way  it  may  be  shewn  that  a  point  char 


82.]  LINES   OF   POBCK.  97 

On  Lines  of  Force. 

82.]  If  a  line  be  drawn  whose  direction  at  every  point  of  its 
course  coincides  with  that  of  the  resultant  intensity  at  that 
point,  the  line  is  called  a  Line  of  Force. 

In  every  part  of  the  course  of  a  line  of  force,  it  is  proceeding 
from  a  place  of  higher  potential  to  a  place  of  lower  potential. 

Hence  a  line  of  force  cannot  return  into  itself,  but  must  have 
a  bq^inning  and  an  end.  The  beginning  of  a  line  of  force  must, 
by  §  80,  be  in  a  positively  charged  surface,  and  the  end  of  a  line 
of  force  must  be  in  a  negatively  charged  surface. 

The  beginning  and  the  end  of  the  line  are  called  corresponding  * 
points  on  the  positive  and  negative  surface  respectively. 

If  the  line  of  force  moves  so  that  its  beginning  traces  a  closed 
curve  on  the  positive  surface,  its  end  will  trace  a  corresponding 
closed  curve  on  the  negative  surface,  and  the  line  of  force  itself 
will  generate  a  tubular  surface  called  a  tube  of  induction.  Such 
a  tube  is  called  a  Solenoid  '^. 

Since  the  force  at  any  point  of  the  tubular  surface  is  in  the 
tangent  plane,  there  is  no  induction  across  the  surface.  Hence 
if  the  tube  does  not  contain  any  electrified  matter,  by  Art.  77 
the  total  induction  through  the  closed  surface  formed  by  the 
tubular  surface  and  the  two  ends  is  zero,  and  the  values  of 


// 


ReoB€dS  for  the  two  ends   must  be   equal  in  magnitude 

but  opposite  in  sign. 

If  Uiese  surfaces  are  the  surfaces  of  conductors 

e  =  0   and   ii  =  — 47r<r, 

and  j  I R  cos  e  dS  becomes  ^^v  1 1  adSyOr  the  charge  of  the  sur- 
face multiplied  by  4  tt  f. 

Hence  the  positive  charge  of  the  surface  enclosed  within  the 
closed  curve  at  the  beginning  of  the  tube  is  numerically  equal  to 
the  negative  charge  enclosed  within  the  corresponding  closed 
curve  at  the  end  of  the  tube. 

Several  important  results  may  be  deduced  from  the  properties 
of  lines  of  force. 

^  From  amk/jw,  a  tabe.     Faraday  UBes  (S271)  the  term  '  Sphondyloid  *  in  the  same 


f  {B  here  is  drawn  ontwards  frc  m  the  tube. } 
VOL    I.  U 
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The  interior  surface  of  a  closed  conducting  veeeel  is 
free  from  charge,  and  the  potential  at  every  point  witi 
the  same  as  that  of  the  conductor,  provided  there  Is  no  i 
and  chained  body  within  the  vessel. 

For  since  a  line  of  force  must  begin  at  a  positively 
surface  and  end  at  a  negatively  charged  sur&ce,  and 
charged  body  is  within  the  vessel,  a  line  of  force,  if 
within  the  vessel,  must  begin  and  end  on  the  interior  bi 
the  vessel  itself. 

But  the  potential  must  be  higher  at  the  beginnii^  < 
of  force  than  at  the  end  of  the  line,  whereas  we  have  pro 
the  potential  at  all  points  of  a  conductor  is  the  same. 

Hence  no  line  of  force  can  exist  in  the  space  within 
conducting  vessel,  provided  no  charged  body  be  placed  : 

If  a  conductor  within  a  closed  hollow  conducting 
placed  in  communication  with  the  vessel,  its  potential 
the  same  as  that  of  the  vessel,  and  its   surface  becoi 
tinuous  with  the  inner  surface  of  the  vessel.    The  com 
therefore  free  from  charge. 

If  we  suppose  any  charged  surface  divided  into  ele 
portions  such  that  the  charge  of  each  element  is  unit; 
solenoids  having  these  elements  for  their  bases  are  drawn 
the  field  of  force,  then  the  surface-integral  for  any  othe 
will  be  represented  by  the  number  of  solenoids  which  it 
is  in  this  sense  that  Faraday  uses  his  conception  of  lines 
to  indicate  not  only  the  direction  but  the  amount  of  tbf 
any  place  in  the  field. 
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On  Specific  iTvdudive  Capacity. 

83  a.]  In  the  preceding  investigation  of  surface-integrals  we 
have  adopted  the  ordinary  conception  of  direct  action  at  a  dis- 
tance, and  have  not  taken  into  consideration  any  effects  de- 
pending on  the  nature  of  the  dielectric  medium  in  which  the 
forces  are  observed. 

Bat  Faraday  has  observed  that  the  quantity  of  electricity  in- 
duced by  a  given  electromotiye  force  on  the  surface  of  a 
conductor  which  bounds  a  dielectric  is .  not  the  same  for  all 
dielectrics.  The  induced  electricity  is  greater  for  most  solid 
and  liquid  dielectrics  than  for  air  and  gases.  Hence  these  bodies 
are  said  to  have  a  greater  specific  inductive  capacity  than  air, 
which  he  adopted  as  the  standard  medium. 

We  may  express  the  theory  of  Faraday  in  mathematical 
language  by  saying  that  in  a  dielectric  medium  the  induction 
across  any  surface  is  the  product  of  the  normal  electric  intensity 
into  the  coefficient  of  specific  inductive  capacity  of  that  medium. 
If  we  denote  this  coefficient  by  K^  then  in  every  part  of  the  in- 
vestigation of  surface-integi'als  we  must  multiply  X,  F,  and  Z 
by  Ky  so  that  the  equation  of  Poisson  will  become 

d     ^dV      d     j^dV  ,    d    ^dV     ^  ^^  .  , 

dx        dx      dy        dy      dz        dz  ^  ^ 

At  the  surface  of  separation  of  two  media  whose  inductive 
capacities  are  £^1  and  K^^  and  in  which  the  potentials  are  T[  and 
T^y  the  characteristic  equation  may  be  written 

where  y^  v^^  are  the  normals  drawn  in  the  two  media,  and  a  is 
the  true  surface-density  on  the  surface  of  separation  ;  that  is  to 
say,  the  quantity  of  electricity  which  is  actually  on  the  surface 
in  the  form  of  a  charge,  and  which  can  be  altered  only  by  con- 
veying electricity  to  or  from  the  spot. 

Apparent  distribution  of  Electricity. 

83  &.]  If  we  begin  with  the  actual  distribution  of  the  potential 
and  deduce  from  it  the  volume-density  p'  and  the  surface-density 
a^  on  the  hypothesis  that  K  is  everywhere  equal  to  unity,  we 

*  {See  note  at  tl)e  end  of  this  chapter.} 

H  2 
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may  call  p  the  apparent  Tolume-density  and  a  the  a[ 
aurface-denBity,  because  a  distribution  of  electricity  tbas  i 
would  account  for  the  actual  distribution  of  potential, 
bypothesb  that  the  law  of  electric  force  as  given  ia  j 
requires  no  modification  on  account  of  the  difierent  prope; 
dielectrica. 

The  apparent  chai^  of  electricity  witbia  a  given  regie 
increase  or  diminish  without  any  passage  of  electricity  t 
the  bounding  surface  of  the  region.  We  must  therefo 
tinguish  it  from  the  true  chai^,  which  satbfies  the  equa 
continuity. 

In  a  heterogeneous  dielectric  in  which  K  varies  ooatim 
if  p  be  the  apparent  volume-density, 

d?y  d?y   ^y   ,   .    ^ 

rfar*      OA^      dz^  '^ 

Comparing  this  with  the  equation  (1)  above,  we  find 
,    ,      ^  ,,     dKdy    dKdV     dKdy     „ 

The  true  electrification,  indicated  by  p,  in  the  dielectric 
variable  inductive  capacity  ia  denoted  by'^,  will  prodi 
same  potential  at  every  point  as  the  apparent  electrifi 
denoted  by  /,  would  produce  in  a  dielectric  whose  in< 
capacity  is  everywhere  equal  to  unity. 

The  apparent  surface  charge,  </,  is  that  deduced  fro 
electrical  forces  in  the  neighbourhood  of  the  surface,  usi 
ordinary  characteristic  equation 
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tion  of  the  surface  is  discharged  by  passing  a  flame  over  the 
surface,  then,  when  the  inducing  force  is  taken  away,  there  will 
appear  a  true  electrification  opposite  to  a*. 


APPENDIX  TO  CHAPTER  IL 
The  equations 

^  dV      ^dV      ^ 

are  the  expressions  of  i£e  conditioiii  that  the  displacement  across  any 
closed  surface  la  iit  times  the  quantity  of  electricity  inside  it  The  first 
equation  follows  at  once  if  we  apply  this  principle  to  a  parallelepiped 
whose  faces  are  at  right  angles  to  the  co-ordinate  axes,  and  the  second  if 
we  apply  it  to  a  cylinder  enclosing  a  portion  of  the  charged  surfistce. 

If  we  anticipate  the  results  of  the  next  chapter,  we  can  deduce  these 
equations  directly  from  Faraday's  definition  of  specific  inductive  capacity. 
Let  us  take  the  case  of  a  condenser  consisting  of-  two  infinite  parallel 
plates.  Let  1^,  F^  be  the  potentials  of  the  plates  respectively,  d  the 
distance  between  them,  and  £  the  charge  on  an  area  A  of  one  of  the 
plates,  then,  if  K  is  the  specific  inductive  capacity  of  the  dielectric 
separating  them, 

47ra 
Q,  the  energy  of  the  system,  is  by  Art.  84  equal  to 

or  if  F  is  the  electromotive  intensity  at  any  point  between  the  plates 

Q  =  ^KAdFK 

If  we  regard  the  energy  as  resident  in  the  dielectric  there  will  be 
Q/Ad  units  of  energy  per  unit  of  volume,  so  that  the  energy  per  unit 
volume  equals  KF^/Sit.      This  result  will  be  true  when  the  field  is  not 

^  See  FarftdAy*t  '  Remiirki  on  Static  Induction/  Proeesdings  qf  the  Eoyal  In- 
iiilution,  Feb.  12, 1858. 
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uuiform,  BO  that  if  Q  denotes  the  energy  in  any  electrio  field 

Le,t  na  suppoae  that  the  potential  at  any  point  of  the  field  is  in 
by  a  small  quantity  SF  when  SF  la  an  arbitrary  function  of  a;,  y, 
hQ,  the  variation  in  the  energy,  ie  given  by  the  equation 

this,  by  Green's  Theorem, 

where  dr,  and  (Ir,  denote  elements  of  the  normal  to  the  sor&ce  dnt' 
the  first  to  the  Kcond  and  ^^>m  the  second  to  the  first  medium  respc 
But  by  (Arts.  85,  86) 

hQ  =  L(«B  V)  =  jfah  VdS+  fffpi  Vdxdy<U, 
and  uace  8F  is  arbitrary  we  must  have 

which  are  the  equations  in  the  text. 

In  Faraday's  experiment  the  Same  may  be  r^arded  as  a  condi 


CHAPTER    III. 

ON   ELBCTEICAL   WOBK  AND   ENERGY  IN   A    SYSTEM 

OP   CONDUCTORS. 

84.]  On  the  Work  which  must  le  done  by  an  external  agent  in 
order  to  charge  an  electrijied  system  in  a  given  manner. 

The  work  spent  in  bringing  a  quantity  of  electricity  d  e  from 
an  infinite  distance  (or  from  any  place  where  the  potential  is  zero) 
to  a  given  part  of  the  system  where  the  potential  is  V,  is,  by  the 
definition  of  potential  (Art.  70),  Vbe. 

The  effect  of  this  operation  is  to  increase  the  charge  of  the 
given  part  of  the  system  by  h  e,  so  that  if  it  was  e  before,  it  will 
become  e+6e  after  the  operation. 

We  may  therefore  express  the  work  done  in  producing  a  given 
alteration  in  the  charges  of  the  system  by  the  integral 

W^2(fvbe);  (I) 

where  the  summation,  (2),  is  to  be  extended  to  all  pai-ts  of  the 
electrified  system. 

It  appears  from  the  expression  for  the  potential  in  Art.  73, 
that  the  potential  at  a  given  point  may  be  considered  as  the  sum 
of  a  number  of  parts,  each  of  these  parts  being  the  potential  due 
to  a  corresponding  part  of  the  charge  of  the  system. 

Hence  if  F  is  (he  potential  at  a  given  point  due  to  a  system 
of  chaiges  which  we  may  call  2  (e),  and  V  the  potential  at  the 
same  point  due  to  another  system  of  charges  which  we  may  call 
2  (^),  the  potential  at  the  same  point  due  to  both  systems  of 
charges  existing  together  would  he  V+V. 

If,  therefore,  every  one  of  the  charges  of  the  system  is  altered 
in  the  ratio  of  ii  to  1,  the  potential  at  any  given  point  in  the 
system  will  also  be  altered  in  the  ratio  of  n  to  U 
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Let  UB,  therefore,  suppose  that  the  operation  of  ehaig 
system  is  conducted  in  the  following  maoDer.  Let  the 
be  originally  free  from  charge  and  at  potential  zero,  anc 
different  portions  of  the  system  be  charged  simultaneous 
at  B  rate  proportional  to  its  final  charge. 

Thus  if  e  is  the  final  charge,  and  V  the  final  potential 
part  of  the  system,  then,  if  at  any  stage  of  the  operal 
choi^  is  7i  e,  the  potential  will  be  n  F*,  and  we  may  n 
the  process  of  charging  by  supposing  n  to  increase  cooti 
from  0  to  1. 

While  71  increases  from  n  to  n  +  tn,  any  portion  of  tlie 
whose  final  charge  is  «,  tmd  whose  final  potential  is  V, 
sn  increment  of  charge  e  8  n,  its  potential  being  nV,ao^ 
work  done  on  it  daring  this  operation  iaeVnin. 

Hence  the  whole  work  done  in  charging  the  system  is 


S(eV)l'  ndn  =  \2{eV), 


or  half  the  sum  of  the  products  of  the  charges  of  the  c 
portions  of  the  system  into  their  respective  potentials. 

This  is  the  work  which  must  be  done  by  an  external  t 
order  to  charge  the  system  in  the  manner  described,  hi 
the  system  is  a  conservative  system,  the  work  required  I 
the  system  into  the  same  state  by  any  other  process  mus 
same. 

We  may  therefore  call 

W=iS{eV) 
the  electric  energy  of  the  system,  expressed  in  terms  of  the 
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But  W=i2(eV), 

and  •     W'  =  i2{^r). 

SabstituiiDg  these  values  in  equation  (4),  we  find 

2(er)  =  2(6'F).  (5) 

Hence  if,  in  the  same  fixed  system  of  electrified  conductors,  we 
consider  two  different  states  of  electrification,  the  sum  of  the 
products  of  the  charges  in  the  first  state  into  the  potentials  of 
the  corresponding  portions  of  the  conductoi*s  in  the  second  state, 
is  equal  to  the  sum  of  the  products  of  the  charges  in  the  second 
state  into  the  potentials  of  the  corresponding  conductors  in  the 
first  state. 

This  result  corresponds,  in  the  elementary  theory  of  electricity, 
to  Green's  Theorem  in  the  analytical  theory.  By  properly 
choosing  the  initial  and  final  states  of  the  system^  we  may  deduce 
a  number  of  useful  results. 

85  &.]  From  (4)  and  (5)  we  find  another  expression  for  the  in- 
crement of  the  energy,  in  which  it  is  expressed  in  terms  of  the 
increments  of  potential, 

Tf'-Tr=  J2(e'  +  c)(F-F).  (6) 

If  the  increments  are  infinitesimal,  we  may  write  (4)  and  (6) 

dW=:l{Vbe)  =  l{ebV);  (7) 

and  if  we  denote  by  T^  and  Wy  the  expressions  for  W  in  teims 
of  the  charges  and  the  potentials  of  the  system  respectively,  and 
hy  A^^  e^t  and  T^  a  particular  conductor  of  the  system,  its  charge, 
and  its  potential,  then 

e,=  ^.  (9) 

86.]  If  in  any  fixed  system  of  conductoi*s,  any  one  of  them, 
which  we  may  denote  hy  A^^iB  without  charge,  both  in  the  initial 
and  final  state,  then  for  that  conductor  e^  =  0,  and  e/  =  0,  so 
that  the  terms  depending  on  At  vanish  from  both  members  of 
equation  (5). 

If  another  conductor,  say  A^^  is  at  potential  zero  in  both  states 
of  the  system,  then  T^  =  0  and  T^'  =  0,  so  that  the  terms  de- 
pending on  A^  vanish  from  both  members  of  equation  (5). 

If,  therefore,  all  the  conductors  except  two,  A^  and  A,,  are 
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either  insulated  and  without  chfti^,  or  else  connecti 
earth,  equation  (5)  is  reduced  to  the  fonn  * 

If  in  die  initial  state 

€,=  1   and  e,  =  0, 
and  in  the  final  state 

e/  =  0   and  e,'  =  1, 
equation  (10)  becomes  IJ^'  =  ^; 

or  if  a  unit  charge  communicated  to  A,  raises  A,  when 
to  a  potential  V,  then  a  unit  charge  communicated  t 
raise  Ar  when  insulated  to  the  same  potential  V,  prov 
every  one  of  the  other  conductors  of  the  system  is  either 
and  without  charge,  or  else  connected  to  earth  so  that 
tial  is  zero. 

Hiis  is  the  first  instance  we  have  met  with  in  electr 
reciprocal  relation.  Such  reciprocal  relations  occur 
branch  of  science,  and  often  enable  us  to  deduce  the  bo 
new  problems  from  those  of  simpler  problems  already  s 

Thus  from  the  fact  that  at  a  point  outside  a  conducti 
whose  charge  is  1  the  potential  is  r'',  where  r  ia  tbi 
from  the  centre,  we  conclude  that  if  a  small  body  wh( 
is  1  is  placed  at  a  distance  r  from  the  centre  of  a  o 
sphere  without  charge,  it  will  raise  the  potential  of  t 
tor-'. 

liCt  us  next  suppose  that  in  the  initial  state 
V,=  1  and  T^=0, 
and  in  the  final  state 
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it  potential  zero,  a  unit  charge  communicated  to  A,  will  induce 
on  ii^  a  negative  charge,  the  numerical  value  of  which  is  F. 

In  all  these  cases  we  may  suppose  some  of  the  other  con- 
doctors  to  be  insulated  and  without  charge,  and  the  rest  to  be 
ocmneoted  to  earth. 

The  third  case  is  an  elementary  form  of  one  of  Green*s  theorems. 
As  an  example  of  its  use  let  us  suppose  that  we  have  ascertained 
the  distribution  of  electric  charge  on  the  different  elements  of  a 
conducting  system  at  potential  zero,  induced  by  a  charge  unity 
eonununicated  to  a  given  body  A,  of  the  system. 

Let  fir  be  the  charge  of  A^  under  these  circumstances.  Then 
if  we  suppose  A,  without  charge,  and  the  other  bodies  raised  each 
to  a  different  potential,  the  potential  of  A,  will  be 

T:=-2(i;,Tr).  (14) 

Thus  if  we  have  ascertained  the  surface-density  at  any  given 
point  of  a  hollow  conducting  vessel  at  zero  potential  due  to  a 
unit  chaige  placed  at  a  given  point  within  it,  then,  if  we  know 
the  value  of  the  potential  at  every  point  of  a  surface  of  the 
same  size  and  form  as  the  interior  surface  of  the  vessel,  we  can 
deduce  the  potential  at  a  point  within  it  the  position  of  which 
corresponds  to  that  of  the  unit  charge. 

Hence  if  the  potential  is  known  for  all  points  of  a  closed 
BoifBce  it  may  be  determined  for  any  point  within  the  surface, 
if  there  be  no  electrified  body  within  it,  and  for  any  point 
outside,  if  there  be  no  electrified  body  outside. 

Titeory  of  a  system  of  conductors. 

87.]  Let  ilp  ilj,  ...il,  be  n  conductors  of  any  form ;  let  «i,  «a, 
... ^,  be  their  charges ;  and  Tf,  1^, ...  K  their  potentials. 

Let  us  suppose  that  the  dielectric  medium  which  separates  the 
conductors  remains  the  same^  and  does  not  become  charged  with 
electricity  during  the  operations  to  be  considered. 

We  have  shown  in  Art.  84  that  the  potential  of  each  conductor 
is  a  homogeneous  linear  function  of  the  n  charges. 

Hence  since  the  electric  energy  of  the  system  is  half  the  sum 
of  the  products  of  the  potential  of  each  conductor  into  its  charge, 
the  electric  energy  must  be  a  homogeneous  quadratic  function  of 
the  n  charges,  of  the  form 

The  suffix  e  indicates  that  If  is  to  be  expressed  as  a  function 
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[87^ 

of  the  charges.     When  W  is  written  without  a  suffix  it  denote* 
the  ezpresuon  (3),  in  which  both  chaises  and  potentials  occur. 

From  this  expression  we  can  deduce  the  potential  of  anj  onaw 
of  the  conductors.     For  since  the  potential  is  defined  as  the  worki^ 
which  must  be  done  to  bring  a  unit  of  electridty  from  potenUaA, 
zero  to  the  ^ven  potential,  and  since  this  work  is  spent  in. 
increasing  W,  we  have  only  to  differentiate  W^  with  respect  to  the    i 
charge  of  the  given  conductor  to  obtain  its  potential.     We  thus 
obtain 

y,=p,^e,...+pr,e. 


f;j«i««. 


y,  =  Pu^i  ■ 


V. 


(16) 


a  system  of  n  linear  equations  which  express  the  n  potentials  in 
terms  of  tho  ft  charges. 

The  coefficients  j\,  &c.,  are  called  coefficients  of  potential.  Each 
has  two  suffixes,  the  fii-et  corresponding  to  that  of  the  charge, 
and  the  second  to  that  of  the  potential. 

The  coefficient  ;j„,  in  which  the  two  suffixes  are  the  same, 
denotes  the  potential  ol  A^  when  its  charge  is  unity,  that  of  all 
tlie  other  conductore  being  zero.  There  are  n  coefficients  of  this 
kind,  one  for  each  conductor. 

The  coefficient  ]>,,,  in  which  the  two  suffixes  are  different, 
denotes  the  potential  of  A.  when  j1,  receives  a  charge  unity,  ihe 
charge  of  each  of  the  other  conductors,  except  A ,. ,  being  zero. 

We  have  already  proved  in  Art.  86  that  />„  =  p,  „  but  we  may 
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We  have  in  this  case  also  q^,  =  q^^,  for 

Bj  substituting  the  values  of  the  charges  in  the  equation  for 
tbe  deetric  energy 

W  ^\[eJ{^•...^eX...  +  eX\.  (20) 

we  obtain  an  expression  for  the  energy  in  terms  of  the  potentials 

A  coeflScient  in  which  the  two  suffixes  are  the  same  is  called 
the  Electric  Capacity  of  the  conductor  to  which  it  belongs. 

Definition.  The  Capacity  of  a  conductor  is  its  charge  when  its 
own  potential  is  unity,  and  that  of  all  the  other  conductors  is 
ttro. 

This  is  the  proper  definition  of  the  capacity  of  a  conductor  when 
DO  farther  specification  is  made.  But  it  is  sometimes  convenient 
to  specify  the  condition  of  some  or  all  of  the  other  conductors  in 
a  diflforent  manner,  as  for  instance  to  suppose  that  the  charge  of 
certain  of  them  is  zero,  and  we  may  then  define  the  capacity  of 
the  conductor  under  these  conditions  as  its  charge  when  its 
potential  is  unity. 

The  other  coefficients  are  called  coefficients  of  induction.  Any 
one  of  them,  as  q^^  denotes  the  charge  of  il,.  when  A^  is  raised  to 
potential  unity,  the  potential  of  all  the  conductors  except  A, 
being  zero. 

The  mathematical  calculation  of  the  coefficients  of  potential 
and  of  capacity  is  in  general  difficult.  We  shall  afterwards 
prove  that  they  have  always  determinate  values,  and  in  certain 
special  cases  we  shall  calculate  these  values.  We  shall  also 
show  how  they  may  be  determined  by  experiment. 

When  the  capacity  of  a  conductor  is  spoken  of  without 
specifying  the  form  and  position  of  any  other  conductor  in  the 
same  system,  it  is  to  be  interpreted  as  the  capacity  of  the  con- 
doctor  when  no  other  conductor  or  electrified  body  is  within  a 
finite  distance  of  the  conductor  referred  to. 

It  is  sometimes  convenient,  when  we  are  dealing  with  capacities 
and  coefficients  of  induction  only,  to  write  them  in  the  form  [^.-P] , 
this  symbol  being  understood  to  denote  the  charge  on  A  when 
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P  is  raised  to  unit  potential  {the  other  ooadnetorB  l 
zero  potential}. 

In  like  manner  [(A  +  B)  .{P-^  Q)]  would  denote  the 
A+B  when  P  and  Q  are  both  raised  to  potential  1 
manifest  that  since 

[(A  +  B).(P+Q)]  =  \_A.P]  +  [A.Q]  +  iB.F]  + 

the  compound  symbola  may  be  comhined  by  addition 
plication  as  if  they  were  symbols  of  quantity. 

The  symbol  \_A  .  A"]  denotes  the  charge  on  A  when  th 
of  ^  is  I,  that  is  to  say,  the  capacity  of  A. 

In  like  manner  [(A  +  B).{A  +  Q}]  denotes  the  si 
charges  on  A  and  B  when  A  and  Q  are  raised  to  potei 
potential  of  all  the  conductors  except  A  and  Q  being  z 

It  may  be  decomposed  into 

[A.A]  +  [A.E]  +  IA.Q]  +  IB.Q]. 

The  coeffi(uent8  of  potential  cannot  be  dealt  with  ii 
The  coefficients  of  induction  represent  chaises,  and  thi 
can  be  combined  by  addition,  but  the  coefficients  o 
represent  potentials,  and  if  the  potential  of  ^,  is  1^  a 
B  is  ^,  the  sum  Tf  + 1^  has  no  physical  meaning  bear 
phenomena,  though  l[—  ^  represents  the  electromi 
from  A  to  B. 

The  coefficients  of  induction  between  two  oonductt 
expressed  in  terms  of  the  capacities  of  the  conductor 
of  the  two  conductors  together,  thus  : 


896.] 


PBOPEBTIES   OF  THE   COEFFICIENTS. 


Ill 


On  certain  conditions  which  the  coefficients  must  satisfy. 

89(1.]  In  the  first  place,  since  the  electric  energy  of  a  system 

18  in  essentially  poeitive  quantity,  its  expression  as  a  quadratic 

fimction  of  the  charges  or  of  the  potentials  must  be  positive, 

whatever  values,  positive  or  n^ative,  are  given  to  the  charges 

or  the  potentials. 

Now  the  conditions  that  a  homogeneous  quadratic  function 
of  n  variables  shall  be  always  positive  are  n  in  number,  and 
may  be  written 

Pn    >0,      \ 
PivPi2 


P-mPn 


>0, 


PlV'Pln 


\ 


(22) 


>  0, 


Pnl  •  •  'Pnn 

These  n  conditions  are  necessary  and  sufficient  to  ensure  that 
H^  shall  be  essentially  positive  *• 

Bat  since  in  equation  (16)  we  may  arrange  the  conductors  in 
any  order,  every  determinant  must  be  positive  which  is  formed 
symmetrically  from  the  coefficients  belonging  to  any  combin- 
ation of  the  n  conductors,  and  the  number  of  these  combinations 
is2--.l. 

Only  n,  however,  of  the  conditions  so  found  can  be  inde- 
pendent. 

The  coefficients  of  capacity  and  induction  are  subject  to  con- 
ditions of  the  same  form. 

89  6.]  The  coefficients  of  potential  are  aU  positive^  hut  none 
of  the  coeffUcients  p^,  is  greater  than  p^r  or  2>„. 

For  let  a  charge  unity  be  communicated  to  A^ ,  the  other  con- 
ductors being  uncharged.  A  system  of  equipotential  surfaces 
will  be  formed.  Of  these  one  will  be  the  surface  of  A^^  and  its 
potential  will  be  jo^.  If  ^.  is  placed  in  a  hollow  excavated  in 
<A^  BO  as  to  be  completely  enclosed  by  it,  then  the  potential  of 
A^  will  also  be  p„. 

If,  however,  A^  is  outside  of  A^  its  potential  p^,  will  lie  between 
p^  and  zero. 

*  See  WilliAmion*t  Differtntial  Calculus,  8rd  edition,  p.  407. 
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For  consider  the  linea  of  force  issuing  from  the  cha 
ductor  A^.  The  chaj*ge  is  measured  by  the  excess  of  tl 
of  lines  which  issue  from  it  over  those  which  termii 
Hence, '  if  the  conductor  has  no  charge,  the  numbei 
which  entei-  the  conductor  muat  be  equal  to  the  numi 
issue  from  it.  The  lines  which  enter  the  conductor  c 
places  of  greater  potential,  aad  those  which  issue  frot 
places  of  leas  potential.  Hence  the  potenUal  of  an  i 
conductor  must  be  intermediate  between  the  highest  a 
potentials  in  the  field,  and  therefore  the  highest  an 
potentials  cannot  belong  to  any  of  the  uncharged  bodie 

The  highest  potential  must  therefore  be  J7^,  that  of  tb 
body  Af,  the  lowest  must  be  that  of  space  at  an  infinite 
which  is  zero,  and  all  the  other  potentials  such  as  p, 
between  p„  and  zero. 

HA,  completely  surrounds  Af,  thenp,,  —Prt- 

89  c]  None  of  tlte  coeffideTUs  of  induction  are  positiv 
8ttm  of  aU  those  bdonging  to  a  single  condiicU 
nuvierically  greater  than  the  coefficient  of  capacu 
condvictor,  which  is  always  positive. 

For  let  A^  be  maintained  at  potential  unity  while  all 
conductors  are  kept  at  potential  zero,  then  the  char] 
is  q„,  aad  that  on  any  other  conductor  A,  ia  q„. 

The  number  of  lines  of  force  which  issue  from  A,  ii 
these  some  terminate  in  the  otber  conductors,  and  b< 
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the  arithmetical  sum  of  the  coefficients  of  induction  g^«,  &c.  will 
be  less  than  q^r* 

We  have  deduced  these  two  theorems  independently  by  means 
of  electrical  considerations.  We  may  leave  it  to  the  mathe- 
matical student  to  determine  whether  one  is  a  mathematical 
consequence  of  the  other. 

89  dJ]  When  there  is  only  one  conductor  in  the  field  its 
coefficient  of  potential  on  itself  is  the  reciprocal  of  its  capacity. 

The  centre  of  mass  of  the  electricity  when  there  are  no  ex- 
ternal forces  is  called  the  electric  centre  of  the  conductor.  If 
the  conductor  is  symmetrical  about  a  centre  of  figure,  this 
point  is  the  electric  centre.  If  the  dimensions  of  the  conductor 
are  small  compared  with  the  distances  considered,  the  position 
of  the  electric  centre  may  be  estimated  sufficiently  nearly  by 
conjecture. 

The  potential  at  a  distance  c  from  the  electric  centre  must  be 
DCvween  a  «. 

K.^"-.)  and   !(.-,«')., 


where  e  is  the  charge,  and  a  is  the  greatest  distance  of  any  part 
of  the  surface  of  the  body  from  the  electric  centre. 

For  if  the  charge  be  concentrated  in  two  points  at  distances 
a  on  opposite  sides  of  the  electric  centre,  the  first  of  these 
expressions  is  the  potential  at  a  point  in  the  line  joining  the 
charges,  and  the  second  at  a  point  in  a  line  perpendicular  to  the 
line  joining  the  charges.  For  all  other  distributions  within  the 
sphere  whose  radius  is  a  the  potential  is  intermediate  between 
those  values. 

If  there  are  two  conductors  in  the  field,  their  mutual  coefficient 

of  potential  is  -71  where  (/  cannot  difier  from  c,  the  distance 

a^  +  b^ 

between  the  electric  centres,  by  more  than ;  a  and  6  being 

c 

the  greatest  distances  of  any  pai-t  of  the  surfaces  of  the  bodies 

from  their  respective  electric  centres. 

*   [  For  let  p  be  the  density  of  the  eleotridty  at  any  point,  then  if  we  take  the  line 
joiiking  the  electric  centre  to  P  as  the  axis  of  x,  the  potential  at  P  ii 

Jlf'-^  -Iff' !;- J-*^^^'*-!  -'"•• 

wliere  e  ii  the  distance  of  P  from  the  electric  centre.  The  fint  term  eqaalt  e/e,  the 
Moood  Taniahat  linoe  the  ori((in  is  the  electric  centre,  and  the  greatest  yalae  of  the 

VOL.  I.  I 


114  SYSTEM   Oe  CONDDCTOBS. 

89  e.]    If  a  new   conductor  is   brought  into    the 
coefficient  of  potential  of  any  one  of  the  othera  on 
diminished. 

For  let  the  new  body,  B,  be  supposed  at  first  to  b 
conductor  {having  the  same  specific  inductive  capacity 
free  from"  charge  in  any  psrt,  then  when  one  of  the  co: 
^1 ,  receives  a  charge  e, ,  the  distribution  of  the  eleotricii 
conductors  of  the  system  will  not  be  disturbed  by  S,  as 
without  charge  in  any  part,  and  the  electric  energy  of  tl 
wiU  be  simply  1  e,  K"  =  1  «i'j3ir 

Now  let  B  become  a  conductor.  Electricity  will  fl 
places  of  higher  to  places  of  lower  potential,  and  in  so  d 
diminish  the  electric  energy  of  the  system,  so  that  the 
}  ^iVii  must  diminish. 

But  £[  remains  constant,  therefore  p^  must  diminish. 

Also  if  S  increases  by  another  body  h  being  placed  h 
with  it,^,  will  be  further  diminished. 

For  let  us  first  suppose  that  there  is  no  electric  commi 
between  B  and  b ;  the  introduction  of  the  new  bod 
diminish  p,|.  Now  let  a  communication  be  opened  be 
and  b.  If  any  electricity  fiows  Uirough  it,  it  fiows  froa 
of  higher  to  a  place  of  lower  potential,  and  therefore,  as 
shewn,  still  further  diminishes  p^y 

third  U  when  tha  electridtf  ii  coucentraMd  >t  the  poioU  for  which  the 
innde  the  bnwkat  hxi  lU  grettegt  ts1d«,  which  is  a'/ifl.  thus  tbe  grektatt 
third  t«ni]  ii  ea'/e' ;  tlie  least  vtiva  of  tlii*  term  ia  wLen  the  electrioit; 
tnted  at  the  pointa  for  which  the  third  term  initda  the  I 
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Hence  the  diminution  o{  pn  by  the  body  B  is  greater  than 
that  which  would  be  produced  by  any  conductor  the  surface  of 
which  can  be  inscribed  in  B^  and  less  than  that  produced  by  any 
conductor  the  surface  of  which  can  be  described  about  B. 

We  shall  shew  in  Chapter  XI,  that  a  sphere  of  diameter  6  at  a 
distance  r,  great  compared  with  6,  diminishes  the  value  of  p^^ 

by  a  quantity  which  is  approximately  J  -4  *. 

Hence  if  the  body  B  is  of  any  other  figure^  and  if  b  is  its 
greatest  diameter^  the  diminution  of  the  value  of  ^^  must  be  less 

than  J-^. 

Hence  if  the  greatest  diameter  of  B  is  so  small  compared  with 
its  distance  fix)m  A^  that  w6  may  neglect  quantities  of  the  order 

t  -j ,  we  may  consider  the  reciprocal  of  the  capacity  of  Aj^  when 

alone  in  the  field  as  a  sufficient  approximation  to  p^^, 

90  a.]  Let  us  therefore  suppose  that  the  capacity  of  il^  when 
alone  in  the  field  is  K^,  and  that  o{  A2,  K^^  and  let  the  mean 
distance  between  A^  and  A^  be  r,  where  r  is  very  g^at  compared 
with  the  greatest  dimensions  of  A^^  and  A^y  then  we  may  write 

_    1  _i  _  1 

Hence  ?„  =     K^^  (1  ^K^K^r-^)"^, 

Of  these  coefficients  g^  and  ^22  ^^^  ^^  capacities  of  Ai  and  A2 
when,  instead  of  being  each  alone  at  an  infinite  distance  from 
any  other  body,  they  are  brought  so  as  to  be  at  a  distance  r  from 
each  other. 

90  6.]  When  two  conductors  are  placed  so  near  together  that 
their  coefficient  of  mutual  induction  is  large,  the  combination  is 
eaUed  a  Condenser. 

Let  A  and  B  be  the  two  conductors  or  electrodes  of  a  con- 
denser. 

*  {See  equation  (48),  Art.  146.} 

I  a 
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Let  L  be  the  capacity  of^,  JVthat  oi  B,  and  M  the  o 
of  mutual  induotioD.  (We  must  remember  that  Af  is  es 
negative,  so  that  the  numerical  values  of  £  +  3f  andJf 
less  than  L  and  N.) 

Let  us  suppose  that  a  and  h  are  the  electrodes  of  anot 
denser  at  a  distance  R  from  the  first,  R  being  very  gn 
pared  with  the  dimensions  of  either  condenser,  and 
coefficients  of  capacity  and  induction  of  the  condenser  i 
alone  be  /,  n,  m.  Let  us  calculate  the  effect  of  oiu 
condensers  on  the  coefficients  of  the  other. 

Let  D  =  LN—  M',    and    d  =  ln—m*i 

then  the  coefficients  of  potential  for  each  condenser  by  i 
Paa=     -D''-^,      P«=     d-^n, 

•  Pbb=     B-'L,       ^«=     d-U, 
The  values  of  these  coefficients  will  not  be  sensibly 
when  the  two  condensers  ai'e  at  a  distance  R. 

The  coefficient  of  potential  of  any  two  conductors  at 
R  is  R-^,  so  that 

PAa  =  p.ib  -paa~pa,  —  -fi"'. 
The  equations  of  potential  are  therefore 

K=     R-^eA  +  R-^eB~d-^me,  +  d~He^. 
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If  only  one  conductor,  a,  is  brought  into  the  field,  m  =  n  =  0,  and 
„      -r-Lx  {L  +  Mfl 

a    -W-Mi    JL  +  m^  +  ^l 
q.,B-il  -M+  jj2_i(X  +  2iM'+J\r)' 

Rl(L  +  M) 

qAa-- 


m-l{L  +  2M+N) 

If  there  are  only  the  two  eimple  conductors,  A  and  a, 

M=  N=  m  =  71  =  0, 

,  r        LH  RLl 

and  q^  =  L+—-^^,         y^„  =  _^^_^; 

expressions  which  agree  with  those  found  in  Art.  90  a. 

The  quantity  L  •{- 2  M-^N  is  the  total  charge  of  the  condenser 
when  its  electrodes  are  at  potential  1.  It  cannot  exceed  half 
the  greatest  diameter  of  the  condenser  *. 

L  +  Mis  the  charge  of  the  first  electrode)  and  M-\-N that  of  the 
second  when  both  are  at  potential  1.  These  quantities  must  be 
each  of  them  positive  and  less  than  the  capacity  of  the  electrode 
by  itself.  Hence  the  corrections  to  be  applied  to  the  coefficients 
of  capacity  of  a  condenser  are  much  smaller  than  those  for  a 
simple. conductor  of  equal  capacity. 

Approximations  of  this  kind  are  often  useful  in  estimating  the 
capacities  of  conductors  of  irregular  form  placed  at  a  consider- 
able distance  from  other  conductors. 

91.]  When  a  round  conductor,  A^,  of  small  size  compared  with 
the  distances  between  the  conductors,  is  brought  into  the  field, 
the  coefficient  of  potential  of  ^1^  on  A^  will  be  increased  when  A^ 
is  inside  and  diminished  when  A^  is  outside  of  a  sphere  whose 
diameter  is  the  straight  line  Ay^  Ao< 

For  if  Ay  receives  a  unit  positive  charge  there  will  be  a  distri- 
bution of  electricity  on  il,,  +  e  being  on  the  side  furthest  from  A^^ , 
and  ^e  on  the  side  nearest  A^,  The  potential  at  A2  due  to  this 
distribution  on  A^  will  be  positive  or  negative  as  +e  or— 6  is 
nearest  to  ^2'  ^^^  ^^  ^^^  ^*^^™  of  iig  is  not  very  elongated  this 
will  depend  on  whether  the  angle  A^^  A^  A^  is  obtuse  or  acute, 
and  therefore  on  whether  A^  is  inside  or  outside  the  sphere 
described  on  A-^  A^^a  diameter. 

*  {  For  we  maj  proye,  m  in  Art.  89  e,  that  the  capacity  of  a  condenBer  all  of  whose 
parte  are  at  the  Mine  potential  it  less  than  that  of  the  sphere  circumscribing  it,  and 
the  eapadij  of  the  sphere  is  equal  to  its  radius,  j 
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If  A^  is  of  an  elongated  fonn  it  is  easy  to  see  tbat  if  it  i 
with  its  longest  axis  in  the  direction  of  the  tangent  to  t1 
drawn  through  the  points  A^,  A^,  A^  it  may  incn 
potential  of  A2,  even  when  it  is  entirely  oatside  the  spb 
that  if  it  is  placed  with  its  loDgest  axia  in  the  directioi 
radius  of  the  sphere,  it  may  dimioisb  the  potential  of  . 
when  entirely  within  the  sphere.  But  this  proposition 
intended  for  fonnii^  a  rough  estimate  of  the  phenomei 
expected  in  a  given  arrangement  of  aj^taratus. 

9!.'.]  If  a  new  conductor,  A^,  is  introduced  into  the  i 
capacities  of  all  the  conductors  already  there  are  increa 
the  numerioal  values  of  the  coefficients  of  induction 
every  pair  of  them  are  diminished. 

Let  us  suppose  that  J,  is  at  potential  unity  and  all  tb 
potential  zero.  Since  the  charge  of  the  new  conductor  is : 
it  will  induce  a  positive  chaige  on  every  other  conduc 
will  therefore  increase  the  positive  charge  of  ^,  and  1 
the  negative  chai^  of  each  of  the  other  conduotcu^ 

93(1.]  Work  done  by  the  eiectric  forces  during  the  disfH 
of  a  eyntem  of  insulated  charged  conductors. 

Since  the  oooduotors  are  insulated,  their  charges 
constant  during  the  displacement.  Let  their  poteutiaJ 
1;. ...  l^  before  and  TJ',  1^', ...  V^'  after  the  displacemei 
electric  energy  is  j^-.^2(«V) 

before  the  displacement,  and 
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where  T^  denotes  the  expression  for  the  electric  energy  as  a 
qoadratio  function  of  the  charges. 

93  6. 1  Xo  prove  that  -y-^  +  --5-^  =  0. 
•'  a<l>        atf} 

m 

We  have  three  different  expressions  for  the  energy  of  the  system, 

(1)  Tr=i2(ey), 

a  definite  function  of  the  n  charges  and  n  potentials, 

(2)  TJ:  =i  22  (6,6.p  J, 

where  r  and  e  may  be  the  same  or  different,  and  both  rs  and  sr 
are  to  be  included  in  the  summation. 

This  is  a  function  of  the  n  charges  and  of  the  variables  which 
define  the  configuration.    Let  <p  be  one  of  these. 

(3)  Trp=jS2(T^K?«), 

where  the  summation  is  to  be  taken  as  before.     This  is  a  function 
of  the  n  potentials  and  of  the  variables  which  define  the  con- 
figuration of  which>  is  one. 
Since  TF  =  T^  =  TT^, 

W^+Wr''2W=0. 
Now  let  the  n  charges,  the  n  potentials,  and  (p  vary  in  any 
consistent  manner,  and  we  must  have 

Now  the  n  charges,  the  n  potentials,  and  <f>  are  not  all  inde- 
pendent of  each  other,  for  in  fact  only  71  + 1  of  them  can  be 
independent     But  we  have  already  proved  that 

SO  that  the  first  sum  of  terms  vanishes  identically,  and  it  follows 
from  this,  even  if  we  had  not  already  proved  it,  that 

dWr 


dV. 


=  «., 


and  that  lastly,  ^      dWy^  ^  ^ 

d<p        dip 

Work  done  by  the  electric  forces  during  the  displacevient  of  a 

eysteni  whose  potentials  are  maintained  constant. 

dW 
93  c]  It  follows  from  the  last  equation  that  the  force  *  =  -^  > 

and  if  the  system  is  displaced  under  the  condition  that  all  the 


f<bd<p=Jd] 
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poteatials  remain  consiant,  the  work  done  by  the  electric 

fdWv=:^W^-Wv; 

or  the  work  done  hy  the  electric  forces  in  this  case  ia  equi 
increment  of  the  electric  energy. 

Here,  then,  we  have  an  increase  of  energy  togeUiei 
quantity  of  work  done  by  the  system.  The  system  mustt 
he  supplied  with  energy  from  some  external  sonrce,  su 
voltaic  batteiy,  in  order  to  maintain  the  potentials  i 
during  the  displacement. 

The  work  done  by  the  battery  is  therefore  equal  to  thi 
the  work  done  by  the  system  and  the  increment  of  em 
since  these  are  equal,  the  work  done  by  the  battery  is  t 
work  done  by  tbe  system  of  conductors  during  the  dispit 

On  the  comparison  ofeimilar  dectrified  sy^ema. 
94.]  If  two  electrified  systems  are  similar  in  a  geometric 
so  that  the  lengths  of  corresponding  lines  in  the  two  sys 
as  Z,  to  Z',  then  if  the  dielectric  which  separates  tbe  coi 
bodies  is  the  same  in  both  systems,  the  coefficients  6f  it 
and  of  capacity  will  be  in  the  prbportion  of  i  to  L'.  I 
consider  corresponding  portions,  A  and  A',  of  the  two  syst 
suppose  the  quantity  of  electricity  on  il  to  be  «,  and  thi 
to  be  e',  then  the  potentials  V  and  V  at  correspondin 
B  and  R,  due  to  this  electriSoation,  will  be 
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third  place  bo  electrified  that  the  potentials  of  corresponding 
points  are  as  F  to  F". 

From  this  it  appears  that  if  q.  be  any  coefficient  of  capacity  or 
induction  in  the  first  system,  and  q'  the  corresponding  one  in  the 
second,  q  iq"::  LK : L'K'; 

and  if  p  and  p'  denote  eorresponding  coefficients  of  potential  in 
the  two  systems,  i         i 

If  one  of  the  bodies  be  displaced  in  ih^  first  system,  and  the 
corresponding  body  in  the  second  system  receives  a  similar  dis- 
placement, then  these  displacements  are  in  the  proportion  of  L 
to  L\  and  if  the  forces  acting  on  the  two  bodies  are  as  /"  to  i^, 
.  then  the  work  done  in  the  two  systems  will  be  as  FL  to  FL\ 

But  the  total  electric  energy  is  half  the  sum  of  the  charges 
of  electricity  multiplied  each  by  the  potential  of  the  charged 
body,  so  that  in  the  similar  systems,  if  W  and  W  be  the  total 
electric  energies  in  the  two  systems  respectively, 

and  the  differences  of  energy  after  similar  displacements  in  the 
two  systems  will  be  in  the  same  proportion.  Hence,  since  FL 
is  proportional  to  the  electrical  work  done  during  the  displace- 
ment, FL:FU::eV:e'V\ 

Combining  these  proportions,  we  find  that  the  ratio  of  the 
resultant  force  on  any  body  of  the  first  system  to  that  on  the 
corresponding  body  of  the  second  system  is 

FiFiil'^KiV'^K^ 

nr  F*  F^  •  • • • 

The  first  of  these  proportions  shews  that  in  similar  systems  the 
force  is  proportional  to  the  square  of  the  electromotive  force  and 
to  the  inductive  capacity  of  the  dielectric,  but  is  independent  of 
the  actual  dimensions  of  the  system. 

Hence  two  conductors  placed  in.  a  liquid  whose  inductive 
capacity  is  greater  than  that  of  air,  and  electrified  to  given 
potentials,  will  attract  each  other  more  than  if  they  had  been 
electrified  to  the  same  potentials  in  air. 

The  second  proportion  shews  that  if  the  quantity  of  electricity 
on  each  body  is  given,  the  forces  are  proportional  to  the  squares 
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of  the  charges  and  inversel;  to  the  squarea  of  the  dista; 
also  inversely  to  the  inductive  capacities  of  the  media. 

Hence,  if  two  cooductora  with  given  chaises  are  ph 
liquid  whose  inductive  capacity  is  greater  than  that  of 
will  attract  each  other  less  than  if  the;  had  heen  surroi 
air  and  charged  with  the  same  quantities  of  electricity* 

*  { It  falln«a  from  th«  preceding  iliTMlig>tion  th>(  ths  fome  batween 
fied  hotliei  surrounded  by  k  medium  whoia  ipecific  iodastive  empkcity  is  K 
where  e  and  /  tie  the  chnrgsa  on  the  bodie*  uid  r  is  the  diituice  betwees 


CHAPTEK    IV. 

GENBBAL    THEOREMS. 

95  a.]  In  the  second  chapter  we  have  calculated  the  potential 
Amction  and  investigated  some  of  its  propei*ties  on  the  hypo- 
thesis that  there  is  a  direct  action  at  a  distance  between  electri- 
fied bodies,  which  is  the  resultant  of  the  direct  actions  between 
the  various  electrified  parts  of  the  bodies. 

If  we  call  this  the  direct  method  of  investigation,  the  inverse 
method  will  consist  in  assuming  that  the  potential  is  a  function 
characterised  by  properties  the  same  as  those  which  we  have 
already  established,  and  investigating  the  form  of  the  function. 

In  the  direct  method  the  potential  is  calculated  from  the  dis- 
tribution of  electricity  by  a  process  of  integration,  and  is  found 
to  satisfy  certain  partial  dilSerential  equations.  In  the  inverse 
method  the  partial  differential  equations  are  supposed  given,  and 
we  have  to  find  the  potential  and  the  distribution  of  electricity. 
It  is  only  in  problems  in  which  the  distiibution  of  electricity 
is  given  that  the  direct  method  can  be  used.  When  we  have  to 
find  the  distribution  on  a  conductor  we  must  make  use  of  the 
inverse  method. 

We  have  now  to  shew  that  the  inverse  method  leads  in  every 
case  to  a  determinate  result,  and  to  establish  certain  general 
theorems  deduced  from  Poisson's  partial  differential  equation, 

dW     dW     d'V      , 

The  mathematical  ideas  expressed  by  this  equation  are  of  a 
different  kind  from  those  expressed  by  the  definite  integral 

/      /       ^dz'dy'da'. 

In  the  differential  equation  we  express  that  the  sum  of  the 
second  derivatives  of  V  in  the  neighbourhood  of  any  point  is 
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related  to  the  density  at  that  point  in  a  certain  mannei 
relation  is  expressed  between  the  value  of  V  at  that  p 
the  value  of  p  at  any  point  at  a  finite  distance  from  it. 

In  the  definite  integral,  on  the  other  hand,  the  dis 
the  point  (a/,  j/',  z');at  which  p  exists,  from  the  point  {x 
which  V  exists,  is  denoted  by  r,  and  is  distinctly  lecoj 
the  expression  to  be  integrated. 

The  integral,  therefore,  is  the  appropriate  mathemai 
pression  for  a  theory  of  action  between  particles  at  a 
whereas  the  difierential  equation  is  the  appropriate  ei 
for  a  theory  of  action  exerted  between  contiguous  pi 
medium. 

We  have  seen  that  the  result  of  the  integration  sati 
differential  equation.  We  have  now  to  shew  that  it  is 
solution  of  that  equation  satisfying  certain  conditions. 

We  shall  in  this  way  not  only  establish  the  math 
equivalence  of  the  two  expressions,  but  prepare  our  i 
pass  from  the  theory  of  direct  action  at  a  distance  tc 
action  between  contiguous  parts  of  a  medium. 

95  &.]  The  theorems  considered  in  this  chapter  relat 
properties  of  ceitain  volume-integrals  taken  throughoni 
region  of  space  which  we  may-refer  to  as  the  electric  fiel 

The  element  of  these  integrals,  that  is  to  say,  the  < 
under  the  integral  sign,  is  either  the  square  of  a  oertai 
quantity  whose  direction  and  magnitude  vary  from 
pQint  in  the  field,  or  the  product  of  one  vector  into  the 
part  of  another  in  its  own  direction. 
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When  the  centra]  forces  which,  as  we  have  said,  give  rise  to 
an  irrotational  distiihution  of  the  resultant  force,  vary  according 
to  the  inverse  square  of  the  distance,  then^  if  these  centres  are 
outside  the  field,  the  distribution  within  the  field  will  be  sole- 
noidal  as  well  as  ii*rotational. 

When  the  motion  of  an  incompressible  fluid  which,  as  we  have 
said,  is  solenoidal,  arises  from  the  action  of  central  forces  de- 
pending on  the  distance,  or  of  surface  pressures,  on  a  frictionless 
fluid  originally  at  rest,  the  distribution  of  velocity  is  Irrotational 
as  well  as  solenoidal. 

When  we  have  to  specify  a  distribution  which  is  at  once  irrota- 
tional and  solenoidal,  we  shall  call  it  a  Laplacian  distribution  ; 
Laplace  having  pointed  out  some  of  the  most  important  pro- 
perties of  such  a  distribution. 

.  The  volume  integi-als  discussed  in  this  chapter  are,  as  we  shall 
see,  expressions  for  the  energy  of  the  electric  field.  In  the  first 
group  of  theorems,  beginning  with  Green's  Theorem,  the  energy 
is  expressed  in  terms  of  the  electromotive  intensity,  a  vector 
which  is  distributed  irrotationally  in  all  cases  of  electric  equi- 
librium. It  is  shewn  that  if  the  surface-potentials  be  given,  then 
of  all  irrotational  distributions,  that  which  is  also  solenoidal  has 
the  least  energy ;  whence  it  also  follows  that  there  Can  be 
only  one  Laplacian  distribution  consistent  with  the  surface 
potentials. 

In  the  second  group  of  theorems,  including  Thomson's  Theorem, 
the  energy  is  expressed  in  terms  of  the  electric  displacement,  a 
vector  of  which  the  distribution  is  solenoidal.  It  is  shewn  that 
if  the  surface-charges  are  given,  then  of  all  solenoidal  distribu- 
tions that  has  least  energy  which  is  also  irrotational,  whence  it 
also  follows  that  there  can  be  only  one  Laplacian  distribution 
consistent  with  the  given  surface-charges. 

The  demonstration  of  all  these  theorems  is  conducted  in  the 
same  way.  In  order  to  avoid  the  repetition  in  every  case  of  the 
steps  of  a  surface  integration  conducted  with  reference  to  rect- 
angular axes,  we  make  use  in  each  case  of  the  result  of  Theorem 
m,  Art.  21''^,  where  the  relation  between  a  volume-integral  and 
the  corresponding  sui'face-integral  is  fully  worked  out.     All  that 

*  ThU  theorem  leemt  to  have  been  first  given  by  Ostrogradsky  in  a  paper  read  in 
1828,  bat  pablifthed  in  1831  in  the  Mim.  de  VAcad.  de  St.  Piter$hourg/£.  I.  p.  89.  It 
maj  be  regarded,  however,  at  a  form  of  the  equation  of  oontinoity. 
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we  have  to  do,  therefore,  is  to  substitute  for  X,  Y,  and  i 
Theorem  the  compoDents  of  the  vector  on  whioh  the  p 
theorem  depends. 

In  the  first  edition  of  this  book  the  statement  of  each 
was  cumbered  with  a  multitude  of  alternative  conditioi 
were  intended  to  shew  the  generality  of  thp  theorem 
variety  of  cases  to  which  it  might  be  applied,  but  whiol 
rather  to  confVise  in  the  mind  of  the. reader  what  was 
with  what  was  to  be  proved. 

In  the  present  edition  each  theorem  is  at  first  stated  ii 
definite,  if  more  restricted,  form,  and  it  is  afterwards  she' 
further  degree  of  generality  the  theorem  admits  of. 

We  have  hitherto  used  the  symbol  V  for  the  potential 
shall  continue  to  do  so  whenever  we  are  dealing  with  elect 
only.  In  this  chapter,  however,  and  in  those  parte  of  tbi 
volume  in  which  the  electric  potential  occurs  in  electro-t 
investigations,  we  shall  use  'I'  as  a  special  symbol  for  the 
potential. 

Green's  Theorem. 

96  a.]  The  following  important  theorem  was  given  bj 
Green,  in  his  '  Essay  on  the  Application  of  Mathematics 
tricity  and  Magnetism.' 

The  theorem  relates  to  the  space  bounded  by  the  closec 
8.  We  may  refer  to  this  finite  space  as  the  Held.  Li 
normal  drawn  from  the  surface  8  into  the  field,  and  let  I, 
the  direction  cosines  of  this  normal,  then 
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The  reader  who  is  not  acquainted  with  the  method  of  Quater- 
nions may,  if  it  pleases  him,  regard  the  expressions  V^^'  and 
&V^V<f>  as  mere  conventional  abbreviations  for  the  quantities  to 
which  they  are  equated  above,  and  as  in  what  follows  we  shall 
employ  ordinary  Cartesian  methods,  it  will  not  be  necessary  to 
remember  the  Quaternion  interpretation  of  these  expressions. 
The  reason,  however,  why  we  use  as  our  abbreviations  these  ex- 
pressions and  not  single  letters  arbitrarily  chosen,  is,  that  ill  the 
language  of  Quaternions  they  represent  fully  the  quantities  to 
which  they  are  equated.  The  operator  V  applied  to  the  scalar 
function  4^  gives  the  space-variation  of  that  function,  and  the 
expression  — S.V^'V*  is  the  scalar  part  of  the  product  of  two 
space-variations,  or  the  product  of  either  space-variation  into  the 
resolved  part  of  the  other  in  its  own  direction.     The  expi'ession 

-7—  is  usually  written  in  Quaternions  8.  UvV'i',  Uv  being  a  unit- 
dv 

vector  in  the  direction  of  the  normal.    There  does  not  seem 

much  advantage  in  using  this  notation  here,  but  we  shall  find 

the  advantage  of  doing  so  when  we  come  to  deal  with  anisotropic 

{non-isotropic}  media. 

Statement  of  0reen*8  Theorem. 

m 

Let  ^  and  4>  be  two  functions  of  x,  y,  z,  which,  with  their  first 
derivatives^  are  finite  and  continuous  within  the  acyclic  region  9, 
bounded  by  the  closed  surface  s,  then 

d^ 


^il"^  d^ d«-jy/<I>V^d. ;         (4) 


where  the  double  integrals  are  to  be  extended  over  the  whole 
closed  surface  a,  and  the  triple  integrals  throughout  the  field,  9, 
enclosed  by  that  surface. 

To  prove  this,  let  us  write,  in  Art.  21,  Theorem  III, 

^=*rf^'    ^=*^'     '^=*^'       ^'^ 

ffd^         d^         d^\ 
then    -Kcos€  =  —  ^(ij-  '^^^'^'^d^'' 

=  -4^^,  by(l);  (6) 
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,  dX      d7     dZ      ,  ,d»*      d*t>      d**. 

dx  dx       dy  dy 
=  _*7»<I>-S.V*V*,  by  (2)  and  (3). 
But  by  Theorem  III 

or  by  (6)  and  (7) 

fU^ds~fff*V'<t>dt  =  fffs.V^t>ds. 

Since  in  the  second  member  of  this  eqoation  'I'  and 
be  interobanged,  we  may  do  so  in  the  first,  and  < 
obtain  the  complete  statement  of  Qreeu's  Theorem,  as  j 
equation  (4). 

966.]  We  have  next  to  shew  that  Qreen's  T)ieorem 
when  one  of  the  funcliona,  say  ^'j  is  a  many- valued  one,  ] 
that  itfl  first  derivatives  are  single-valued,  «id  do  not 
infinite  within  the  acyclic  r^on  s. 

Since  Vi'  and  74>  are  single-valued,  the  second  me 
equation  (4)  is  single-valued ;  but  since  4'  is  many-val 
one  element  of  the  first  member,  as  4'VM>,  is  muty-vali 
however,  we  select  one  of  the  many  values  of  4',  as  ^ 
point  A  within  the  region  i,  then  the  value  of  4'  at  ai 
point,  P,  will  be  definite.  For,  since  the  selected  valm 
continuous  within  the  re^on,  the  value  of  4*  at  i*  must 
i  at  by  continuous  vtiriatioii  aloaj 
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Hence,  if  %  is  given  as  the  value  of  ^  at  the  point  Ay  the 
vmlne  at  P  is  definite. 

If  any  other  value  of  %  say  %  +  mc,  had  been  chosen  as  the 
value  at  A^  then  the  value  at  P  would  have  been  ^-{-nK.  But 
the  value  of  the  first  member  of  equation  (4)  would  be  the  same  as 
before,  for  the  change  amounts  to  increasing  the  first  member  by 

and  this,  by  Theorem  III,  Art.  21,  is  zero. 

96  c]  K  the  region  s  is  doubly  or  multiply  connected,  we  may 
reduce  it  to  an  acyclic  region  by  closing  each  of  its  circuits  with 
a  diaphragm,  {we  can  then  apply  the  theorem  to  the  region 
bounded  by  the  surfSftce  of  9  and  tiie  positive  and  negative  sides 
of  the  diaphragm}. 

Let  6|  be  one  of  these  diaphragms,  and  k^  the  corresponding 
cyclic  constant^  that  is  to  say,  the  increment  of  4^  in  going  once 
round  the  circuit  in  the  positive  direction.  Since  the  region  s  lies 
on  both  sides  of  the  diaphragm  6^^,  every  element  of  8^  will  occur 
twice  in  the  surface  integral. 

If  we  suppose  the  normal  r^  drawn  towards  the  positive  side 
of  dsi,  and  r/  drawn  towards  the  negative  side, 

and  %'  =:%  +  (vi) 

so  that  the  element  of  the  surface-integral  arising  from  d8i  will  be, 
since  dp^  is  the  element  of  the  inward  normal  for  the  positive 

dvi^      ^  dv\  ^rfi/j     * 

Hence  if  the  region  9  is  multiply  connected,  the  first  term  of 
equation  (4)  must  be  written 

where  dv  is  an  element  of  the  inward  normal  to  the  bounding 
surface  and  where  the  first  surface-integral  is  to  be  taken  over 
the  bounding  surface,  and  the  others  over  the  different  diaphragms, 
each  element  of  surface  of  a  diaphi*agm  being  taken  once  only,  and 
the  normal  being  drawn  in  the  positive  direction  of  the  circuit 

This  modification  of  the  theorem  in  the  case  of  multiply- 

TOL.  I.  K 
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connected  repons  was  first  shewn  to  be  necessary  by  Hell 
and  was  first  applied  to  the  theorem  by  Thtimaonf- 

96(2.]  Let  ua  now  suppose,  with  Qreen,  that  one 
functions,  say  4>,  does  not  satisfy  the  condition  that  it 
first  derivatives  do  not  become  infinite  within  the  givei 
but  that  it  becomes  infinite  at  the  point  P,  and  at  th 
only,  in  that  region,  and  that  very  near  to  P  the  valut 
^f^  +  e/rt,  where  4>g  is  a  finite  and  continuous  quantity, 
the  diatance  from  P.  This  will  he  the  case  if  4>  is  the  ] 
of  a  quantity  of  electricity  e  concentrated  at  the  point  P, 
with  any  distribution  of  electricity  the  volume  density 
is  nowhere  infinite  within  the  r^on  considered. 

Let  us  now  suppose  a  very  small  sphere  whose  radic 
be  described  about  P  as  centre ;  then  since  in  the  r^oi 
this  sphere,  but  within  the  surface  8,  4>  presents  no  sin 
we  may  apply  Green's  Theorem  to  this  region,  remembei 
the  surface  of  the  small  sphere  is  to  be  taken  aocoa 
forming  the  sar&ce-integraL 

In  forming  the  volume-int^rals  we  have  to  subtract 
volume-integral  arising  from  the  whole  region  that  aria 
the  small  spherct 

Now  /  /  /  it>V^dxdydz  for  the  sphere  cannot  be  nut 

greater  than  (v'*),fJJ'V. 

or  (^'*),  {2ir6a'+Jiro'*,}, 

where  the  saffix,  ,,  attached  to  any  quantity,  indicates 


nu- 
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Tbe  Bnr&ce-integral  /  /  ^  t^  ^  for  the  sphere  cannot  be 

mmcally  greater  than  ip^jf—  d/. 
Now  by  Theorem  HI,  Art.  21, 

mnee  dv  is  here  measured  outwards  from  the  sphere,  and  this 
cannot  be  numerically  greater  than  (y^)g^'na?i  and  ^g  ait  the 

muHbce  is  approximately-  #  so  that  1 1  ^jr-ds  cannot  be  numeri- 

caUy  greater  than  ^^^2^  (^2^,)^, 

and  is  therefore  of  the  order  a',  and  may  be  neglected  when  a 
▼anishes. 

Bat  the  surfietce-integral  for  the  sphere  on  the  other  side  of 
the  equation,  namely,         ^^    ^^ 

JJ*d7^^ 
does  not  vanish,  for      ffV^d^  =  -^^^  * 

dp  being  measured  outwards  &om  the  sphere,  and  if  4^0  be  the 
Talue  of  *  at  the  point  P, 


If 


av 


Equation  (4)  therefore  becomes  in  this  case 

97  a.]  We  may  illustrate  this  case  of  Green's  Theorem  by  em- 
{doying  it  as  Green  does  to  determine  the  surface-density  of  a 
distribution  which  will  produce  a  potential  whose  TsJues  inside 
and  outside  a  given  closed  surface  are  given.  These  values  must 
coincide  at  the  surface,  also  within  the  surface  V^  »  0,  and 
outside  V^  =  0  where  yjf  and  yjf'  denote  the  potentials  inside  and 
oatside  the  surface. 

Green  begins  with  the  direct  process,  that  is  to  say,  the  distri- 

*  {In  Uiii  aqoAtion  dr  ii  drawn  to  the  inside  of  the  lurface  voA  fff  ir^^dxdy^ 
b  Boi  teken  through  the  ipftoe  oooopied  by  »  muJl  iphere  whose  oentre  is  the  point  at 
wkkk  f  iMeomat  infiniU.} 

K  % 
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butioD  of  the  surface  denBity,  a,  being  given,  the  potentis 
internal  point  P  and  an  external  point  P'  are  found  by  i 
ing  the  expresuons 

where  r  and  r'  are  measured  from  the  points  P  and  P' 
ively. 

Now  let  4>  =  1/r,  then  applying  Qreen's  Theorem  to  ti 
within  the  surface,  and  remembering  that  7^  =  0  and  ^ 
throughout  the  limits  of  int^^atton  we  find 


//*£,*-,.*,=//i| 


rrfj/ 
where  't/.  is  the  value  of  4'  at  P. 

Again,  if  we  apply  the  theorem  to  the  space  betv 
surfaoQ  a  and  a  surface  sanounding  it  at  an  infinite  dia 
the  part  of  ihe  surface-integral  belonging  to  the  latter 
will  be  of  the  order  1/a  and  may  be  neglected,  and  we  hi 

Now  at  the  snr&ee,  4*  =  4^,  and  unee  ttie  normals  v  aa 
drawn  in  opposite  directions, 

di  d'- 

Hence  on  adding  equations  (10)  and  (llXthe  left-hai 
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Thai  such  ft  funetion  must  exist,  Green  proves  from  the 
phjsical  consideration  that  if  8  is  a  conducting  surface  connected 
f     to  the  earth,  and  if  a  unit  of  electricity  is  placed  at  the  point  P, 
the  potential  within  a  must  satisfy  the  above  conditions.     For 
since  8  is  connected  to  the  earth  the  potential  must  be  zero  at 
every  point  of  8,  and  since  the  potential  arises  from  the  electricity 
at  P  and  the  electricity  induced  on  8,  V^  =  Q  at  every  point 
within  the  surface. 
Applying  Qreen's  Theorem  to  this  case,  we  find 

4^*r=ff^^,d8,  (X3) 

where,  in  the  surface-integral,  ^  is  the  given  value  of  the  potential 
at  the  element  of  surface  da ;  and  since,  if  (rp  is  the  density  of  the 
electricity  induced  on  a  by  unit  of  electricity  at  P^ 

47r<rp+^,=  0,  (14) 

we  mfty  write  equation  (13) 

^P  =  ^  ff^ada*,  (15) 

where  <r  is  the  surface-density  of  the  electricity  induced  on  da  by 
a  charge  equal  to  unity  at  the  point  P. 

Hence  if  the  value  of  o-  is  known  at  every  point  of  the  surface 
for  a  particular  position  of  P,  then  we  can  calculate  by  ordinary 
int^ration  the  potential  at  the  point  P,  supposing  the  potential 
at  eveiy  point  of  the  surface  to  be  given,  and  the  potential 
within  the  surface  to  be  subject  to  the  condition 

V24>  =  0. 

We  shall  afterwards  prove  that  if  we  have  obtained  a  value  of 
^  which  satisfies  these  conditions,  it  is  the  only  value  of  4^  which 
satisfies  them. 

Oreen'a  Function. 

98.]  Let  a  closed  surface  a  be  maintained  at  potential  zero. 
Let  P  and  Q  be  two  points  on  the  positive  side  of  the  surfeice  a 
(we  may  suppose  either  the  inside  or  the  outside  positive),  and 
let  a  small  body  charged  with  unit  of  electricity  be  placed  at  P ; 
the  potential  at  the  point  Q  will  consist  of  two  parts,  of  which 
one  is  due  to  the  direct  action  of  the  electricity  at  P,  while  the 

*  {Thii  if  the  Mme  m  eqofttion  (14),  p.  107.} 
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otlmr  ia  doe  to  tlie  action  of  the  electricity  induced  mi 
The  latter  part  of  the  potential  is  o^ed  Qreen's  Fanctioi 
denoted  by  0,^. 

Thia  quantity  ia  a  Amotion  of  the  positions  of  the  twi 
P  and  Q,  Ute  fono  of  the  function  depending  on  the  so 
It  has  bem  calculated  for  the  case  in  vhich  s  is  a  sphere, 
a  -very  few  other  oasee.  It  denotee  the  potential  at  Q  du 
electricity  indaoed  on  8  by  unit  of  electricity  at  P. 

The  actual  potential  at  any  point  Q  doe  to  the  eleotrioi 
and  to  the  electricity  induced  on  8  is  l/j'^  + ©„,  where  r^ 
t^e  distance  between  P  and  Q. 

At  the  surface  a,  and  at  all  points  on  the  negative  side  i 
potential  ie  zero,  therefore 

0^  =  ^±. 

where,  the  suffix  ,  indicates  that  a  point  A  on  ibe  surf 
taken  instead  of  Q. 

Let  ffp^  denote  the  surfiMse-density  induced  by  P  at  a  ] 
of  the  surface  a,  then,  since  (?^  is  the  potential  at  Q  du< 
superfitual  distribution, 

where  tils'  is  an  element  of  the  surface  a  at  A',  and  the  ixA 
is  to  be  extended  over  the  whole  sorface  a. 

But  if  unit  of  electricity  had  been  placed  at  Q,  we  shot 
had  by  equation  (1), 


99^]  UKIQUB  MINIMUM  OF  W^  135 

bot  whieh  we  now  see  to  be  deducible  from  the  mathematical 
prooesB  by  which  Qreen's  function  may  be  calculated. 

If  we  assume  any  distribution  of  electricity  whatever,  and 
place  in  the  field  a  point  charged  with  unit  of  electricity,  and  if 
the  sorfMe  of  potential  zero  completely  separates  the  point  from 
the  assumed  distribution,  then  if  we  take  this  surface  for  the 
surfiace  s,  and  the  point  for  P,  Qreen's  function,  for  any  point  on 
the  same  side  of  the  surface  as  P,  will  be  the  potential  of  the 
assumed  distribution  on  the  other  side  of  the  surface.  In  this 
way  we  may  construct  any  number  of  cases  in  which  Green's 
function  can  be  found  for  a  particular  position  of  P.  To  find 
the  form  of  the  function  when  the  form  of  the  surface  is  given 
and.  the  position  of  P  is  arbitrary,  is  a  problem  of  far  greater 
difficulty,  though,  as  we  have  proved,  it  is  mathematically  possible. 

Let  us  suppose  the  problem  solved,  and  that  the  point  P  is 
taken  within  the  surface.  Then  for  all  external  points  the 
potential  of  the  superficial  distribution  is  equal  and  opposite  to 
that  of  P.  The  superficial  distribution  is  therefore  centrobaric  *, 
and  its  action  on  all  external  points  is  the  same  as  that  of  a 
unit  of  negative  electricity  placed  at  P. 

99  a.]  If  in  Qreen's  Theorem  we  make  4^  =  <l>,  we  find 

If  ^  is  the  potential  of  a  distribution  of  electricity  in  space 
with  a  volume-density  p  and  on  conductors  whose  surfaces  are 
8|,  S2,  &c.,  and  whose  potentials  are  ^1,  ^2»  ^<^m  ^^^  surface- 
densities  0*1 ,  0*2,  &a,  then 

V2*  =  47rp,  (17) 

^=-4,..  (18) 

since  dv  is  drawn  outwards  from  the  conductor,  and 

■^c^=-4.e,.  (19) 

where  ^,  is  the  charge  of  the  surface  8^. 
Dividing  (16)  by  —  Stt,  we  find 

\  (^i«i  +  *2«2  +  &C.)  +  ^JJJ^pdxdydz 

*  Thomson  uidTut'i  Natural  Pkiloiophy,  §  526. 


//; 
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The  first  tenn  is  the  electric  energy  of  the  system 
from  the  surface-distributions,  and  the  second  is  that 
from  the  distribution  of  electricity  through  the  field,  if 
distribution  existo. 

Hence  the  second  member  of  the  equation  expresses  tfa 
electric  energy  of  the  system  *,  the  potential  •*  being 
function  of  x,  y,  z. 

As  we  shall  often  have  occasion  to  employ  this  volnme-i 
we  shall  denote  it  by  the  abbreviation  W^,  bo  that 

If  the  only  ohargea  are  those  on  the  surfaces  of  the  cod 
p  =  0,  and  the  second  term  of  the  first  member  of  equat 
disappears. 

The  first  term  is  the  expression  for  the  energy  of  the 
system  expressed,  ae  in  Art.  84,  in  terms  of  the  charges 
potentials  of  the  conductors,  and  this  expression  for  the 
ve  denote  by  W. 

99  &.]  Let  'I'  be  a  foncUon  of  x,  y,  z,  subject  to  the  o 
that  its  value  at  the  dosed  surfaoe  s  is  4>,  a  known  qnaj 
every  point  of  the  surface.  The  value  of  4*  at  points  no 
surface  a  is  perfectly  arbitrary. 

Let  us  also  write 

»-=rJ//[O'-0'^O"]-»-: 

the  integration  being  extended  throughout  the  space  wi 
surface ;  then  we  shall  prove  that  if  4',  ia  a  paiticolar  fc 
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The  value  of  TTfor  ^  will  be  evidently 
W^W,^W,-^-jjj{^^^^^^^^)dxdydz.  (25) 
By  Qreen's  Theorem  the  last  term  may  be  written 

The  volume-integral  vanishes  because  y^i  =  0  within  the 
Burfaoe,  and  the  surface-integral  vanishes  because  at  the  surface 
^2  =  0.     Henoe  equation  (25)  is  reduced  to  the  form 

TT  =  TfJ+  Tf^.  (27) 

Now  the  elements  of  the  integral  W^  being  sums  of  three 
squares,  are  incapable  of  negative  values^  so  that  the  integral 
itself  can  only  be  positive  or  zero.  Hence  if  T^  is  not  zero  it 
must  be  positive,  and  therefore  W  greater  than  W^.  But  if  W^ 
18  zero,  every  one  of  its  elements  must  be  zero,  and  therefore 

^=0     ^*=0     ^*=0 
dx         *    dy         '     dz 

at  every  point  within  the  surface,  and  4^2  must  be  a  constant 

within  the  surface.    But  at  the  surface  ^^  =  ^>  therefore  ^2  =  ^ 

at  every  point  within  the  surface,  and  4^  =  4^^,  so  that  if  IT  is 

not  greater  than  Tl^,  ^  must  be  identical  with  ^^  at  every  point 

within  the  surface. 

It  follows  from  this  that  %  is  the  only  function  of  x,  y,  z 
which  becomes  equal  to  4^  at  the  surface,  and  which  satisfies 
Laplace's  Equation  at  every  point  within  the  surface. 

For  if  these  conditions  are  satisfied  by  any  other  function  %^ 
then  T^  must  be  less  than  any  other  value  of  W.  But  we  have 
already  proved  that  W^  is  less  than  any  other  value,  and  therefore 
than  Wy  Hence  no  function  different  from  ^i  can  satisfy  the 
conditions. 

The  case  which  we  shall  find  most  useful  is  that  in  which  the 
field  is  bounded  by  one  exterior  surface^  8,  and  any  number  of 
interior  surfaces,  Sj,  82,  &c.,  and  when  the  conditions  are  that  the 
value  of  ^  shall  be  zero  at  8,  ^^  at  a^,  ^^  ^^  ^2'  ^^^  ^  ^^)  where 
^i>  ^2'  ^^  ^^^  constant  for  each  surface,  as  in  a  system  of 
conductors,  the  potentials  of  which  are  given. 

Of  all  values  of  ^  satisfying  these  conditions,  that  gives  the 
minimum  value  of  T^  for  which  V^^'  =  0  at  every  point  in  the 
field.      • 
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Tkom»an'8  Theorem. 
Lenvma. 

100  a,]  Let  4'  be  any  function  of  x,  y,  z  which  is  fii 
continuouB  within  the  closed  surface  0,  and  which  at 

closed  surfaces,  s^,^ 8,,&c.,liaa  the  values  '^^,  'I'j,... 

constant  for  each  surface. 

Let  u,  V,  w  be  functions  of  x,  y,  s,  which  we  may  001 
the  components  of  a  vector  (£  subject  to  the  solenoidal  o 

and  let  us  pat  in  Theorem  III 

we  find  as  the  result  of  these  enbstitations 


^///(- 


d*  ^    d*  ^      dts.... 


the  Burfaoe-int^puls  being  extended  over  the  different 
and  the  voIume*int«^rals  being  taken  throughout  tb 
field,  and  where  tp,m,,  n,  are  the  direction  cosines  of  tb 
to  e,  drawn  from  tibe  surface  into  the  field.  Now 
volume-integral  vanishes  in  virtue  of  tiie  aolenoidal  c 
for  u,  V,  to,  and  the  surface-int^ials  vanish  in  the  t 
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Let  ^  be  a  function  of  x,  y^  0,  which  within  the  field  is  finite 
tod  continuous  and  satisfies  Laplace's  Equation 

V24,  «  0,  (32) 

and  has  the  constant,  but  not  given,  values  ^|^  %,  &c.  at  the 
sartaces  81,82^  &c.  respectively,  and  is  zero  at  the  external 
surface  s. 

The  charge  of  any  of  the  conducting  surfaces,  as  8^,  is  given 
by  the  surface  integral 

the  normal  v^  being  drawn  from  the  surface  8^  into  the  electric 
field. 

100  0.]  Now  let  fy  gjhhe  functions  of  x,  y,  z,  which  we  may 
consider  as  the  components  of  a  vector  2),  subject  only  to  the 
conditions  that  at  every  point  of  the  field  they  must  satisfy  the 
solenoidal  equation 

and  that  at  any  one  of  the  internal  closed  surfaces,  as  6|,  the 
surface-integral 

ff{lj'hm^9'\-n^h)d8  =  e,,  (35) 

where  ^,  mj,  7^  are  the  direction  cosines  of  the  normal  v^  drawn 
outwards  from  the  surface  s^  into  the  electric  field,  and  e^  is  the 
same  quantity  as  in  equation  (33),  being,  in  fact,  the  electric 
chaige  of  the  conductor  whose  surface  is  s^. 

We  have  to  consider  the  value  of  the  volume-integial 

Tfi  =  2  Wy7(/'  +  9^  +  h^)  dxdydz,  (36) 

extended  throughout  the  whole  of  the  field  within  8  and  without 
8|,  «2«  ^'9  ^^^  ^  compare  it  with 

the*  limits  of  integration  being  the  same. 
Let  us  write 

.       I  d^  I  d^  .       I  d^        ,_  . 

'^      iit  dx  ^      Avdy  ^n  dz 

and     W^  =  2irjff{u^  +  v^  + 1(/^)  dxdydz ;  (39) 
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then  since 
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'dx 


Now  in  the  first  place,  u,  v,  w  satisfy  the  aolenoidal  o 
at  erer^-  point  of  the  field,  for  by  equations  (38) 
du      dv      dw      df      dg      dk 
da:      dy      dz  ~  dx     dy     dz  ~ 
and  by  the  conditions  expressed  in  equations  (34)  and  (; 
parts  of  the  second  member  of  (41)  are  zerob 
Id  the  second  place,  the  surface-int^pal 


-V*+, 


//< 


but  by  (3S)  the  first  term  of  the  second  member  is  ei.anc 
the  second  term  is  —e,,  so  that 


//('. 


I  (l,u  +  7njV  +  n^w)d8,  =  0. 

Hence,  unoe  <!',  is  constant,  the  foortb  condition  of  A 
is  satisfied,  and  tiie  last  term  of  equation  (40)  is  zero,  so 
equation  is  reduced  to  tiie  form 

W^=  Wt+Wf 

Now  since  the  element  of  the  int^ral  W^  is  the  sum 
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Hence  the  problem  of  determining  the  displacement  and 
potential,  at  every  point  of  the  field,  when  the  charge  on  each 
conductor  is  given,  has  one  and  only  one  solution. 

This  theorem  in  one  of  its  more  general  forms  was  first  stated 
by  Sir  W.  Thomson  *.  We  shall  afterwards  show  of  what  gene- 
raliniion  it  is  capable. 

100  c2.]  This  theorem  may  be  modified  by  supposing  that  the 
vector  2),  instead  of  satisfying  the  solenoidal  condition  at  every 
point  of  the  field,  satisfies  the  condition  • 

df      da      dh  ,^. 

where  p  is  a  finite  quantity,  whose  value  is  given  at  every  point 
in  the  field,  and  which  may  be  positive  or  negative,  continuous 
or  discontinuous,  its  volume-integral  within  a  finite  region 
being,  however,  finite. 

We  may  also  suppose  that  at  certain  surfaces  in  the  field 

lf-¥  mg  +  7ih-\-Vf-\-  m'^  +  n'K  =  cr,  (48) 

where  2,  m,  n  and  l\  m,\  n'  are  the  direction  cosines  of  the  normals 
drawn  from  a  point  of  the  surface  towards  those  regions  in  which 
the  components  of  the  displacement  are  /  9,  h  and  /",  gfy  hf  re- 
spectively, and  (T  is  a  quantity  given  at  all  points  of  the  surface, 
the  surface-integral  of  which,  over  a  finite  surface,  is  finite. 

lOOe.]  We  may  abo  alter  the  condition  at  the  bounding  sur- 
faces by  supposing  that  at  every  point  of  these  surfaces 

lf-¥7ag  +  nh-(T,  (49) 

where  <r  is  given  for  every  point 

(In  the  original  statement  we  supposed  only  the  value  of  the 
irUegral  of  <r  over  each  of  the  surfaces  to  be  given.  Here  we 
suppose  its  value  given  for  every  element  of  surface,  which 
comes  to  the  same  thing  as  if,  in  the  original  statement,  we  had 
considered  every  element  as  a  separate  surface.) 

None  of  these  modifications  will  afiect  the  truth  of  the  theorem 

provided  we  remember  that  ^  must  satisfy  the  corresponding 

conditions,  namely,  the  general  condition, 

d^^     d^^     d^^      ,  ^  .  ^, 

5^+5^  +  ^  +  '"^  =  ^'  ("") 

and  the  surface  condition 

d^      d^ 

—  ^—y  +  iTr<T  =  0.  (51) 

av       av 

^  Cambridge  and  Dublin  Mathemaiieal  Journal,  Ftbruary,  1848. 
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For  if,  as  before 

,      I   d*  Id*  ,        1  d* 

then  u,  V,  iv  will  satisfy  the  general  solenoidal  condition 

dtt     dv     dw  _ 

^  ■*■  ^  "*•  da  "  "• 
and  the  surface  conditdon 

lu  +  mv  +  Tiuj  +  I'u'  +  m  V  +  n'v/  =  0, 
and  at  the  bounding  surface 

lu  +  mv  +  ««;  =  0, 
whence  we  find  as  before  that 

and  that  1^  =  1^+  W^. 

Hence  as  before  it  is  shewn  that  F^  is  a  unique  i 
when  "Ri  =  0,  which  implies  that  u*  +  u*  + 1**  ia  everywl 
aod  therefore 

Id*       \_      J_d+ 
iv  dz' 

101a.]  In  our  statement  of  these  tJieorems  we  have 
confined  ourselTee  to  that  theory  of  electricity  which 
that  the  {ooperties  of  an  electric  system  depend  on  the  J 
relative  position  of  the  conductotB,  and  on  their  chai 
takes  no  account  of  the  nature  of  the  dielectric  medium 
the  conductors. 

According  to  that  theory,  for  example,  thei 


z=o. 


._ ^^ t_  tJ.       h. '  "'•*' 
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form  with  the  potential,  and  the  elecirio  displacement  is  con- 
nected by  equations  of  invariable  form  with  the  distribution  of 
electricity,  bat  the  relation  between  the  electromotive  intensity 
and  the  electric  displacement  depends  on  the  nature  of  the 
dielectric  medium,  and  must  be  expressed  by  equations,  the  most 
general  form  of  which  is  as  yet  not  fully  determined,  and  can  be 
determined  only  by  experiments  on  dielectrics. 

101 6.]  The  electo>motive  intensity  is  a  vector  defined  in 
Art.  68,  as  the  mechanical  force  on  a  small  quantity  e  of  elec- 
tricity divided  by  e.  We  shall  denote  its  components  by  the 
letters  P,  Q,  iZ,  and  the  vector  itself  by  @. 

In  electrostatics,  the  line  integral  of  @  is  always  independent 
of  the  path  of  integration,  or  in  other  words  (S  is  the  space- 
variation  of  a  potentiaL    Hence 

or  more  briefly,  in  the  language  of  Quaternions 

101  c]  The  electric  displacement  in  any  direction  is  defined 
in  Art.  60,  as  the  quantity  of  electricity  carried  through  a  small 
area  A^  the  plane  of  which  is  normal  to  that  direction,  divided 
by  A.  We  shall  denote  the  rectangular  components  of  the 
deetric  displacement  by  the  letters  /,  g^  A,  and  the  vector  itself 
by  2). 

The  volume-density  ^t  any  point  is  determined  by  the  equation 

df     dg      dh 
dx     dy      dz' 
or  in  the  language  of  Quaternions 

The  surface-density  at  any  point  of  a  charged  surface  is  deter- 
mined by  the  equation 

a  =  lf-hmg  +  nh  +  Vf  +  mY  +  rifh\ 
where/,  g^  h  are  the  components  of  the  displacement  on  one  side 
of  the  surface,  the  direction  cosines  of  the  normal  drawn  from 
the  surface  on  that  side  being  Z,  m,  n,  and/",  g\  W  and  l\  m^  n' 
are  the  components  of  the  displacements,  and  the  direction  cosines 
of  the  normal  on  the  other  side. 

This  is  expressed  in  Quaternions  by  the  equation 
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where  Uv,  Tlif  are  unit  normals  on  ihe  two  Bidea  of  Uia 
and  S  indicates  that  the  scalar  part  of  the  product  is  to  I 
When  the  surface  is  that  of  a  conductor,  v  being  the 
drawn  outwards,  then  since/,  /,  A'  and  2)'  are  zero,  the  i 
is  reduced  to  the  form 

a  =  y+TM^  +  nA ; 
=  -8.Vv'Si. 
The  whole  charge  of  the  conductor  is  therefore 

«  =  \\W-^  mjr  +  nA)  da ; 
=  -  /Ts.  Vv'Sids. 

101  d.]  The  electric  energy  of  the  system  is,  as  was  s 
Art.  84,  half  the  sum  of  the  products  of.  the  chaises  ii 
respective  potentials.     Calling  this  energy  W, 


whei-e  the  volume-integial  is  to  be  taken  throngfaont  th( 
field,  and  the  surface-integral  over  the  surfaces  of  i 
duotors. 
Writing  in  Theorem  III,  Art.  21, 

Z  =  */,     Y=*g,    Z  =  *k, 
we  find,  if  /.  m.  Tt  are  the  directJOD  cosines  of  the  nonni 
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experiments  conducted  in  air.  We  now  know  from  the  ex- 
periments of  Boltzmann  that  the  dielectric  constant  of  air  is 
somewhat  greater  than  that  of  a  vacuum,  and  that  it  varies 
with  the  dfflisity.  Hence,  strictly  speaking,  all  measurements  of 
electric  quantity  require  to  be  corrected  to  reduce  them  either 
to  air  of  standard  pressure  and  temperature,  or,  what  would  be 
more  scientific,  to  a  vacuum,  just  as  indices  of  refraction 
measured  in  air  require  a  similar  correction,  the  correction  in 
both  cases  being  so  small  that  it  is  sensible  only  in  measure- 
ments of  extreme  accuracy. 
In  the  standard  medium 

4irD  =  e, 

or     4ir/=P,         4irflf=Q,         4tiA  =  A 

In  an  isotropic  medium  whose  dielectric  constant  is  K 

4irD  =  Jre, 
4w/  =  KP,        iirg  =  KQ,        4Trh  =  KR. 

There  are  some  media,  however,  of  which  glass  has  been  the 
most  carefully  investigated,  in  which  the  relation  between  !D  and 
@  is  more  complicated,  and  involves  the  time  variation  of  one 
or  both  of  these  quantities,  so  that  the  relation  must  be  of  the 
form 

F  (2),  g,  i),  ^,  1),  il,  &c.)  =  0. 

We  shall  not  attempt  to  discuss  relations  of  this  more  general 
kind  at  present,  but  shall  confine  ourselves  to  the  case  in  which 
2)  is  a  linear  and  vector  function  of  @. 

The  most  general  form  of  such  a  relation  may  be  written 

wheje  ^  during  the  present  investigation  always  denotes  a  linear 
and  vector  function.  The  components  of  !D  are  therefore  homo- 
geneous linear  functions  of  those  of  @',  and  may  be  written  in 
the  form  4irf=^K„P-^K,,Q-^K^R, 

4Trh  =  K„P-^K^Q  +  K„R; 

where  the  first  suffix  of  each  coefficient  K  indicates  the  direction 
of  Uie  displacement,  and  the  second  that  of  the  electromotive 
intensily. 

The  most  general  form  of  a  linear  and  vector  function  involves 

VOL.  I.  L 
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nine  indepeodeDt  coeffiuonts.  When  tho  coefficients  whi 
the  Bame  ptur  of  suffixes  are  equal,  the  function  is  sw 
self-conjugate. 

If  we  express  S  in  terms  of  S  wo  shall  have 
e=4ir^->{2)), 
or  P  =  iii{k„f+kg,g  +  k„h), 

R  =  iiiik„f+k,,g  +  k„  h). 
101/.]  The  work  done  by  the  electromotive  intensit; 
components  are  P,  Q,  R,  in  producing  a  displacement  wh( 
ponents  are  df,  dg,  and  dh,  in  unit  of  volume  of  tiie  medi 
dW=Pdf+Qdg  +  Rdh. 
Since  a  dielectric  {in  a  steady  state}  nnder  electric  c 
ment  is  a  conservative  system,  W  most  be  a  function  o 
and  since  /,  g,  k  may  vary  independently,  we  have 

df  ^      dg  dh 

Hence  dP  ^d^W  ^d'W  ^dQ 

dg      dgdf     dfdg      df 


dg 


=  ivkf,,  the  coefficient  of  fjr  in  the  expreauo 


dO 

and  j7  =  ivk„,  tlie  coefficient  of/ in  the  expression  foi 

Hence  if  a  dielectric  is  a  conservative  system  (and  we  kn 
it  is  so,  because  it  can  retain  its  energy  for  an  indefinite  i 
K,  =  i„, 
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We  have  thus,  in  all,  six  different  expressions  for  the  energy 
of  Uie  electric  field.  Three  of  these  inyolve  the  charges  and 
potentials  of  the  surfaces  of  conductors,  and  are  given  in  Art.  87. 

The  other  three  are  volume-integrals  taken  throughout  the 
electric  field,  and  inyolve  the  components  of  electromotive  in- 
tenmty  or  of  electric  displacement,  or  of  both. 

The  first  three  therefore  belong  to  the  theory  of  action  at  a 
distance,  and  the  last  three  to  the  theory  of  action  by  means  of 
the  intervening  medium. 

TboBe  ibree  expressions  for  W  may  be  written, 

101  A.]  To  extend  Qreen's  Theorem  to  the  case  of  a  hetero- 
geneous anisotropic  {non-isotropic}  medium,  we  have  only  to 
write  in  Theorem  m,  Art  21, 

dy         **  dzj 

and  we  obtain,  if  Z,  m,  n  are  the  direction  cosines  of  the  outward 
normal  to  the  surface  (remembering  that  the  order  of  the  suffixes 
of  the  coefficients  is  indifferent), 

ff*  [(K„l  +  K^m  +  K„n)^+  (KJ  +  K„m+ K^n)  ^ 

d^l 
+  {K„l  +  K,.m  +  K„ n)  -^^de 

L  2 


x  =  *[kJ^.kJ*.k. 


-flli"- 
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'  dx  dx         "*  dy  dy  "  dz  dz 

'  ^*'\7h}  5^+  d^  dy''^     "^dz  dx'^  da^dz) 


^^"^diTy^Tyd-JY^'^^'^' 


■ffMi(-- 


+  {K,.l  +  K„iH  +  K„n)  ^J 


(lie  '  a^  dz ' 


Using  quaternioQ  notation,  the  result  m&y  be  written  more 
briefly, 

ff*S.  Ui-l>{V<f)de-JI'f'i'S.  {V*(7+);  d^ 
=  -fj'j's.V*tC^^)<^lT  =  -fffs.V'i'<p{V*)dT 
=  r^*,§.aKf.  (V+)<i8- /'/"/'*S.fV*{V+)}d?-. 

Limits  between  n-hich  the  electric  capcLcity  of  a  conductor 

■must  lie. 
102  g.l  The  capacity  of  a  conductor  or  syatem  of  condactors 


102  0.]  UMinNG  VALUES  OP  CAPACITY.  149 

Then  if  9  is  the  capacity  of  8}, 

«ad  if  Wis  the  energy  of  the  system  'with  its  actaal  distribation 
ofdectricity  ^=  i«i(*i-*o).  (2) 

""^  5  =  (1^  =  fw  <'> 

To  find  an  upper  limit  of  the  value  of  the  capadty :  assume 
Bjny  value  of  ^  which  is  equal  to  1  at  8^  and  equal  to  zero  at  8^, 
and  calculate  the  value  of  the  volume-integral 

'^.=r.///[(S)"*0'-(S)>^«'^*      (^) 

extended  over  the  whole  field. 

Then  as  we  have  proved  (Art.  99  6)  that  TT  cannot  be  greater 
than  Tf^,  the  capacity^  q^  cannot  be  greater  than  2  W^. 

To  find  a  lower  limit  of  the  value  of  the  capacity :  assume 
any  system  of  values  of/,  g,  h,  which  satisfies  the  equation 

df      da      dh      ^  ,^v 

and  let  it  make     /  /  (ii/+migr  +  7ijA)d8i  =  ej,  (6) 

Calculate  the  value  of  the  volume-integral 

W^^2itJJJ{P+g^+h^)dxdydz,  (7) 

extended  over  the  whole  field ;  then  as  we  have  proved  (Art.  1 00  c) 
that  W  cannot  be  greater  than  W^ ,  the  capacity,  q,  cannot  be  less 
than  p2 

The  simplest  method  of  obtaining  a  system  of  values  of/,  g^  h, 
which  will  satisfy  the  solenoidal  condition,  is  to  assume  a  distribu- 
tion of  electricity  on  the  surface  of  8^,  and  another  on  8^,  the  sum 
of  the  charges  being  zero,  then  to  calculate  the  potential,  ^,  due 
to  this  distribution,  and  the  electric  energy  of  the  system  thus 
arranged. 

If  we  then  make 

^^      ^vdx'    ^^"Tlrdy'  l^dz' 

these  values  of  y)  g^  h  will  satisfy  the  solenoidal  condition. 
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But  in  this  case  we  can  determme  J^  vithoat  going 
the  process  of  finding  tho  volume-integral.  For  since  t1 
tion  makes  V'^i  =  0  at  all  points  in  tiie  field,  we  can  o1 
in  the  form  of  tho  surCace-integrala, 


w.  =  \Jf*.,d^^lff*.,d.„. 


where  the  first  integral  is  extended  over  the  surfaoe  a, 
second  over  the  soriace  Sg. 

If  the  Burface  a;,  ia  at  an  infinite  distance  from  a, ,  the  ] 
at  Sg  is  zero  tmd  the  second  term  Tanishea. 

102  6.]  An  approximation  to  the  solution  of  any  pn 
the  distribution  of  electricity  on  conductors  whose  poteii 
given  may  be  made  in  the  following  manner : — 

Let  8,  be  the  surface  of  a  conductor  or  system  of  co: 
maintained  at  potential  1,  and  let  i^  be  the  surface  of  all  i 
conductors,  including  the  hollow  conductor  which  snrro 
rest,  which  last,  however,  may  in  certain  cases  be  at  an 
distance  from  the  others. 

Begin  by  drawing  a  set  of  lines,  straight  or  curv< 

Along  each  of  these  lines,  assume  4'  so  that  it  is  equi 

g^,  and  equal  to  0  at  8^.    Then  if  P  is  a  point  on  one 

lines  {SjandsQthepointe  where  the  line  cuts  the  surfaces) 

Pe 
take  4',  =  — -  as  a  first  approximation. 


We  shall  thus  obtain  a  first  approximation  to  4*  which 
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to  the  BQi&ees  for  which  %  is  constant,  and  if  we  denote  the 
length  of  this  line  measured  from  80  by  8,  then 

^H dx'      ^d^""d^'      ^rf^""""rfr'       ^^^^ 

d^ 
where  22  is  the  resultant  intensity  =  — -j-^^  so  that 

dpd%      dpd%      dpd%  _         dp 
d^'dU^  ^  d^df  ^  diW  ^  ^-^di' 


=*^-     (") 


ftnd  equation  (11)  becomes 


P^'*  =  R'^^,  (14) 

whence  p^Ceacp.l     -^d^^^,  (16) 

the  int^^  being  a  line  integral  taken  along  the  line  8. 
Let  us  next  assume  that  along  the  line  8, 

then  *2  =  C^^*  (^P'f^^d^)  d%,  (17) 

the  integration  being  always  understood  to  be  performed  along 
the  line  8. 

The  constant  C  is  now  to  be  determined  from  the  condition 
that  4^2  =  1  at  81  when  also  ^^  =  1,  so  that 

This  gives  a  second  approximation  to  ^,  and  the  process  may 
be  repeated. 

The  results  obtained  from  calculating  W^^y  Tl^,,  TI(,,  &c.,  give 
capacities  alternately  above  and  below  the  true  capacity  and 
continually  approximating  thereto. 

The  process  as  indicated  above  involves  the  calculation  of  the 
form  of  the  line  8  and  integration  along  this  line,  operations 
which  are  in  general  too  di^cult  for  practical  purposes. 
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In  certain  casea  however  we  may  obtain  an  approximation  by 

a  simpler  process. 

102  c.]  Aa  an  illustration  of  this  method,  let  us  apply  it  to 
obtain  successive  approximations  to  the  equipotential  surfaces 
and  lines  of  induction  in  the  electric  field  between  two  surfaces 
-nhich  are  nearly  but  not  exactly  plane  and  parallel,  one  of 
which  is  niatntaioed  at  potential  zero,  and  the  other  at  potential 
unity. 

Let  the  equations  of  the  two  surfaces  be 

^i  =/i  (i^.  ?/)  =  «  (19) 

for  the  surface  whose  potential  ia  zero,  and 

^= -A  («=.!/)  =  ''  (20) 

for  the  surface  whose  potential  is  unity,  a  and  b  being  given 
functions  of  x  and  y,  of  which  h  is  always  greater  than  a.  The 
first  derivatives  of  a  and  l>  with  respect  to  x  and  y  are  small 
quantities  of  which  we  may  neglect  powers  and  products  of  more 
than  two  dimensions. 

We  shall  begin  by  supposing  that  the  lines  of  induction  are 
parallel  to  the  axis  of  s,  in  which  case 


/=o, 


dz 


(21) 


Hence  k  is  constant  along  each  Indivii^al  line  of  induction, 
""'  *  =  -i,f'kdz=-iuhls-a).  (22) 


When  s  =  6,  +  = 


1,  hence 
k  =  - 


4n(fr— «)' 


(83) 
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where  A  is  to  be  determined  bo  that  at  every  point  of  the  field 

df      dq      dh      ^  .     . 

and  also  so  that  the  line-integral 

taken  along  any  line  of  induction  from  the  surface  a  to  the 
surface  6,  shall  be  equal  to  —  1. 
Let  OS  assume 

X=  l-{-A  +  B{Z'-a)+C{z-af,  (28) 

and  let  us  neglect  powers  and  products  of  A,  B,  (7,  and  at  this 
stage  of  our  work  powers  and  products  of  the  first  derivatives  of 
a  and  6. 
The  solenoidal  condition  then  gives 

£  =  -V^a.         C  =  -iYl^\  (29) 

where  ^'  =  -(£  +  ^«)-  (^0) 

If  instead  of  taking  the  line-integral  along  the  new  line  of 
induction,  we  take  it  along  the  old  line  of  induction,  parallel  to 
z,  the  second  condition  gives 

1  =  l+il  +  ijB(6-a)+ia(6-a)2. 

Hence  A  =  i{b^a)V^(2a  +  b),  (31) 

and 

A  =  l+J(6-a)V«(2a  +  6)«(z-a)V»a-i^J=^V«(6^a).  (32) 

We  thus  find  for  the  second  approximation  to  the  components 
of  displacement, 

^      ^_     k    rda      d{b—a)z-'al 

•'"6— aLrfa?  do:      6— aj' 

.  X    [da      d(b'-a)z  —  a'\    I  /^^, 

iirh  =  r > 

o  —  a 

and  for  the  second  approximation  to  the  potential, 
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If  iTa  and  (Tt  are  the  surfaoe-dfinaities  and  "f^  l^nd  'I'l  th 
tiale  of  the  surfaces  a  and  b  respectively, 

*  {ThiiiiiTertigalioii  u  not  Tory  rigorani,  and  the  npnsdoiu  for  tiwRiri 
do  not  Bgiee  with  the  result!  obtained  b;  rlgoroni  methodi  for  the  oa 
■pherei,  two  oyliiiden,  a  iphera  anil  plane,  or  ■  ojUnder  and  plane  p 
together.  We  out  obtW  an  eiprauion  for  the  lurfaoe  demity  ai  fbUoi 
Miume  that  the  aiU  of  i  U  an  ui*  of  ■jnimetry,  then  the  aiu  will  out  a 
potoitial  aiufacei  at  right  anglea,  nnd  If  V  U  tba  potential,  ii,  R^  the  pit 
of  curvature  of  an  equipotential  inrfaoe  where  it  is  out  b;  the  axil  of  c,  thi 
ocmditidQ  along  the  axis  of  I  may  eaiily  be  ihowD  to  be 

'f  ''^  >  ^B  are  tho  potentiab  of  the  two  anrlkcee  reipectively,  t  the  diataB 
the  (uriaceB  along  the  aiia  of  (, 

or  '\tRi^,  n.  denote  the  prindpal  radii  of  oorvatsre  of  tlie  first  lorfaoaa,  i 
""•jj  from  the  differentiid  aqoation,  we  get 

trheu  V J  ii  the  lurfaoe  deonty  wbero  the  axIi  of  i  oat  the  fint  lurlaae,  h« 


CHAPTER   V. 

XBCHAKIOAL  ACTION  BETWEEN  TWO  ELECTBIOAL   STSTEUS. 

103.]  Let  E^  and  E^  be  two  electrical  systemB  the  mutual 
action  between  which  we  propose  to  inyestigate.  Let  the  dis- 
iiibutton  of  electricity  in  E^  be  defined  by  the  volume-density, 
p^^  of  the  element  whose  coordinates  are  x-^^y-^^Zi.  Let  p^  be  the 
volume-density  of  the  element  of  E^^  whose  coordinates  are 

Then  the  o^component  of  the  force  acting  on  the  element  of  ^^ 
on  account  of  the  repulsion  of  the  element  of  E^  vdll  be 

P1P2   'y8     dxidy^dz^dx^dy^dz^, 

> 
where  r*  =  (x^-x^^  +  iyi-y^^  +  izi^z^^, 

and  if  A  denotes  the  a^component  of  the  whole  force  acting  on  Ei 

on  account  of  the  presence  of  E^ 

where  the  integration  with  respect  to  Xi,  y^  z^  is  extended 
throughout  the  region  occupied  by  Ei,  and  the  integration  with 
respect  to  a?2>  ^2>  ^  ^  extended  throughout  the  region  occupied 
by^j. 

Since,  however,  p^  is  zero  except  in  the  system  E^ ,  and  p^  is  zero 
except  in  the  system  E^^  the  value  of  the  integral  will  not  be 
altered  by  extending  the  limits  of  the  integrations,  so  that  we 
may  suppose  the  limits  of  every  integration  to  be  ±<». 

This  expression  for  the  force  is  a  literal  translation  into  mathe- 
matical symbols  of  the  theory  which  supposes  the  electric  force 
to  act  directly  between  bodies  at  a  distance,  no  attention  being 
bestowed  on  the  intervening  medium. 

If  we  now  define  ^^^  the  potential  at  the  point  o^,  ^1,  0j, 
arising  from  the  presence  of  the  system  E^,  by  the  equation 

dx^dy^dz^,  (2) 


*.=///^ 
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■Cj  will  Tanisb  at  an  infinite  distance,  and  will  eveiywher 
the  equation  ^a^  =  tup  . 

We  may  now  express  A  in  the  fona  of  a  triple  integn 

Here  the  potential  4*2  is  supposed  to  have  a  definite 
eveiy  point  of  the  field,  and  in  terms  of  this,  together  ' 
distribution,  p,,  of  electricity  in  the  first  system  f^,  the  f< 
expressed,  no  explicit  mention  being  made  of  the  distril 
electricity  in  the  second  system  E^. 

Now  let  %  be  the  potential  arising  &om  the  first 
expressed  as  a  function  of  x,  y,  z,  and  defined  by  the  eqv 

4',  will  vanish  at  an  infinite  distance,  dnd  will  everywbei 
the  equation  ^t-p  _  4^. 

We  may  now  eliminate  pj  from  A  and  obtain 

in  which  the  force  is  expressed  in  terms  of  ihe  two  p 
only. 

104.]  In  all  the  inte^^tions  hitherto  considered,  i 
different  what  limits  are  prescribed,  provided  tbey  inc 
whole  of  the  system  £j .  In  what  follows  we  shall  snp 
systems  Ej  and  £,  to  be  such  that  a  oertain  closed  t 
contuns  within  it  Uie  whole  of  E^  but  no  part  of  E^. 
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We  may  Uierefore  write 

where  ^  is  the  potential  arising  from  both  systems,  the  integration 
being  now  limited  to  the  space  within  the  closed  surface  «,  which 
indndes  the  whole  of  the  system  E^  but  none  of  E^. 

105.]  If  the  action  of  E^  on  E-^  is  effected,  not  by  direct  action 
at  a  distance,  but  by  means  of  a  distribution  of  stress  in  a  medium 
extending  continuously  from  E^io  Ey^ii  is  manifest  that  if  we 
know  the  stress  at  every  point  of  any  closed  surface  8  which 
completely  separates  ^^  from  E^^  we  shall  be  able  to  determine 
completely  the  mechanical  action  of  E^  on  E^,  For  if  the  force 
on  E^  is  not  completely  accounted  for  by  the  stress  through  a, 
there  must  be  direct  action  between  something  outside  of  8  and 
something  inside  of  a. 

Hence  if  it  is  possible  to  account  for  the  action  of  E^  on  E^  by 
means  of  a  distribution  of  stress  in  the  intervening  medium,  it 
most  be  possible  to  express  this  action  in  the  form  of  a  surface- 
integral  extended  over  any  surface  s  which  completely  separates 

J?2  from  E^. 

Let  us  therefore  endeavour  to  express 

in  the  form  of  a  surface  integral. 

By  Theorem  III,  Art.  21,  we  may  do  so  if  we  can  determine  Z, 
Y  and  Z,  so  that 

d^.d^      ^      d^\_dX      dY     dZ 

dx^da?  '^  dy^'^  dz^^  "  dx'^  dy'^  dz'  ^  ^ 

Taking  the  terms  separately, 

d^d^^  _  d^  (d^d^\  _  d^d^ 
dx  dy^  "^  dy^dx  dy^       dy dxdy^ 

"dy^dxdy^      2dx^dy^  ' 

Similarl       ^^  -  ^  (^^\  _  lA(^\^ 
^     dx  ds?  ^  dz^dx  dz  ^      2dx^dz^ 
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If,  therefore,  we  write 


^+,'     ,d*^'     ,<i+v     .  , 

.d*-.'     ,ci+,'     ,d*^.'     .   „ 

;4+%>  /d*,"  ,d*s'  , 


=  4wJJ„  =  iiip„, 


the  integmtion  being  extended  throughout  the  space  n 
Transforming  the  volume-int^^  by  Theorem  III,  Art. 

■^  = //(^= +  ">■?». +  »ip«)<^i 

where  ds  ia  tai  element  of  any  closed  Borface  including  th 
of  Ey  but  none  of  Eg,  and  I,  m,  n  are  the  direction  cosine 
normal  drawn  from  de  outwards. 

For  the  components  of  the  force  on  E^  in  the  directi< 
and  s,  we  obtain  in  the  same  way 

+  mp„  +  'np„)d8. 
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eoDflider  ;>«.  &c.  as  the  components  of  a  stress  actually  existing 

in  the  medium. 

106.]  To  obtain  a  clearer  view  of  the  nature  of  this  stress  let 

us  alter  the  form  of  part  of  the  surface  8  so  that  the  element  da 

may  become  part  of  an  equipotential  surface.    (This  alteration  of 

the  sorfiace  is  legitimate  provided  we  do  not  thereby  exclude  any 

part  of  E^  or  include  any  part  of  ^2*) 

Let  V  be  a  normal  to  da  drawn  outwards. 

d^ 
Let  i{  =  —  -T~  be  the  intensity  of  the  electromotive  intensity 

in  the  direction  of  v,  then 

ei*         x>F      d^         J,         d^         ^ 
dx  dy  dz 

Hence  the  six  components  of  the  stress  are 

If  a,  b^c  are  the  components  of  the  force  on  da  per  unit  of  area, 

Sir 
c  =  ^  R'n. 

Stt 
Hence  the  force  exerted  by  the  part  of  the  medium  outside  da 
on  the  part  of  the  medium  inside  da  is  normal  to  the  element 
and  directed  outwards,  that  is  to  say,  it  is  a  tension  like  that  of 

a  rope,  and  its  value  per  unit  of  area  is  —  R\ 

Let  us  next  suppose  that  the  element  cfo  is  at  right  angles 
to  the  equipotential  surfaces  which  cut  it,  in  which  case 

,d^         d^       d^      ^  /,qx 

Now      8^(Z/>^+m/?,,  +  7i^J  =  z[(^)  -  y-^)  -  Krai)  J 

^     d^d^  .  „    d^d^  f     . 
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Multiplymg(l9)  by  2  j- and  subtracting  from  (20),  n 
Hence  the  components  of  the  tension  per  unit  of  area 


b  =  -  —  R'm, 

Hence  if  the  element  (Zs  is  at  right  angles  to  an  eqni] 
surface,  the  force  which  acts  on  it  ia  normal  to  the  suri 
its  numerical  value  per  unit  of  area  is  the  same  as  in  th 
case,  but  the  direction  of  the  force  is  different,  for  it  is  a 
instead  of  a  tension. 

We  have  thus  completely  detennined  the  type  of  the 
any  given  point  of  the  medium. 

The  direction  of  Ae  electromotive  intensity  at  the  p( 
principal  axis  of  stress,  and  the  stress  in  this  direction  is  i 
whose  numerical  value  is 

where  R  is  the  electromotive  intensity. 
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The  three  relations  between  the  six  components  of  stress  are 

P'«  =  {p^w  +/>..)  b«  +2>rr),  >  (23) 

107.]  Let  us  now  examine  whether  the  results  we  ha^  obtained 
will  require  modification  when  a  finite  quantity  of  electricity  is 
collected  on  a  finite  surface  so  that  the  volume-density  becomes 
infinite  at  the  surface. 

In  this  case,  as  we  have  shewn  in  Arts.  78  a,  78  6,  the  com- 
ponents of  the  electromotive  intensity  ai*e  discontinuous  at  the 
surfiELce.  Hence  the  Components  of  stress  will  also  be  discon* 
tinuous  at  the  surface. 

Let  2,  7>i,  71  be  the  direction  cosines  of  the  normal  to  ds.  Let 
P,  Q,  i2  be  the  components  of  the  electromotive  intensity  on  the 
side  on  which  the  normal  is  drawn,  and  P',  Q\  R  their  values 
on  the  other  side. 

Then  by  Arts.  78  a  and  78  6,  if  o-  is  the  surface-density 

P-P'=  47r<rZ,    J 

Q-Q^  =  47r(rm,  \  (24) 

Let  a  be  the  o^component  of  the  resultant  force  acting  on 
the  surface  per  unit  of  area,  arising  from  the  stress  on  both  sides, 
then 
a  =  l{p„  -/«)  +  m  {p^  -/^)  +  n  (p„  -/«), 

+  -im  {PQ-P'O")  +  j-  n{PR^P'R'), 

4ir.  '471 

=  U  {{P-P^  (P  +  P')_(Q_Q')  (Q  +  Q')_(i2_U')  (R  +  R)} 

+ ^m  {{p-n  {Q+Q')+{p+n  (Q-QO) 

+  ^n{{P-P'){R  +  R')  +  {P  +  P'){R-R')}, 

oTT 

=  ila{l(P+F)-m{Q  +  Q^-n{R  +  R')} 

+  lm<r{l{Q  +  Q^+m{P  +  F)}+ln,T{l{R  +  R')  +  n{P+F)}, 

=  l<r(P  +  n  (25) 

VOL.  I.  U 
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Hence,  asBuming  that  the  etress  at  &ay  point  is  | 
equations  (14),  we  find  that  the  resultant  force  in  the 
of  X  on  a  charged  surface  per  unit  of  volume  is  equi 
surface-density  multiplied  into  the  arithmetical  mean  < 
components  of  the  electromotive  intensities  on  the  two  sic 
Burrace. 

This  is  the  same  result  aa  we  obtained  in  Art.  79  by  i 
essentially  similar. 

Hence  the  hypothesis  of  stress  in  the  surrounding  mi 
applicable  to  the  case  in  which  a  finite  quantity  of  eleci 
collected  on  a  finite  surface. 

The  resultant  force  on  an  element  of  surface  is  usually 
from  the  theory  of  action  at  a  distance  by  considering  t 
of  the  surface,  the  dimensions  of  which  are  very  small  c 
with  the  radii  of  curvature  of  the  surface  *. 

On  the  normal  to  the  middle  point  of  this  portion  of  th 
take  a  point  P  whose  distance  from  the  surface  ia  very  su 
pared  with  the  dimensions  of  the  portion  of  the  surfa 
electromotive  intensity  at  this  point,  due  to  the  small  p 
the  surface,  will  be  approximately  the  same  as  if  the  sni 
been  an  infinite  plane,  that  is  to  say  2^0-  in  the  directic 
normal  drawn  from  the  surface.  For  a  point  P' just  on  i 
side  of  the  surface  the  intensity  will  he  the  same,  bv 
opposite  direction. 

Now  consider  the  part  of  the  electromotive  intensity 
from  the  rest  of  the  surface  and  from  other  electrified  1 
a  finite  dietance  from  the  element  of  surface.     Since  tl 
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once  the  action  of  the  element  on  itself  must  have  a  resultant  zero, 
flenoe  the  a^component  of  this  force  per  unit  of  area  must  be 

a  =  cr^, 

lOB.]  If  we  define  the  potential  (as  in  equation  (2))  in  terms 
of  a  distribution  of  electricity  supposed  to  be  given,  then  it  follows 
from  the  fact  that  the  action  and  reaction  between  any  pair  of 
electric  particles  are  equal  and  opposite,  that  the  a;-component  of 
the  force  arising  from  the  action  of  a  system  on  itself  must  be 
zero,  and  we  may  write  this  in  the  form 

But  if  we  define  ^  as  a  function  of  a;,  y^  z  which  satisfies  the 
equation  y^sp  =  o 

at  every  point  outside  the  closed  surface  s,  and  is  zero  at  an  infinite 
distance,  the  fact,  that  the  volume-integral  extended  throughout 
any  space  including  8  is  zero,  would  seem  to  require  proof. 

One  method  of  proof  is  founded  on  the  theorem  (Art.  100  c),  that 
if  V^  is  given  at  every  point,  and  ^  =  0  at  an  infinite  distance, 
then  the  value  of  4^  at  every  point  is  determinate  and  equal  to 

♦'  =  —  fff-  V24,  dxdydz,  (27) 

where  r  is  the  distance  between  the  element  dx  dy  dz  at  which  the 
concentration  of  *  is  given  =  V^  and  the  point  x\  yf  ^  s^  at  which 
4^  is  to  be  found. 

This  reduces  the  theorem  to  what  we  deduced  from  the  first 
definition  of  ^. 

But  when  we  consider  ^  as  the  primary  function  of  x^  y^  z,  from 
which  the  others  are  derived,  it  is  more  appropriate  to  reduce  (26) 
to  the  form  of  a  surface-integral, 

^  =  /T  ^P*.  +  m/;.,  +  np^^  dS,  (28) 

and  if  we  suppose  the  surface  /Si  to  be  everywhere  at  a  great 
distance  a  from  the  surface  8,  which  includes  every  point  where 
V^  difiers  from  zero,  then  we  know  that  ^  cannot  be  numerically 
greater  than  e/a,  where  iireia  the  volume-integral  of  V**,  and  that 
R  cannot  be  greater  than  —  d^/da  or  e/a%  and  that  the  quantities 
p„,  PxpiPxa  c*^  none  of  them  be  greater  than  p,  i.e.'IP/Bv  or 
€r/8va^.    Hence  the  surfiekce-integral  taken  over  a  sphere  whose 

M  a 
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radius  is  very  great  and  equal  to  a  cannot  exceed  ^/. 
when  a  is  increased  without  limit,  the  aur&ce-integral  i 
come  ultimately  zero. 

But  this  euiface-integral  is  equal  to  the  volume-int^ 
and  the  value  of  this  volume-integral  is  the  eama  wha 
the  size  of  the  apace  enclosed  within  S,  provided  S  encloe 
point  at  which  V^^/  diSers  from  zero.  Hence,  since  the 
is  zero  when  a  is  infinite,  it  must  also  be  zero  when  the 
integration  are  defined  by  any  surface  which  indudt 
point  at  which  V^^  diSers  from  zero. 

109,]  The  distribution  of  stress  considered  in  this  cl 
precisely  that  to  which  Faraday  was  led  in  hia  invei 
of  induction  through  dielectrics.  He  sums  up  in  the  f< 
words : — 

'(1297)  The  direct  inductive  force,  which  may  be  con< 
be  exerted  in  lines  between  the  two  limiting  and  chat] 
ducting  surfaces,  is  accompanied  by  a  lateral  or  transve 
equivalent  to  a  dilatation  or  repulsion  of  these  repree 
lines  (1224);  or  the  attractive  force  which  exists  amo: 
particles  of  the  dielectric  in  the  direction  of  the  indi 
accompanied  by  a  repulsive  or  a  diverging  force  in  the  tr 
direction. 

'(1298)  Induction  appears  to  consist  in  a  certain  j 
state  of  the  particles,  into  which  they  are  thrown  by  I 
trified  body  sustaining  the  action,  the  particles  assuming 
and  negative  points  or  parts,  which  are  symmetrically  i 
with  respect  to  each  other  and  the  inducting  surfaces  or  [ 
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MDses  by  different  writers.  I  shall  always  use  it  to  denote  the 
teDsion  along  the  lines  of  force,  which,  as  we  have  seen,  varies 
from  point  to  point,  and  is  always  proportional  to  the  square  of 
the  resultant  force  at  the  point. 

1 10.]  The  hypothesis  that  a  state  of  stress  of  this  kind  exists 
in  a  fluid  dielectric,  such  as  air  or  turpentine,  may  at  first  sight 
appear  at  variance  with  the  established  principle  that  at  any 
point  in  a  fluid  the  pressures  in  all  directions  are  equal.  *  But 
in  the  deduction  of  Uiis  principle  from  a  consideration  of  the 
mobility  and  equilibrium  of  the  parts  of  the  fluid  it  is  taken  for 
granted  that  no  action  such  as  that  which  we  here  suppose  to 
take  place  along  the  lines  of  force  exists  in  the  fluid.  The  state 
of  stress  which  we  have  been  studying  is  perfectly  consistent 
with  the  mobility  and  equilibrium  of  the  fluid,  for  we  have  seen 
that,  if  any  portion  of  the  fluid  is  devoid  of  electric  charge,  it 
experiences  no  resultant  force  from  the  stresses  on  its  surface, 
however  intense  these  may  be.  It  is  only  when  a  portion  of  the 
fluid  becomes  charged  that  its  equilibrium  is  disturbed  by  the 
stresses  on  its  surface,  and  we  know  that  in  this  case  it  actually 
tends  to  move.  Hence  the  supposed  state  of  stress  is  not  incon- 
sistent with  the  equilibrium  of  a  fluid  dielectric. 

The  quantity  TT,  which  was  investigated  in  Chapter  IV, 
Art.  99a,  may  be  interpreted  as  the  energy  in  the  medium  due 
to  the  distribution  of  stress.  It  appears  from  the  theorems  of 
that  chapter  that  the  distribution  of  stress  which  satisfies  the 
conditions  there  given  also  makes  W  an  absolute  minimum. 
Now  when  the  «energy  is  a  minimum  for  any  configuration,  that 
configuration  is  one  of  equilibrium,  and  the  equilibrium  is  stable. 
Hence  the  dielectric,  when  subjected  to  the  inductive  action  of 
electrified  bodies,  will  of  itself  take  up  a  state  of  stress  distributed 
in  the  way  we  have  described  *. 

It  must  be  carefully  borne  in  mind  that  we  have  made  only 
one  step  in  the  theory  of  the  action  of  the  medium.  We  have 
supposed  it  to  be  in  a  state  of  stress,  but  we  have  not  in  any 
way  accounted  for  this  stress,  or  explained  how  it  is  maintained. 
This  step,  however,  seems  to  me  to  be  an  important  one,  as  it 

*  {The  subject  of  the  stress  in  the  medium  will  be  further  considered  in  the  Sup- 
plementATj  Volume,  it  may  however  be  noticed  here  that  the  problem  of  finding  a 
•Tttfm  of  streMes  which  will  produce  the  same  forces  as  those  existing  in  the  electric 
Mid  is  one  which  has  an  iufinite  number  of  solutions.  That  adopted  by  MazweU  is 
ib»t  ooold  not  in  general  be  produced  by  strains  in  an  elastic  solid. } 
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explains,  by  the  action  of  the  coQBecutive  parts  of  the 
phenomena  which  were  formerly  supposed  to  be  explica 
by  direct  action  at  a  distance. 

111.]  I  have  not  been  able  to  make  the  next  step,  na 
account  by  mechanical  consideratioiu  for  these  stresse 
dielectric.  I  therefore  leave  the  theory  at  this  point 
st&tiug  what  are  the  other  parts  of  the  phenomenon  of  ii 
in  dielectrics. 

I.  Electric  Displacement.  When  induction  is  trai 
through  a  dielectric,  there  is  in  the  first  place  a  displaci 
electricity  in  the  direction  of  the  induction.  For  insta 
Leyden  jar,  of  which  the  inner  coaling  is  chai^d  positi' 
the  outer  coating  negatively,  the  direction  of  the  displ 
of  positive  electricity  in  the  substance  of  the  glass  is  froi 
outwards. 

Any  increase  of  this  displacement  is  equivalent,  du 
time  of  increase,  to  a  current  of  positive  electiioity  fron 
outwards,  and  any  diminution  of  the  displacement  is  et] 
to  a  current  in  the  opposite  direction 

The  whole  quantity  of  electricity  displaced  through  : 
of  .a  surface  fixed  in  the  dielectric  is  measured  by  the  • 
which  we  have  already  investigated  (Art.  75)  as  the 
integral  of  induction  through  that  area,  multiplied  b 
where  K  is  the  specific  inductive  capacity  of  the  dielecti 

II.  Surface  charge  of  the  particles  of  the  dielectric.  < 
any  portion  of  the  dielectric,  large  or  small,  to  be  sepai 
imagination)  from  the  rest  by  a  closed  surface,  then  i 
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and  the  sorronnding  dielectric,  which  on  the  old  theory  was 
called  the  charge  of  the  conductor,  must  be  called  in  the  theory 
of  induction  the  surface  charge  of  the  surrounding  dielectric. 

According  to  this  theory,  all  charge  is  the  residual  effect  of  the 
polarization  of  the  dielectric.  The  polarization  exists  throughout 
the  interior  of  the  substance,  but  it  is  there  neutralized  by  the 
juxtapoeition  of  oppositely  charged  parts,  so  that  it  is  only  at 
the  Borface  of  the  dielectric  that  the  effects  of  the  charge  become 
apparent. 

The  theory  completely  accounts  for  the  theorem  of  Art.  71^ 
that  the  total  induction  through  a  closed  surface  is  equal  to  the 
total  quantity  of  electricity  within  the  surface  multiplied  by  4  tt. 
For  what  we  have  called  the  induction  through  the  surface  is 
simply  the  electric  displacement  multiplied  by  47r,  and  the  total 
displacement  outwards  is  necessarily  equal  to  the  total  charge 
within  the  surface. 

The  theory  also  accounts  for  the  impossibility  of  communi- 
cating an  '  absolute  charge '  to  matter.  For  every  particle  of  the 
dielectric  has  equal  and  opposite  charges  on  its  opposite  sides, 
if  it  would  not  be  more  correct  to  say  that  these  charges  are  only 
the^  manifestations  of  a  single  phenomenon,  which  we  may  call 
Electric  Polarization. 

A  dielectric  medium,  when  thus  polarized,  is  the  seat  of 
electric  energy,  and  the  energy  in  unit  of  volume  of  the 
medium  is  numerically  equal  to  the  electric  tension  on  unit  of 
area,  both  quantities  being  equal  to  half  the  product  of  the 
displacement  and  the  resultant  electromotive  intensity,  or 

where  p  is  the  electric  tension,  2)  the  displacement,  @  the  electro- 
motive intensity,  and  K  the  specific  inductive  capacity. 

If  the  medium  is  not  a  perfect  insulator,  the  state  of  con- 
straint, which  we  call  electric  polarization,  is  continually  giving 
way.  The  medium  yields  to  the  electromotive  force,  the  electric 
8tre8s  is  relaxed,  and  the  potential  energy  of  the  state  of  con- 
straint is  converted  into  heat.  The  rate  at  which  this  decay  of 
the  state  of  polaiization  takes  place  depends  on  the  nature  of  the 
medium.  In  some  kinds  of  glass,  days  or  years  may  elapse 
before  the  polarization  sinks  to  half  its  original  value.  In  copper, 
a  similar  change  is  effected  in  less  than  the  billionth  of  a  second. 
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We  tave  supposed  the  medium  after  being  polariz 
simpl;  left  to  itself.  In  the  phmomeoon  called  the 
curreut  the  constant  passage  of  electricity  through  the 
tends  to  restore  the  state  of  polarization  as  fast  as  i 
ductivity  of  the  medium  allows  it  to  decay.  Thus  the 
agency  which  maintains  the  current  is  always  doing 
restoring  the  polarization  of  the  medium,  which  is  coi 
becoming  relaxed,  end  the  potential  energy  of  this  poL 
ia  continually  becoming  transformed  into  heat,  so  that 
result  of  the  energy  expended  in  maintaining  the  corr 
gradually  raise  the  temperature  of  the  oonductor,  till 
heat  ia  lost  by  conduction  and  radiation  from  ita  surf 
generated  in  the  same  time  by  the  electric  current. 


CHAPTER    VI. 


ON   POINTS    AND   LINES   OF   EQUILIBRIUM. 

112.]  If  at  any  point  of  the  electric  field  the  resultant  force  is 
zero,  the  point  is  called  a  Point  of  equilibrium. 

If  every  point  on  a  certain  line  is  a  point  of  equilibrium,  the 
line  is  called  a  Line  of  equilibrium. 

The  conditions  that  a  point  shall  be  a  point  of  equilibrium  are 
that  at  that  point 

—  -0     —-0     —-0 
dx  ^    *    dy  "    *    dz  ^    ' 

At  such  a  point,  therefore,  the  value  of  F  is  a  maximum,  or 
a  minimum,  or  is  stationary,  with  respect  to  variations  of  the 
coordinates.  The  potential,  however,  can  have  a  maximum  or  a 
minimum  value  only  at  a  point  charged  with  positive  or  with 
negative  electricity,  or  throughout  a  finite  space  bounded  by  a 
surface  charged  positively  or  negatively.  If,  therefore,  a  point 
of  equilibrium  occurs  in  an  uncharged  part  of  the  field  the  po- 
tential must  be  stationary,  and  not  a  maximum  or  a  minimum. 

In  fact,  a  condition  for  a  maximum  or  minimum  is  that 

d'V      dW  d'V 

d^'     d^'    ''°'*     d^ 
must  be  all  negative  or  all  positive,  if  they  have  finite  values. 

Now,  by  Laplace's  equation,  at  a  point  where  there  is  no 
charge,  the  sum  of  these  three  quantities  is  zero,  and  therefore 
this  condition  cannot  be  satisfied. 

Instead  of  investigating  the  analytical  conditions  for  the  cases 
in  which  the  components  of  the  force  simultaneously  vanish,  we 
shall  give  a  general  proof  by  means  of  the  equipotential  surfaces. 

If  at  any  pointy  P,  there  is  a  true  maximum  value  of  V,  then, 
at  all  other  points  in  the  immediate  neighbourhood  of  P,  the 
value  of  F  is  less  than  at  P.  Hence  P  will  be  suiTounded  by  a 
series  of  closed  equipotential  surfa^s,  each  outside  the  one  before 
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it,  and  at  all  points  of  any  one  of  tbeee  surfaces  the  < 
force  will  be  directed  outwards.  But  we  have  pr 
Art.  76,  that  the  surface-integral  of  the  eleotromotiTe 
taken  over  any  closed  surface  gives  the  total  charge  wil 
surface  multiplied  by  4ir.  Now,  in  this  case  the  force 
where  outwards,  so  that  the  surface-integral  is  neoessa] 
tive,  and  therefore  there  is  a  positive  charge  within  th« 
and,  since  we  may  take  the  surface  as  near  to  P  as  n 
there  is  a  positive  charge  at  the  point  P. 

In  the  same  way  we  may  prove  that  if  V  is  a  minimt 
then  P  is  negatively  charged. 

Next,  let  P  he  A  point  of  equilibrium  in  a  region  ( 
charge,  and  let  us  describe  a  sphere  of  very  small  radi 
P,  then,  as  we  have  seen,  the  potential  at  this  surface  e 
everywhere  greater  or  everywhere  less  than  at  P. 
therefore  be  greater  at  some  parts  of  the  surface  an 
others.  These  portions  of  the  surface  are  bounded  b^ 
which  the  potential  is  equal  to  that  at  P.  Along  lim 
from  P  to  points  at  which  the  potential  is  less  than  I 
the  electrical  force  is  from  P,  and  along  lines  drawn  to 
greater  potential  the  force  is  towards  P.  Hence  the  p 
a  point  of  stable  equilibrium  for  some  displacement! 
unstable  equilibrium  for  other  displacements. 

1 13.]  To  determine  the  number  of  the  points  and  line 
libriuiD,  let  us  consider  the  surface  or  surfaces  for  v 
potential  is  equal  to  C,  a  given  quantity.  Lot  us  call  tl 
in  which  the  potential  is  less  than  €  the  negative  r^ 
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may  meet  in  a  point  or  a  line.  If  7i+  1  negative  regions  meet, 
the  positive  region  loses  n  degrees  of  peiiphraxy,  and  the  point 
or  the  line  in  which  they  meet  is  a  point  or  line  of  equilibrium 
of  the  nth  degree. 

When  C  becomes  equal  to  T^  the  positive  region  is  reduced  to 
the  point  or  the  conductor  of  highest  potential,  and  has  therefore 
lost  all  its  periphraxy.  Hence,  if  each  point  or  line  of  equilibrium 
counts  for  one,  two,  or  ti,  according  to  its  degree,  the  number  so 
made  up  by  the  points  or  lines  now  considered  will  be  less  by 
one  than  the  number  of  negatively  charged  bodies.  ' 

There  are  other  points  or  lines  of  equilibrium  which  occur 
where  the  positive  regions  become  separated  from  each  other, 
and  the  negative  region  acquires  periphraxy.  The  number  of 
these,  reckoned  according  to  their  degrees,  is  less  by  one  than 
the  number  of  positively  charged  bodies. 

If  we  call  a  point  or  line  of  equilibrium  positive  when  it  is  the 
meeting-place  of  two  or  more  positive  regions,  and  negative  when 
the  regions  which  unite  there  ai*e  negative,  then,  if  there  are  j> 
bodies  positively  and  n  bodies  negatively  charged,  the  sum  of 
the  degrees  of  the  positive  points  and  lines  of  equilibrium  will  be 
/>— 1,  and  that  of  the  negative  ones  n— 1.  The  surface  which 
surrounds  the  electrical  system  at  an  infinite  distance  from  it  is 
to  be  reckoned  as  a  body  whose  charge  is  equal  and  opposite  to 
the  sum  of  the  charges  of  the  system. 

But,  besides  this  definite  number  of  points  and  lines  of  equi- 
librium arising  from  the  junction  of  difierent  regions,  there  may 
be  others,  of  which  we  can  only  afiiim  that  their  number  must 
be  even.  For  if,  as  any  one  of  the  negative  regions  expands,  it 
meets  itself,  it  becomes  a  cyclic  region,  and  it  may  acquire,  by 
repeatedly  meeting  itself,  any  number  of  degrees  of  cyclosis,  each 
of  which  corresponds  to  the  point  or  line  of  equilibrium  at  which 
the  cyclosis  was  established.  As  the  negative  region  continues 
to  expand  till  it  fills  all  space,  it  loses  every  degree  of  cyclosis 
it  has  acquired,  and  becomes  at  last  acyclic.  Hence  there  is  a 
set  of  points  or  lines  of  equilibrium  at  which  cyclosis  is  lost,  and 
these  are  equal  in  number  of  degrees  to  those  at  which  it  is 
acquired. 

If  the  form  of  the  charged  bodies  or  conductors  is  arbitrary, 
we  can  only  assert  that  the  number  of  these  additional  points  or 
lines  is  even,  but  if  they  are  charged  points  or  spherical  con- 
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ductors,    the    number   arising    in    this    way    cannot 
(7i  — 1)  (n—Z),  where  n  ie  the  number  of  bodies*. 

114.]  The  potential  close  to  any  point  P  may  be  ezp 
the  aeries  y^  %  +  Bi  +  H^  +  kc; 

where  ^,,  H^,  &c.  are  homogeneous  functions  of  x,  y, 
dimensions  are  1 ,  2,  &c.  respectively. 

Since  the  lirat  derivatives  of  V  vanish  at  a  point 
librium,  /^,  =  0,  if  P  be  a  point  of  equilibrium. 

Let  H.  be  the  first  function  which  does  not  vanish,  tl 
to  the  point  P  we  may  neglect  all  functions  of  higher  di 
compared  with  M,. 

Now  H.=  0 

is  the  equation  of  a  cone  of  the  degree  n,  and  this  coi 
cone  of  closest  contact  with  the  equipotential  surface  at 

It  appears,  therefore,  that  the  equipotential  surface 
through  P  has,  at  that  point,  a  conical  point  touched  b 
of  the  second  or  of  a  higher  decree.  The  interaectioi 
cone  with  a  sphere  whose  centre  is  the  vertex  is  ei 
Nodal  line 

If  the  point  P  is  not  on  a  line  of  equilibrium  the  U' 
does  not  intersect  itself,  but  consists  of  n  or  some  smallei 
of  dosed  curves. 

If  the  nodal  line  intersects  itself,  then  the  point  P  is  ■ 
of  equilibrium,  and  the  equipotential  surface  tbrougl 
itself  in  that  line. 

If  there  are  intersections  of  the  nodal  line  not  on 
points  of  the  sphere,  then  P  is  at  the  intersection  of 
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of  z,  and  let  x  =  rcostf,  and  y  =  rsind,  then,  since 

dz^  "    '     rfx2  "*■  d2/2  ""' 
dTF      IdV       ld^V_ 

the  solution  of  which  equation  in  ascending  powers  of  r  is 
V=  T^+  il,rcos(d+ oj)  +  ^2^^cos(2^  +  a2)  +  &c.  +  A^r^coRinO  +  aj. 
At  a  point  of  equilibrium  A^  is  zero.    If  the  fii*st  term  that  does 
not  vanish  is  that  in  r*  then 

F—  "^  =  il,r"  cos  {nO^  ajj  +  terms  in  higher  powers  of  r. 

This  equation  shews  that  n  sheets  of  the  equipotential  surface 
F  =  T^  intersect  at  angles  each  equal  to  -n/ii.  This  theorem  was 
given  by  Rankine  *. 

It  is  only  under  certain  conditions  that  a  line  of  equilibrium 
can  exist  in  free  space,  but  there  must  be  a  line  of  equilibrium 
on  the  surface  of  a  conductor  whenever  the  smface  density  of 
the  conductor  is  positive  in  one  portion  and  negative  in  another. 

In  order  that  a  conductor  may  be  charged  oppositely  on 
different  portions  of  its  surface,  there  must  be  in  the  field  some 
places  where  the  potential  is  higher  than  that  of  the  body  and. 
others  where  it  is  lower. 

Let  us  begin  with  two  conductors  electrified  positively  to  the 
same  potential.  There  will  be  a  point  of  equilibrium  between 
the  two  bodies.  Let  the  potential  of  the  first  body  be  gradually 
diminished.  The  point  of  equilibrium  will  approach  it,  and,  at 
a  certain  stage  of  the  process,  will  coincide  with  a  point  on  its 
sur&ce.  During  the  next  stage  of  the  process,  the  equipotential 
surface  round  the  second  body  which  has  the  same  potential  as 
the  first  body  will  cut  the  surface  of  the  second  body  at  right 
angles  in  a  closed  curve,  which  is  a  line  of  equilibrium.    This 

*  '  Summary  of  the  Properties  of  certain  Stream  Lines,*  Phil.  Afag.f  Oct.  1864. 
See  alfo,  Thomson  and  Tail's  Natural  Philosophy,  $  780  ;  and  Rankine  and  Stokes, 
in  the  Proc.  S,  S.,  1867,  p.  468  ;  al»o  W.  R.  Smith.  Proc,  R,  S.  Min.  1869-70,  p.  75>. 

{This  investigation  u  not  satisfactory  as  d^V/dz^  only  vanishes  along  the  axis  of  z, 
Rankine's  original  proof  is  rigid.     Um  may  be  written  as 

where  «•,  tf.^i...  are  homogeneous  functions  of  x,  y  of  degrees  n,n-¥\  respectively,  the 
axis  of  <  is  a  singular  line  of  degree  ».    Since  JTin  satisfies  V^Hm  »  0,  we  must  have 

~dx*    "*■   dy'  "    ' 

or  «.  =  ^r"  cos  (n  5 -I- a) ;  but  tr.  «  0  is  the  equation  of  the  tangent  planes  from  the 
axis  of  <  to  the  cone  Hm  >  0,  that  is  of  the  n  sheets  of  the  equipotential  surface,  hence 
these  cut  a^aogle  v/m.  j- 
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closed  curve,  after  sweeping  over  the  entire  sarfaoe  of 
ductor,  will  again  contract  to  a  point ;  and  then  the 
equilibrium  will  move  off  on  the  other  side  of  the  first  I: 
will  be  at  an  infinite  distance  when  the  charges  of 
bodies  are  equal  and  opposite. 


Eamtftaw's  Theorem. 

116.]  A  charged  body  placed  in  a  field  of  electric  fore 
be  in  stable  equilibrium. 

First,  let  us  suppose  the  electricity  of  the  moveable 
and  also  that  of  the  system  of  surrounding  bodies  B,  to 
in  those  bodies. 

Let  V  be  the  potential  at  any  point  of  the  moveable  1 
to  the  action  of  the  surrounding  bodies  B,  and  let 
electricity  on  a  small  portion  of  the  moveable  body  A  s 
ing  this  point.  Then  the  potential  energy  of  A  with  r 
£  will  be  M=.S{Ve), 

where  the  summation  is  to  be  extended  to  every  chaigec 
oiA. 

Let  a,  6,  c  be  the  coordinates  of  any  charged  part  ol 
respect  to  axes  fixed  in  A,  and  parallel  to  those  of  x,  $ 
the  absolute  ooordinates  of  the  origin  of  these  axes  be  f, 

Let  us  suppose  for  the  present  that  the  body  A  is  coi 
to  move  paj-allel  to  itself,  then  the  absolute  coordinate 
point  a,  b,  c  will  be 
x  =  i+a,        y  =  >i  +  b,        z  =  (+c. 


//' 
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tnd  let  dM  be  the  increment  of  the  potential  of  A  with  respect  to 
the  surrounding  system  B. 

If  this  be  positive,  work  will  have  to  be  done  to  increase  r, 
and  there  will  be  a  force  R  =  dM/dr  tending  to  diminish  r  and 
to  restore  il  to  its  former  position,  and  for  this  displacement 
therefore  the  equilibrium  will  be  stable.  If,  on  the  other  hand, 
this  quantity  is  negative,  the  force  will  tend  to  increase  r,  and 
the  equilibrium  will  be  unstable. 

Now  consider  a  sphere  whose  centre  is  the  origin  and  whose 
radius  is  r,  and  so  small  that  when  the  point  fixed  in  the  body 
lies  within  this  sphere  no  part  of  the  moveable  body  A  can 
coincide  with  any  part  of  the  external  system  B,  Then,  since 
within  the  sphere  V*M  =  0,  the  surface-integral 

dr 
taken  over  the  surface  of  the  sphere,  is  zero. 

Hence,  if  at  any  part  of  the  surface  of  the  sphere  dM/dr  is 
positive,  there  must  be  some  other  part  of  the  surface  where  it  is 
n^ative,  and  if  the  body  A  be  displaced  in  a  direction  in  which 
dM/dr  is  negative,  it  will  tend  to  move  from  its  original  position, 
and  its  equilibrium  is  therefore  necessarily  unstable. 

The  body  therefore  is  unstable  even  when  constrained  to  move 
parallel  to  itself,  and  d  fortiori  it  is  unstable  when  altogether 
free. 

Now  let  us  suppose  that  the  body  A  is  a  conductor.  We 
might  treat  this  as  a  case  of  equilibrium  of  a  system  of  bodies, 
the  moveable  electricity  being  considered  as  part  of  that  system, 
and  we  might  argue  that  as  the  system  is  unstable  when 
deprived  of  so  many  degrees  of  freedom  by  the  fixture  of  its 
electricity,  it  must  d  fortiori  be  unstable  when  this  freedom  is 
restored  to  it. 

But  we  may  consider  this  case  in  a  more  particular  way, 
thus — 

First,  let  the  electricity  be  fixed  in  A,  and  let  A  move  parallel 
to  itself  through  the  small  distance  dr.  The  increment  of  the 
potential  of  A  due  to  this  cause  has  been  already  considered. 

Next,  let  the  electricity  be  allowed  to  move  within  A  into  its 
position  of  equilibrium,  which  is  always  stable.  During  this 
motion  the  potential  will  necessarily  be  diminished  by  a  quantity 
which  we  may  call  Cdr. 


176  POINTS   AND   LINES   OF  EQUILIBEITfM. 

Hence  the  total  incrameDt  of  the  potentiiii  when  the  t 
is  free  to  move  will  be 

and  the  force  tending  to  bring  A  back  towards  iti 
position  will  be  dM 

where  C  is  always  positive. 

Now  we  have  shewn  that  dAf/dr  is  negative  fo 
directions  of  r,  hence  when  the  electricity  is  free  to 
instability  in  these  directions  will  be  increased. 


CHAPTER   VIL 

FOBMS  OF  THE   EQUIPOTENTIAL   SURFACES   AND   LINES  OF 

INDUCTION  IN  SIMPLE   CASES. 

117.]  We  have  seen  that  the  determination  of  the  distributioin 
of  electricity  on  the  surface  of  conductors  may  be  made  to  depend 
on  the  solution  of  Laplace's  equation 

V  being  a  function  of  x^  y^  tod  0,  which  is  always  finite  and  con« 
tinuouB,  which  vanishes  at  an  infinite  distance,  and  which  has  a 
given  constant  value  at  the  surface  of  each  conductor. 

It  is  not  in  general  possible  by  known  mathematical  methods 
to  solve  this  equation  so  as  to  fulfil  arbitrarily  given  conditions, 
but  it  is  easy  to  write  down  any  number  of  expressions  for  the 
function  V  which  shall  satisfy  the  equation,  and  to  determine  in 
each  case  the  forms  of  the  conducting  surfaces,  so  that  the  func- 
tion V  shall  be  the  true  solution. 

It  appears,  therefore,  that  what  we  should  naturally  call  the 
inverse  problem  of  determining  the  forms  of  the  conductors  when 
the  expression  for  the  potential  is  given  is  more  manageable  than 
the  direct  problem  of  determining  the  potential  when  the  form  of 
the  conductors  is  given. 

In  fact,  every  electrical  problem  of  which  we  know  the  solu« 
tion  has  been  constructed  by  this  inverse  process.  It  is  therefore 
of  great  importance  to  the  electrician  that  he  should  know  what 
results  have  been  obtained  in  this  way,  since  the  only  method  by 
which  he  can  expect  to  solve  a  new  problem  is  by  reducing  it  to 
one  of  the  cases  in  which  a  similar  problem  has  been  constructed 
by  the  inverse  process. 

This  historical  knowledge  of  results  can  be  turned  to  account 
in  two  ways.  If  we  are  required  to  devise  an  instrument  for 
making  electrical  measurements  with  the  greatest  accuracy,  we 
may  sdect  those  forms  for  the  electrified  surfaces  which  corre"* 

TOL.  I,  K 
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apond  to  coses  of  which  we  know  the  acourate  solutio] 
the  other  hand,  we  are  required  to  estimate  what  wi 
electrification  of  bodies  whose  forms  are  given,  we  m 
wiUi  some  case  in  which  one  of  the  equipotential  snrfa 
a  form  somewhat  resembling  the  given  form,  and  tl 
tentative  method  we  may  modify  the  {voblem  till  it  mo 
corresponds  to  the  given  caae.  This  method  is  evidei 
imperfect  oonsidered  from  a  mathematical  point  of  vie 
is  the  only  one  we  have,  and  if  we  are  not  allpwed  to  ol 
conditions,  we  can  make  only  an  approximate  oeJcnlati' 
electrification.  It  appears,  therefore,  that  what  we  v 
knowledge  of  the  forms  of  equipotential  surfaces  and 
induction  in  as  many  different  cases  as  we  can  collect 
and  remember.  In  certain  classes  of  cases,  such  as  thosa 
to  spheres,  there  are  known  mathematical  methods  by  ■> 
may  proceed.  In  other  casee  we  oanhot  afford  to  de 
humbler  method  of  actually  drawing  tentative  figures  i 
and  selecting  that  which  appeon  least  unlike  the  f 
require. 

This  latter  method  I  think  may  be  of  s<^e  Use,  evei 
in  which  the  exact  solution  has  been  obtained,  for  I  fini 
eye-knowledge  of  the  forms  of  the  equipotential  surfa 
leads  to  a  right  seleCtioQ  of  a  mathematical  method  of  bi 

I  have  therefore  drawn  several  diagrams  of  systema 
potential  surfhces  and  lines  of  induction,  bo  tbat  Uie  Btnt 
make  himself  fiuniliar  with  the  forms  of  the  liaea.  The 
by  which  such  diagrams  may  be  drawn  will  be  expl 
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thoBe  which  are  drawn  inside  the  two  bodies.  It  appears  from 
the  diagram  that  the  action  between  the  bodies  will  be  the  same 
as  that  between  two  points  having  the  same  charges,  these 
p<nnt8  bdng  not  exactly  in  the  middle  of  the  axis  of  each  body, 
but  each  somewhat  more  remote  than  the  middle  point  from  the 
other  body. 

The  same  diagram  enables  us  to  see  what  will  be  the  distribu- 
tion of  eleetricity  on  one  of  the  oval  figures^  larger  at  one  end 
than  the  other,  which  surround  both  centres.  Such  a  body,  if 
charged  with  25  imits  of  electricity  and  free  from  external 
influence,  will  have  the  surface-density  greatest  at  the  small  end, 
less  at  the  large  end,  and  least  in  a  circle  somewhat  nearer  the 
smaller  than  the  larger  end  *. 

There  is  one  equipotential  surface,  indicated  by  a  dotted  line, 
which  consists  of  two  lobes  meeting  at  the  conical  point  P. 
That  point  is  a  point  of  equilibrium,  and  the  surface-density 
on  a  body  of  the  form  of  this  surface  would  be  zero  at  this 
point. 

The  lines  of  force  in  this  case  form  two  distinct  systems, 
divided  from  one  another  by  a  surface  of  the  sixth  degree, 
indicated  by  a  dotted  line,  passing  through  the  point  of  equi- 
librium, and  somewhat  resembling  one  sheet  of  the  hyperboloid 
of  two  sheets. 

This  diagram  may  also  be  taken  to  represent  the  lines  of  force 
and  equipotential  surfiEkces  belonging  to  two  spheres  of  gravitating 
matter  whose  masses  are  as  4  to  1. 

119.]  In  the  second  figure  we  have  again  two  points  whose 
charges  are  as  20  to  5,  but  the  one  positive  and  the  other  nega- 
tive. In  this  case  one  of  the  equipotential  surfaces,  that,  namely^ 
oonresponding  to  potential  zero,  is  a  sphere.  It  is  marked  in  the 
diagram  by  the  dotted  circle  Q.  The  importance  of  this  spherical 
surface  will  be  seen  when  we  come  to  the  theoiy  of  Electrical 
Images. 

We  may  see  from  this  diagram,  that  if  two  round  bodies  are 
charged  with  opposite  kinds  of  electricity  they  will  attract  each 
other  as  much  as  two  points  having  the  same  charges  but  placed 
somewhat  nearer  together  than  the  middle  points  of  the  round 
bodies. 

*  {This  can  be  leen  by  eomparing  the  diiianees  between  the  equipotential  sorfacea 
in  Tarioiia  parte  of  the  field. } 

N  2 
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Here,  ag&io,  one  of  the  equipotential  surfaceB,  indioa 
dotted  line,  has  two  lobes,  an  inner  one  Burrounding  f 
whose  charge  is  5  and  an  outer  one  Burrounding  botl 
the  two  lobes  meeting  in  a  conical  point  P  which  is  a 
equilibrium. 

If  the  surface  of  a  conductor  is  of  the  fonn  of  the  oat< 
roundish  body  having,  like  an  apple,  a  conical  dimple  a1 
of  its  axis,  then,  if  this  conductor  be  electrified,  we  shal 
to  determine  the  Burface^density  at  any  poini  Thw 
bottom  of  the  dimple  will  be  zero. 

Surrounding  this  surface  we  have  others  having  a 
dimple  which  flattens  and  finally  disappears  in  the  equi 
surface  passing  through  the  point  marked  M, 

The  lines  of  force  in  tiiis  diagram  form  two  systems  di 
a  surface  which  passes  through  the  point  of  equilibrium. 

If  we  consider  pointo  on  the  axis  on  the  further  sic 
point  B,  we  find  that  the  resultant  force  diminishes  to  tli 
point  P,  where  it  Tanishes.  tt  then  changes  sign,  and  i 
maximum  at  Sf,  after  which  it  continually  diminishes. 

This  maximum,  however,  is  only  a  maximum  relal 
other  pointa  on  the  axis,  for  if  we  consider  a  surface  th 
perpendicular  to  the  axis,  Jf  is  a  point  of  minimum  fc 
lively  to  neighbouring  points  on  that  surface. 

120.]  Figure  III  represents  the  equipotential  surfi 
lines  of  induction  due  to  a  point  whose  charge  is  10  pla( 
and  surrounded  by  a  field  of  force,  which,  before  the  inti 
of  the  charged  point,  was  uniform  in  direction  and  magi 
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and  surfietces  between  the  two  conductors  will  indicate  the  distri- 
bution of  electric  force.  If  the  lower  conductor  is  very  far  from 
A  its  surface  will  be  very  nearly  plane,  so  that  we  have  here  the 
solution  of  the  distribution  of  electricity  on  two  surfaces,  both  of 
them  nearly  plane  and  parallel  to  each  other,  except  that  the 
upper  one  has  a  protuberance  near  its  middle  point,  which  is 
more  or  less  prominent  according  to  the  particular  equipotential 
surface  we  choose. 

121.]  Figure  IV  i*epresents  the  equipotential  surfaces  and  lines 
of  induction  due  to  three  points  Ay  B  and  (7,  the  charge  of  A 
being  15  units  of  positive  electricity,  that  of  jS  12  units  of  nega- 
tive electricity,  and  that  of  C  20  units  of  positive  electricity. 
These  points  are  placed  in  one  straight  line,  so  that 

AB  =  9,    BG=  16,    AC  =  26. 

In  this  case,  the  surface  for  which  the  potential  is  zero  consists 
of  two  spheres  whose  centres  are  A  and  C  and  whose  radii  are  1 5 
and  20.  These  spheres  intersect  in  the  circle  which  cuts  the  plane 
of  the  paper  at  right  angles  in  D  and  D\  so  that  Bib  the  centre  of 
this  circle  and  its  radius  is  12.  This  circle  is  an  example  of  a 
line  of  equilibrium,  for  the  resultant  force  vanishes  at  every 
point  of  thia  line. 

If  we  suppose  the  sphere  whose  centre  is  il  to  be  a  conductor 
with  a  charge  of  3  units  of  positive  electricity,  placed  under 
the  influence  of  20  units  of  positive  electricity  at  C,  the  state  of 
the  case  will  be  represented  by  the  diagram  if  we  leave  out  aU 
the  lines  within  the  sphere  A,  The  part  of  this  spherical  surface 
below  the  small  circle  DI/  will  be  negatively  charged  by  the 
influence  of  C.  All  the  rest  of  the  sphere  will  be  positively 
charged,  and  the  small  circle  DD'  itself  will  be  a  line  of  no 
charge. 

We  may  also  consider  the  diagram  to  represent  the  sphere 
whose  centre  is  (7,  charged  with  8  units  of  positive  electricity, 
and  influenced  by  16  units  of  positive  electricity  placed  at  A. 

The  diagram  may  also  be  taken  to  represent  a  conductor 
whose  surface  consists  of  the  larger  segments  of  the  two 
spheres  meeting  in  DZX,  charged  with  23  units  of  positive  elec- 
toidty. 

We  shall  return  to  the  consideration  of  this  diagram  as  an 
iUnstraiion  of  Thomson's  Theory  of  Electrical  Images.  See 
Art.  168. 
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128.]  These  diagrams  are  oonstracted  in  the  following  manner: -r- 
FiiBi,  take  the  case  of  a  single  centre  of  force,  a  small  electrified 
body  with  a  charge  e.  The  potential  at  a  distance  r  is  F  =  efr ; 
beiiee,  if  we  make  r  =  efV^  we  shall  find  r,  the  radius  of  the  sphere 
for  which  the  potential  is  F.  If  we  now  give  to  Fthe  values 
1,  2y  3,  &Gm  and  draw  the  corresponding  spheres,  we  shall  obtain 
a  series  of  equipotential  surfaces,  the  potentials  corresponding  to 
which  are  measured  by  the  natural  numbers.  The  sections  of 
these  spheres  by  a  plane  passing  through  their  common  centre 
will  be  circles,  each  of  which  we  may  mark  with  the  number 
denoting  its  potential.  These  are  indicated  by  the  dotted  semi- 
circles on  the  right  hand  of  Fig.  6. 

If  there  be  another  centre  of  force,  we  may  in  the^  same  way 
draw  the  equipotential  surfaces  belonging  to  it,  and  if  we  now 
wish  to  find  the  form  of  the  equipotential  surfaces  due  to  both 
centres  together,  we  must  remember  that  if  Tfbe  the  potential  due 
to  one  centre,  and  T^  that  due  to  the  other,  the  potential  due  to 
both  wiU  be  TJ+  TJ  =s  F.  Hence,  since  at  every  intersection  of 
the  equipotential  surfaces  belonging  to  the  two  series  we  know 
both  T^  and  Y^y  we  also  know  the  value  of  F.  If  therefore  we 
draw  a  surface  which  passes  through  all  those  intersections  for 
which  the  value  of  F  is  the  same,  this  surfeM^e  will  coincide  with 
a  true  equipotential  surface  at  all  these  intersections,  and  if  the 
original  systems  of  surfaces  are  drawn  sufficiently  close,  the  new 
8ur£BM»  may  be  drawn  with  any  required  degree  of  accuracy. 
The  equipotential  surfaces  due  to  two  points  whose  charges  are 
equal  and  opposite  are  represented  by  the  continuous  lines  on 
the  right  hand  side  of  Fig.  6. 

This  method  may  be  applied  to  the  drawing  of  any  system 
of  equipotential  surfaces  when  the  potential  is  the  sum  of  two 
potentials,  for  which  we  have  already  drawn  the  equipotential 
surfaces. 

The  lines  of  force  due  to  a  single  centre  of  force  are  sti*aight 
lines  radiating  from  that  centre.  If  we  wish  to  indicate  by  these 
lines  the  intensity  as  Well  as  the  direction  of  the  force  at  any 
point,  we  must  draw  them  so  that  they  mark  out  on  the  equi- 
potential surfaces  portions  over  which  the  surface-integral  of 
induction  has  jdefinite  values.  The  best  way  of  doing  this  is  to 
suppose  our  plane  figure  to  be  the  section  of  a  figure  in  space 
formed  by  the  revolution  of  the  plane  figure  about  an  axis  passing 
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through  the  centre  of  force.  Any  strught  line  radiatii 
the  oeotre  and  making  an  angle  B  -with  the  axis  vill  th< 
out  a  cone,  and  the  surface-int^ral  of  the  induotion  thron 
part  of  any  Burface  which  is  cut  off  hy  this  cone-  on  the  bj 
the  positive  direction  of  ^e  axis  is  2iie  (1— cos  8). 

If  we  further  suppose  this  Bur£ace  to  be  bounded  by  ii 
section  with  two  planes  pasung  through  the  axis,  and  i 
at  the  angle  whose  arc  is  equal  to  half  the  radios,  tl 
induction  through  the  surfitce  so  bounded  is 
i«(l— oo8i9)  =  *,  say; 

and    tf  =  008-^  (l— 2-). 

If  ve  now  p.ve  to  •&  a  series  of  values  1,  2,  3...^  we  si 
a  oorresponding  series  of  values  of  0,.and  if  «  be  an  intc 
number  of  corresponding  lines  of  force,  including  the  a: 
be  equal  to  «. 

We  have  thus  a  method  of  drawing  lines  of  force  so  i 
charge  of  any  centre  is  indicated  by  the  number  of  line 
diverge  from  it,  and  the  indnoUon  through  any  surface  e 
the  way  described  is  measured  by  the  number  of  lines 
which  pass  through  it.  The  dotted  straight  lines  on  1 
hand  ude  of  Fig.  6  represent  the  lines  of  force  due  to 
two  electrified  points  whose  chaiges  are  10  and  —10 
ively. 

If  there  are  two  centres  of  force  on  the  axis  of  the  fi 
may  draw  Ute  lines  of  force  for  each  axis  corresponding  i 
of  •!>,  and  4»j,  and  then,  by  drawing  lines  through  the  con 
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In  the  case  of  any  such  system  of  finite  dimensions  the  line  of 
force  whose  index  number  of  4>  has  an  asymptote  which  passes 
through  the  electric  centre  (Axt.  89  d)  of  the  system,  and  is  in- 
clined to  the  axis  at  an  angle  whose  cosine  is  1  —  24>/6,  where  e 
is  the  total  electrification  of  the  system,  provided  4>  is  less  than  e. 
Lines  of  force  whose  index  is  greater  than  e  are  finite  lines.  If 
e  is  zero,  they  are  all  finite. 

The  lines  of  force  corresponding  to  a  field  of  uniform  force 
pandlel  to  the  axis  are  lines  parallel  to  the  axis,  the  distances 
from  the  axis  being  the  square  roots  of  an  arithmetical  series. 

The  theory  of  equipotential  surfaces  and  lines  of  force  in  two 
dimensions  will  be  given  when  we  come  to  the  theory  of  con- 
jugate functions  *. 

*  See  %  pftper  *  On  the  Flow  of  Electricity  in  Conducting  Surfaces/  by  Prof.  W.  R. 
Smith,  Froe,  B,  S,  Edim.,  1869-70,  p.  79. 


CHAPTER    VIII. 


SIMPLE  CASI8   or  HLECTEIFICATtOK. 


TvM  Parallel  PlaTies. 

124.]  We  shall  ooosider,  in  the  first  place,  two  paiall 
oondufiting  sur&ces  of  infinite  extent,  at  a  distance  c  It 
other,  maiotfuned  respeoUvely  at  potentials  A  and  B. 

It  is  manifest  that  in  this  case  the  potential  V  w 
function  of  the  distance  z  from  the  plane  A,  and  will  be  t 
for  all  points  of  any  parallel  plane  between  A  and  B 
near  the  boundaries  of  the  electrified  sorfacea,  which 
supposition  ai-e  at  an  infinitely  great  distance  from  tl 
considered. 

Hence,  Laplace's  equation  becomes  redaced  to 
cPV      „ 
5?  =  "' 
the  integral  of  which  is 

and  since  when  s  =  0,  V=  A,  and  when  z  =  c,  V  =  B, 
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density  v  will  be  equal  and  opposite  to  <r,  and 

c 

Let  hb  next  consider  a  portion  of  the  first  surface  whose  area 
is  8,  taken  so  that  no  part  of  S  is  near  the  boundary  of  the 
surface. 

The  quantity  of  electricity  on  this  surface  is  e^  =  Sv^  and,  by 
Art.  79,  the  force  acting  on  every  unit  of  electricity  is  ii2,  so 
that  the  whole  force  acting  on  the  area  S^  and  attracting  it 
towards  the  other  plane,  is 

Sir  Sir       c* 

Here  the  attraction  is  expressed  in  terms  of  the  area  8,  the 
difference  of  potentials  of  the  two  surfaces  (A  —  B),  and  the  dis- 
tance between  them  c.  The  attraction,  expressed  in  terms  of  the 
charge  6i ,  on  the  area  £f,  is     rr      ^^    2 

The  electric  energy  due  to  the  distribution  of  electricity  on 
the  area  8^  and  that  on  the  corresponding  area  8^  on  the  surface 
B  defined  by  projecting  8  on  the  surface  jS  by  a  system  of  lines 
of  force,  which  in  this  case  are  normals  to  the  plane,  is 

W=i{eiA  +  e^B), 
^  ,  8  {A--Bf  ^ 

47r        C 
R^ 

Sir 
_2ir    2 

=  Fc. 

The  first  of  these  expressions  is  the  general  expression  of  elec- 
tric energy  (Art.  84). 

The  second  gives  the  energy  in  terms  of  the  area,  the  distance, 
and  difference  of  potentials. 

The  third  gives  it  in  terms  of  the  resultant  force  i2,  and  the 
volume  8c  included  between  the  areas  8  and  8^,  and  shews  that 
the  energy  in  unit  of  volume  is  p  where  Snp  =  RK 

The  attraction  between  the  planes  is  p8f  or  in  other  words, 
there  is  an  electrical  tension  (or  negative  pressure)  equal  to  2>  on 
every  unit  of  area. 
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The  fourth  expreBsion  gives  the  energy  in  terms  of  the 

The  fifth  shews  that  the  electrical  energy  is  equal  to  t 
-which  would  be  done  by  the  electric  force  if  the  two 
were  to  be  brought  together,  moving  parallel  to  themsel-i 
their  electric  charges  constant. 

To  express  the  charge  in  terms  of  the  difference  of  pc 
we  have  ^  S ,  .     «»        1 1     m 

*'  =  4^C^     ^^""^^         ■^■ 

The  coefficient  g  represents  the  charge  due  to  a  difft 
potentials  equal  to  unity.  This  coefficient  is  called  the  ( 
of  the  surface  S,  due  to  its  position  relatively  to  the 
surface. 

Let  us  now  suppose  that  the  medium  between  the  two 
is  no  longer  ur  but  some  other  dielectric  substance  whosi 
inductive  capacity  is  K,  then  the  charge  due  to  a  given  d 
of  potentials  will  be  K  times  as  great  as  when  the  die) 
air,  or 

The  total  energy  will  be 


The  force  between  the  surfaces  will  be 
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The  solation  of  this  is 

and  the  conditions  that  F=  A  when  r^a,  and  V=B  when  r  =  6, 
give  for  the  space  between  the  spherical  surfaces, 

^_Aa-Bb        A-B       j 

If  o-j,  0-2  are  the  surface-densities  on  the  opposed  surfaces  of  a, 
solid  sphere  of  radius  a,  and  a  spheiical  hollow  of  radius  6,  theui 

1      A'-B  1      B-A 

If  ej  and  e,  are  the  whole  charges  of  electricity  on  these 
surfaces. 

The  capacity  of  the  enclosed  sphere  is  therefore  r • 

If  the  outer  surface  of  the  shell  is  also  spherical  and  of  radius  c, 
then,  if  there  ai*e  no  other  conductors  in  the  neighbourhood,  the 
charge  on  the  outer  surface  is 

€3  =  Be. 

Hence  the  whole  charge  on  the  inner  sphere  is 

and  that  on  the  outer  shell 

e%'\-e^=:^-^{B^A)^Bc. 

li  we  put  6  =s  oc,  we  have  the  case  of  a  sphere  in  an  infinite 
space.  The  electric  capacity  of  such  a  sphere  is  a,  or  it  is 
numerically  equal  to  its  radius. 

The  electric  tension  on  the  inner  sphere  per  unit  of  area  is 

^_   1  b^(A^Bf 
^'^  Sna^{b^ay  * 

The  resultant  of  this  tension  over  a  hemisphere  is  va^  s  J^ 
normal  to  the  base  of  the  hemisphere,  and  if  this  is  balanced  by 
a  surface  tension  exerted  across  the  circular  boundary  of  the 
hemisphere,  the  tension  on  unit  of  length  being  T,  we  have 

F=2T!aT. 
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Hence  ■F=-=-ti rs"  =:?-*• 

6-    (A-B)* 
16 wa  (fe-o)* 
If  a  spherical  soap  bubble  is  electrified  to  a  potential 
if  its  radius  is  a,  the  ohaige  will  be  Aa,  and  the  aurfaoe 
will  be  1  ^ 

~  iv  a 
The  resoItaDt  inteDsity  just  ouiaide  Urn  snr&ee  will 
and  inside  tiie  bubble  it  is  eero,  so  that  hy  Art.  79  thf 
force  on  unit  of  area  of  the  surface  will  be  Zirv',  acting  o 
Honce  the  electrifioation  will  i^imininh  the  pressure  of 
within  the  bubble  by  29r(H,  or 

J_A} 

But  it  may  be  shewn  (hat  if  T^  is  the  tendon  which  (1 
film  exerts  -aeross  a  line  of  unit  length,  then  the  pressi 
within  required  to  keep  the  bobble  from  collapsing  is  2 '. 
the  electric  force  is  just  sufficient  to  keep  the  bubble 
librium  when  the  air  within  and  without  is  at  the  same 

Two  Infinite  Coaaxd  Cylindric  Surfcusea. 

126.]  Let  -the  radius  of  the  outer  surface  of  a  coi 
cylinder  be  a,  and  let  the  radius  of  an  inner  surface  of 
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If  (Tj,  0*2  are  the  surfaee^densities  on  the  inner  and  outer 
soifiM^ea, 


4ircr2  = 


1      * 

alog- 


47rcr2  = 


61og- 


If  tx  and  6^  are  the  charges  on  the  portions  of  the  two  cylinders 
between  two  sections  transverse  to  the  axis  at  a  distance  I  from 
each  other,  A^Ti 

log- 


a 


The  capacity  of  a  length  I  of  the  interior  cylinder  is  therefore 


■■«■  ■  • 


log 


a 


If  the  space  between  the  cylinders  is  occupied  by  a  dielectric  of 
specific  inductive  capacity  K  instead  of  air,  then  the  capacity  of 
a  length  I  of  the  inner  cylinder  is 

log" 


a 


The  energy  of  the  electrical  distribution  on  the  part  of  the 
infinite  cylinder  which  we  have  considered  is 


i 


'^?S 


B 


127.]  Let  there  be  two  hollow  cylindric  conductors  A  and  £, 
Fig.  5,  of  indefinite  length,  having  the  a^tis  of  x  for  their  common 
axis,  one  on  the  positive  and  the  other  on  the  negative  side  of 
the  origin,  and  separated  by  a  short  interval  near  the  origin 
of  coordinate& 

Let  a  cylinder  C  of  length  2^  be  placed  with  its  middle  point 
at  a  distance  x  on  the  positive  side  of  the  origin,  so  as  to  extend 
into  both  the  hollow  cylinders. 

Let  the  potential  of  the  hollow  cylinder  on  the  positive  side  be 
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A,  that  of  the  one  on  the  negative  aide  B,  and  that  of  tb 
one  C,  and  let  ua  put  a  for  the  capacity  per  unit  of  le: 
with  respect  to  ji,and  ^  for  the  same  quantity  with  res] 

The  surface-densities  of  the  parts  of  the  cylinders 
points  near  the  origin  and  at  points  at  given  small 
from  the  ends  of  the  inner  cylinder  will  not  be  affect 
value  of  X  provided  a  considerable  length  of  the  innei 
enters  each  of  the  hoUow  cylinders.  Near  the  ends  of  t! 
cylinders,  and  near  the  ends  of  the  inner  cylinder,  the 
distrihutions  of  electricity  which  we  are  not  yet  able  to 
but  the  distribution  near  the  origin  will  not  be  alten 
motion  of  the  inner  cylinder  provided  neither  of  its  ei 
near  the  ori^n,  and  the  distributions  at  the  ends  of 
cylinder  will  move  with  it,  so  that  the  only  effect  of  tb 
will  be  to  increase  or  diminish  the  length  of  those  pai 
inner  cylinder  where  the  distribution  is  similar  to  tt 
infinite  cylinder. 

Hence  the  whole  energy  of  the  system  will  be,  so 
depends  on  x, 
Q  =  \a(l  +  x)  iC~Af+hfi{l-x)  ((7-Bf+ quantities 
independent  t 
and  the  reaaltant  force  parallel  to  tiie  axis  of  the  cylinders 
energy  is  expressed  in  terms  of  the  potentials  will  by  Ai 

X=^  =  t.(C-^)'-J^(C-B)'. 

If  the  cylindetB  A  and  B  are  of  equal  section,  a  =  j3, 
Z  =  a(B~A)(C~i(A+B)). 
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A  is  zero,  and  thai  of  JB  and  C  is  Y^  then  the  quantity  of  elec- 
tridty  on  ^  wiU  be      i:,  =  (5,3+ «(;  +  „;))  F; 

where  913  is  a  quantity  depending  on  the  distribution  of  electricity 
on  the  ends  of  the  cylinder  but  not  upon  x^  so  that  by  moving  C 
to  the  right  till  x  becomes  a;  +  f  the  capacity  of  the  cylinder  C 
becomes  increased  by  the  definite  quantity  af  ,  where 

1 
a= J, 

2log- 
a  and  h  being  the  radii  of  the  opposed  cylindric  surfiEU^es. 
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CHAPTER  IX. 

SPHEEIOAL  HA.BHONICS. 

128.]  The  maihem&tical  theory  of  spherical  barmc 
been  made  the  subject  of  several  special  treatisee.  The  B 
der  Kugdfunctionen  of  Dr.  E.  Heine,  which  is  the  most 
work  on  the  subject,  has  now  (1878]  reached  a  second  e 
two  volumes,  and  Bh  F.  Neumann  has  published  bis 
zur  Theorie  der  Kugelfunctionen  (Leipzig,  Teubner,  18i 
treatment  of  the  subject  in  Thomson  and  Tait's  Naiur 
Bopky  is  considerably  improved  in  the  second  edition  (1 
Mr.  Todhaater's  Elementary  Treatise  on  Laplace's  F 
Lam^e  Functions,  and  Beuad'e  Functions,  together  ■ 
Ferrers'  Elementary  Treatise  on  Spherical  Harmoi 
Bubjects  connected  witk  them,  have  rendered  it  unneo 
devote  much  space  in  a  book  on  electricity  to  the  pure! 
matical  development  of  the  subject. 

I  have  retained    however   the   specification  of  a 
harmonic  in  terms  of  its  poles. 
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mathematical  point.  We  have  already  (Arts.  55,  81)  Bhewn  that 
there  is  a  limit  to  the  surface-density  of  electricity,  bo  that  it  is 
physically  impossible  to  place  a  finite  charge  of  electricity  on  a 
sphere  of  less  than  a  certain  radius. 

Nevertheless,  as  the  equation  (1)  represents  a  possible  distri- 
bution of  potential  in  the  space  surrounding  a  sphere,  we  may 
for  mathematical  purposes  treat  it  as  if  it  arose  from  a  charge  Aq 
condensed  at  the  mathematical  point  (a,  6,  c),  and  we  may  call 
the  point  a  singular  point  of  order  zero. 

There  are  other  kinds  of  singular  points,  the  properties  of 
^prtiich  we  shall  presently  investigate,  but  before  doing  so  we  must 
define  certain  expressions  which  we  shall  find  useful  in  dealing 
with  directions  in  space,  and  with  the  points  on  a  sphere  which 
conespond  to  them. 

129  6.]  An  axia  is  any  definite  direction  in  space.  We  may 
suppose  it  defined  by  a  mark  made  on  the  surface  of  a  sphere  at 
the  point  where  the  radius  drawn/rom  the  centre  in  the  direction 
of  the  axis  meets  the  surface.  This  point  is  called  the  Pole  of 
the  axis.    An  axis  has  therefore  one  pole  only,  not  two. 

If  M  is  the  cosine  of  the  angle  between  the  axis  h  and  any 
vector  r,  and  if  ^  -  ^  r,  (3) 

p  is  the  resolved  part  of  r  in  the  direction  of  the  axis  h. 

Different  axes  are  distinguished  by  different  suffixes,  and  the 
cosine  of  the  angle  between  two  axes  is  denoted  by  A^^,  where 
m  and  n  are  the  suffixes  specifying  the  axis. 

Differentiation  with  respect  to  an  axis,  h,  whose  direction 
cosines  are  i,  Jf  ,  i^T,  is  denoted  by 

dh^     dx         dy         dz  ^  ' 

From  these  definitions  it  is  evident  that 

<^P-  _  A      -  *^^?  ^6^ 

-dh, r ^^^ 

If  we  now  suppose  that  the  potential  at  the  point  (x,  y^  z)  due 
to  a  singular  point  of  any  order  placed  at  the  origin  is 

Af{x,  y,  z)y 
o  % 
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then  if  such  a  point  be  placed  at  the  extremity  of  tl 
the  potential  at  (x,  y,  z)  will  be 

A/[(x~Lh),  (y-Mh),  iz~Nh)l 
and  if  a  point  in  all  respects  the  eome,  except  that  the  e 
IB  reversed,  be  placed  at  the  origin,  the  potential  due  to 
of  points  will  be 

V=Af[{x-Lk).  (y-Mh).  {z-Nh)]~Af{x.y, 

=  ~Ah-^,f{x,  y,  2)  +  tenQfl  containing  A'. 

.  If  we  now  dimiuiBh  h  and  increase  A  without  limit,  t 
duct  oontinning  finite  and  equal  to  A\  the  ultimate  vali 
potential  of  the  pair  of  points  will  be 

If/(x,  y,  z)  satisfies  Laplace's  equation,  then,  since  this 
is  linear,  V,  which  is  the  difference  of  two  functions, 
which  separately  satisfies  the  equation,  must  itself  satisf 

129  c]  Now  the  potential  due  to  a  singular  point  of  oi 

satisfies  Laplace's  equation,  therefore  every  function  fom 
this  by  differentiation  with  respect  to  any  number  of 
succession  must  also  satisfy  that  equation. 

A  point  of  the  first  order  may  be  formed  by  taking  t? 
of  order  zero,  having  equal  and  opposite  charges  —A^ 
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whoee  moment  is  ^j,  and  then  diminishing  h^  and  increasing  Ai » 
•othat  A,h,=  iA„  (11) 

we  obtain  a  point  of  the  second  order,  whose  potential  is 

^^^j3m^..  (12) 

We  may  call  a  point  of  the  second  order  a  quadruple  point 
because  it  is  constructed  by  making  four  points  of  order  zero 
approach  each  other.  It  has  two  axes  h^  and  h^  and  a  moment 
A^.  The  directions  of  these  axes  and  the  magnitude  of  the 
moment  completely  define  the  nature  of  the  point. 

By  differentiating  with  respect  to  n  axes  in  succession  we 
obtain  the  potential  due  to  a  point  of  the  n^  order.  It  will  be 
the  product  of  three  factors,  a  constant,  a  certain  combination  of 
coainee,  and  r^*"*"^).  It  is  convenient,  for  reasons  which  will 
appear  as  we  go  on,  to  make  the  numerical  value  of  the  constant 
such  that  when  all  the  axes  coincide  with  the  vector,  the  co- 
efficient of  the  moment  is  r~('' "*"*>.  We  therefore  divide  by  n 
when  we  differentiate  with  respect  to  A». 

In  this  way  we  obtain  a  definite  numerical  value  for  a  par- 
ticular potential,  to  which  we  restrict  the  name  of  The  Solid 
Harmonic  of  degree  —  (w+l),  namely 

^'■"^     ^^  1.2.3...7idAi'dA2"'dA/r*  ^^^^ 

If  this  quantity  is  multiplied  by  a  constant  it  is  still  the 
potential  due  to  a  certain  point  of  the  n^  order. 

129(2.]  The  result  of  the  operation  (13)  is  of  the  form 

TJ=Xr-<-+^),  (14) 

where  1^  is  a  function  of  the  n  cosines  /Ai...Mii  of  the  angles 
between  r  and  the  n  axes,  and  of  the  i  n  (n—  1)  cosines  X^^ ,  &c. 
of  the  angles  between  pairs  of  the  axes. 

If  we  consider  the  directions  of  r  and  the  n  axes  as  determined 
by  points  on  a  spherical  surface,  we  may  regard  1^  as  a  quantity 
varying  from  point  to  point  on  that  surfekce,  being  a  function  of  the 
|7i(n+  1)  distances  between  the  n  poles  of  the  axes  and  the  pole 
of  the  vector.  We  therefore  call  Xk  "^^  Surface  Harmonic  of 
order  n. 

180  a.]  We  have  next  to  shew  that  to  every  surface-harmonic 
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of  Order  It  there  corresponds  not  only  a  solid  harmonio  ol 
•-(71+  I)  bat  another  of  degree  n,  or  that 

satisfies  Laplace's  equation. 
dH. 


For 


efa 


-•  =  (2n+  !)»*-■  a!^+r«-"^, 


'^  =  (2n+l)[(2».-l)«'  +  )']l*-'IC+2(2n+l)r'-' 


Hence 

dx 

'^ 

+  2(2„+.),.-.(,g+3 


Now,  since  t^  is  a  homogeneous  function  of  x,  y,  a 
negative  degree  m+1, 

dV,       dX  ,    dV,         ,       ,.„ 

The  first  two  terms  therefore  of  the  right-hand  me 
equation  (16)  destroy  each  other,  and,  since  ^  Batisfies  I 
equation,  the  third  term  is  zero,  80  that  H^  also  satisfies  I 
equation,  and  is  therefore  s  Bolid  harmonic  of  d^ree  n. 

This  is  a  particular  case  of  the  more  general  the 
electrical  inversion,  which  asserts  that  if  F  (x,  y,  z)  is  a 
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observe  that  K^  the  general  rational  homogeneous  function  of 
d^;ree  n,  contains  \(n+l)  (n  +  2)  terms.  But  V^K  is  a  homo- 
geneous function  of  degree  n^2,  and  therefore  contains  \n(n^l) 
terms^  and  the  condition  V^K  =  0  requires  that  each  of  these 
must  vanish.  There  are  therefore  ^11(^—1)  equations  between 
the  coefficients  of  the  i{n+l)(n'^2)  terms  of  the  function  K, 
leaving  2ti»  +  1  independent  constants  in  the  most  general  form 
of  the  homogeneous  function  of  degree  n  which  satisfies  Laplace's 
equation.  But  H^,  when  multiplied  by  an  arbitrary  constant, 
satisfies  the  required  conditions,  and  has  2n+l  arbitraiy  con- 
stants.   It  is  therefore  of  the  most  genei'al  foim. 

131a.]  We  are  now  able  to  form  a  distribution  of  potential 
such  that  neither  the  potential  itself  nor  its  first  derivatives 
become  infinite  at  any  point. 

The  function  TJ  =  ^r^*+^)  satisfies  the  condition  of  vanishing 
at  infinity,  but  becomes  infinite  at  the  origin. 

The  function  H^^  ^  r"  is  finite  and  continuous  at  finite  dis- 
tances from  the  origin,  but  does  not  vanish  at  an  infinite  distance. 

But  if  we  make  a^I^r'^*"*"^)  the  potential  at  all  points  outside 

a  sphere  whose  centre  is  the  origin,  and  whose  radius  is  a,  and 

a-("'*'^)^r*  the  potential  at  all  points  within  the  sphere,  and  if 

on  the  sphere  itself  we  suppose  electricity  spread  with  a  surface 

density  o-  such  that 

4ircra2  =  (2n+l):^,  (18) 

then  all  the  conditions  will  be  satisfied  for  the  potential  due  to 
a  shell  charged  in  this  manner. 

For  the  potential  is  everywhere  finite  and  continuous,  and 
vanishes  at  an  infinite  distance ;  its  first  derivatives  are  every- 
where finite  and  are  continuous  except  at  the  charged  surface, 
where  they  satisfy  the  equation 

dV      dV  ,    , 

_  +  __+4..=  0.  (19) 

and  Laplace's  equation  is  satisfied  at  all  points  both  inude  and 
outside  of  the  sphere. 

This,  therefore,  is  a  distribution  of  potential  which  satisfies 
the  conditions,  and  by  Art.  100  c  it  is  the  only  distribution  which 
can  satisfy  them. 

131  6.]  The  potential  due  to  a  sphere  of  radius  a  whose  surface- 
density  is  given  by  the  equation 

47raV  =  (2/1+1)1;,  (20) 
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ia,  at  all  points  external  to  the  sphere,  ide&tioal  with  tba 
the  corresponding  singular  point  of  order  n. 

Let  us  now  suppose  that  there  is  an  electrical  systei 
we  may  call  E,  external  to  the  sphere,  and  that  4'  is  the  ] 
due  to  this  system,  and  let  us  find  the  value  of  S(4'e) 
singular  point.  This  is  the  part  of  the  electrio  energy  dc 
on  the  action  of  the  external  system  on  the  singular  pou 

If  A^  is  the  charge  of  a  singular  point  of  order  zero,  1 
potential  energy  in  question  is- 

If  there  are  two  such  points,  a  negative  one  at  th 
and  a  positive  one  of  equal  numerical  value  at  the  extr 
the  axis  A, ,  then  the  potential  energy  will  be 

and  when  A^  increasee  and  ^  diminiahee  indefinitely,  but 
jigAj  =  A^ ,  the  value  of  the  potential  energy  for  a  poin 
first  order  will  be 


Similarly  for  a  point  of  order  n  the  potential  energy  ^ 

w_         ^         A        ^'^       * 
■~  \. 2.. .71     'dk^...dh^    ' 

181  c]  If  we  suppose  the  charge  of  the  external  s; 
be  made  up  of  parts,  any  one  of  which  is  denoted  by 
that  of  the  singular  point  of  order  n  to  be  made  up 
any  one  of  which  is  de,  then 
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Similarly,  if  ads  is  the  charge  on  an  element  da  of  the  shell, 
BBee  the  potential  due  to  the  shell  at  the  external  system  E 
is  J^t  we  have 

T»i=  2  iZdE)  =  22  {^dEads)  =  2  (*<rc2a).  (27) 

The  last  term  contains  a  summation  to  be  extended  over  the 

surface  of  the  sphere.    Equating  it  to  the  first  expression  for  Tl^, 

we  have  rr 

JJ^ad8z=:l{^de) 

~nl    *dki...dh/  ^    ' 

If  we  remember  that  4ircra*=  (2n+  1)1^,  and  that  -4,,  =  a",  this 
becomes  ,  . 

This  equation  reduces  the  operation  of  taking  the  surface 
integral  of  "^Y^da  over  every  element  of  the  surface  of  a  sphere  of 
radius  a,  to  that  of  differentiating  4^  with  respect  to  the  n  axes 
of  the  harmonic  and  taking  the  value  of  the  differential  coeffi- 
cient at  the  centre  of  the  sphere,  provided  that  4^  satisfies 
Laplace's  equation  at  all  points  within  the  sphere,  and  I^  is  a 
surface  harmonic  of  order  n, 

182.]  Let  us  now  suppose  that  4^  is  a  solid  harmonic  of  positive 
degree  m  of  the  form         ,  ^^    ^  ,^^, 

At  the  spherical  surface,  r^a^  and  4^  =  }][.,  so  that  equation 
(29)  becomes  in  this  case 

where  the  value  of  the  differential  coefficient  is  to  be  taken  at 
the  centre  of  the  sphere. 

When  n  is  less  than  m,  the  result  of  the  differentiation  is  a 
homogeneous  function  of  x,  y,  and  z  of  degree  m— n,  the  value  of 
which  at  the  centre  of  the  sphere  is  zero.  If  n  is  equal  to  m  the 
result  of  the  differentiation  is  a  constant,  the  value  of  which  we 
shall  determine  in  Art.  134.    If  the  differentiation  is  carried 

further,  the  result  is  zero.     Hence  the  surface-integi*al  I  IXm^m^ 
vanishes  whenever  m  and  n  ai-e  different. 

The  steps  by  which  we  have  arrived  at  this  result  are  all  of 


// 


202  6PHBBI0AL  HABHONICS. 

them  purely  mathematical,  for  though  we  have  made  uee 
having  a  physical  meaning,  sncb  as  electrical  energyj 
these  terms  is  regarded  not  as  a  physical  phenomena 
investigated,  but  as  a  definite  mathematical  expresi 
mathematician  has  as  much  right  to  make  use  of  these  i 
other  mathematical  functions  which  he  may  find  usefi 
physicist,  when  he  has  to  follow  a  mathematical  calcnla 
understand  it  all  the  better  if  each  of  the  steps  of  the  ca 
admits  of  a  physical  interpretation. 

133.]  We  shall  now  determine  the  form  of  the  sur 
monic  I^  as  a  function  of  the  position  of  a  point  P  on  tl 
with  respect  to  the  n  poles  of  the  harmonic. 

We  have 

IJ  =  I Mif-sfa -  i  (fh^ta  +  l*s^3i  +^3*111). ' 
and  so  on. 

Every  term  of  T,  therefore  consists  of  products  ol 
those  of  the  form  ^i,  with  a  single  suffix,  being  cosint 
angles  between  f  and  the  different  poles,  and  those  of 
A,  with  double  suffixes,  being  cosines  of  the  angles  bet 
poles. 

Since  each  axis  is  introduced  by  one  of  the  n  diSerei 
the  symbol  of  that  axis  must  occur  once  and  only  one 
the  suffixes  of  the  cosines  of  each  term. 

Hence  if  in  any  term  there  are  8  cosines  with  double 
there  must  be  ii~2a  cosines  with  single  suffixes. 

Let  the  sum  of  all  products  of  cosines  in  which  8  of  tl 
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Let  as  now  assume  that  for  a  particular  value  of  n 
Z=A,,^^  Oi-)  +  il,.i2  (^-^Ai)  +  &c. 

+  ^...2(^i-«'V)  +  &c,  (34) 

where  the  A*&  are  numerical  coefficients.    We  may  write  the 
series  in  the  abbreviated  form 

Ii  =  fif[^..2(M-»'A')],  ^  (35) 

where  8  indicates  a  summation  in  which  all  values  of  8,  including 
zero,  not  greater  than  In^  are  to  be  taken. 

To  obtain  the  corresponding  solid  harmonic  of  negative  degree 
(n+  1)  and  order  n,  we  multiply  by  r"^***"*),  and  obtain 

F.  =  -Sf[.l...r»-^-»2(p-«'A')].  (36) 

putting  rfi  =  j>,  as  in  equation  (3). 

If  we  differentiate  J^  with  respect  to  a  new  axis  h^  we  obtain 
— (n+  1)  TJ+j,  and  therefore 

_^^^^.-2-12(p-2.-ia;;;^')].    (37) 

If  we  wish  to  obtain  the  terms  containing  8  cosines  with 
double  suffixes,  we  must  diminish  e  by  unity  in  the  last  term, 
and  we  find 
{n+  1)  K^,  =  5[r2-«-'3  {^...(2n-28+  1)2(2>:-''^V) 

-^,...,2(p-«'^U'J)].       (38) 

Now  the  two  classes  of  products  are  not  distinguished  from 
each  other  in  any  way  except  that  the  suffix  m  occurs  among 
the  p's  in  one  and  amoug  the  X's  in  the  other.  Hence  their 
coefficients  must  be  the  same,  and  since  we  ought  to  be  able  to 
obtain  the  same  result  by  putting  n+t  for  n  in  the  expression 
for  \  and  multiplying  by  7i+  I»  we  obtain  the  following  equa- 
tions,       (^+  1)  A.^,,.  =  (27^-28+  l)il...  =  -^....x.  (39) 

If  we  put  «  =  0,  we  obtain 

(n+l)il.+,.o=(27i+l)^..o;  (40) 

and  therefore,  since  Aj^,q  =  1, 

A      =-1^-  (41) 

and  from  this  yte  obtain  the  general  value  of  the  coefficient 

(271-2.)!      . 
^...-(-l^g—Tilln-s)  '  ^  ^^ 

and  finally  the  trigonometrical  expression  for  the  surface  har* 
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monic,  as       '  /2«._aHM 

g=^t(-.)-^i':„:T.),xfr--v)]'. 

This  expression  gives  tbe  value  of  the  surface  barmon 
point  P  of  the  spherical  surface  in  terms  of  the  eoein 
distances  of  P  from  the  different  poles  and  of  the  cUs 
the  poles  from  es«h  other. 

It  is  easy  to  see  that  if  any  one  of  the  poles  be  res 
tbe  opposite  point  of  the  epberical  surface,  the  value  of 
monic  will  have  its  sign  reversed.  For  any  cosine  invoi 
index  of  this  pole  will  have  ita  sign  reversed,  and  in  e 
of  the  harmonic  tbe  index  of  the  pole  occurs  once  and  o: 

Hence  if  two  or  any  even  number  of  poles  are  remov 
points  respectively  opposite  to  them,  the  value  of  the  1 
will  be  unaltered. 

Professor  Sylvester  baa  shewn  {PkU.  Mag.,  Oct.  18 
when  the  harmonic  is  given,  tbe  problem  of  finding  tb 
which  coincide  with  tbe  axes  has  one  and  only  one 
though,  as  we  have  just  seen,  the  directions  to  be  : 
positive  along  these  axes  may  be  reversed  iu  pairs. 

134.]  We  are  now  able  to  determine  the  value  of  tb 

Y^  y^da  when  the  order  of  tbe  two  surface  h 

is  the  same,  though  the  directions  of  their  axes  may  be  ii 
different. 

For  this  purpose  we  have  to  form  tbe  solid  harmonic 
to  differentiate  it  with  respect  to  each  of  the  n  axes  of  ] 

Any  term   of  I^r"  of  the  form  r",i»-^'x«  may  be 


int^iral  /  / ' 
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with  respeet  to  a  of  these  axes  we  introduce  6  of  the  p^'s,  and 
the  numerical  factor 

2«(2«— 2)...2,  or  2*8l. 

In  continuing  the  differentiation  with  respect  to  the  next  8  axes, 
the  pj%  become  converted  into  X«m's,  but  no  numerical  factor  is 
intaroduoedy  and  in  differentiating  with  respect  to  the  remaining 
n^28  axes,  the  pjs  become  converted  into  X««'s^  so  that  the 

result  is  2-« !  X^X*   X")"*'. 

We  have  therefore,  by  equation  (31), 

and  by  eqaation  (43), 

T.'- = s[(-  nJZn^-.,  I  ^  (--p:-o]  ■    («) 

Hence,  performing  the  differentiations  and  remembering  that 
fii  s=  71,  we  find 

ffX:T,ds  =  —^^^s\{- ly  (?5zM!i|2 (x;:^x;,x:;-)l .  (46) 

JJ  {2n+l){niy    L  2*~^*(n— 8)1     ^  «w»  »»  «»n   /j     \     / 

135  a.]  The  expression  (46)  for  the  surface-integral  of  the  pro- 
duct of  two  surface-harmonics  assumes  a  i-emarkable  form  if  we 
suppose  all  the  axes  of  one  of  the  harmonics,  I^,  to  coincide  with 
each  other,  so  that  }^  becomes  what  we  shall  afterwards  define 
as  the  zonal  harmonic  of  order  vi,  denoted  by  the  symbol  i^. 

In  this  case  all  the  cosines  of  the  form  X.^  may  be  written  fi., 
where  /i«  denotes  the  cosine  of  the  foigle  between  the  common 
axis  of  .i^  and  one  of  the  axes  of  }^.  The  cosines  of  the  form 
X.MI  '^iU  ^  become  equal  to  unity,  so  that  for  2X^  we  must 

put  the  number  of  combinations  of  8  symbols,  each  of  which  is 
distinguished  by  two  suffixes  out  of  n^  no  suffix  being  repeated. 
Hence  ,  ml         ^  .    . 

^^"-2*8  1(71-28)1   •  ^  ^ 


*    ]  We  can  tee  this  if  we  consider  how  many  permutations  of  the  suffixes  of  one 

tenn  in  the  expression  SX||^  we  can  form.  The  suffixes  consist  of  «  groups  of  two 
mnnbers  each,  by  altering  Uie  order  of  the  groups  we  can  form  •  t  arrangemMita,  and 
by  iiitercliangiDg  the  order  of  the  numbers  inside  the  groups  we  can  form  from  any 
one  of  these  arrangements  2*  other  arrangements,  so  that  from  each  of  the  groups  of 
Boffixes  we  can  get  2'« !  arrangements  ;  thus,  if  ^  be  the  number  of  terms  in  the  series 
SV  ,  JV2'  « t  arrangements  of  the  n  numbers  taken  2  «  at  a  time  may  be  made,  but  the 
whole  number  of  arrangements  thus  made  is  evidently  the  number  of  permutations  of 


fl- 
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The  number  of  pernautationa  of  the  remaiuiog  n—  28 
the  axes  of  ij,  is  (u— 28)1    Hence 

^(C'")  =  ('>-2»)lc— ■■ 
Equation  (46)  therefore  becomes,  when  aU   the  az 
coincide  with  each  other, 

7,p,d. = „""'  ,^f(-in'.l':r"\',^fr-'' 

"  "  [2n+\)nl     L        '2"  '(n-a)!    ^'^ 

where  ^(^  denotes  the  value  of  ^  at  the  pole  of  JJ,. 

We  may  obtain  the  same  result  by  the  followinj 
process : — 

Let  a  syateni  of  rectangular  coordinates  be  taken  so 
axis  of  z  coincides  with  the  axis  of  j^,  and  let  ^r"  be  ( 
as  a  homogeneous  function  of  x,  y,  z  of  d^ree  n. 

At  the  pole  of  i^,  x  =  y  ^  0  and  z  =  r,  bo  that  if  C 
tenn  not  involving  xot  y,C  is  the  value  of  Xt  &t  the  pt 

Equation  (31)  becomes  in  tiiis  case 

As  m  is  equal  to  n,  the  result  of  differentiating  Cs*  is ' 
is  zero  for  the  other  terms.     Hence 

/  ^  "  211  +  1 

C  being  the  value  of  T^  at  the  pole  of  P^ . 

135  i.]  This  result  is  a  very  important  one  in  the  t 


11^ 


If^ 
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da  of  the  Bur&ce  a  zonal  harmonic  is  constructed  having  its  pole 
at  Q  and  having  a  coefficient  Fds. 

We  shall  thus  have  a  system  of  zonal  harmonics  superposed 
on  each  other  with  their  poles  at  every  point  of  the  sphere  where 
F  has  a  value.  Since  each  of  these  is  a  multiple  of  a  surface 
harmonic  of  order  n,  their  sum  is  a  multiple  of  a  surface  har- 
monic (not  necessarily  zonal)  of  order  n. 

The  surface  integral  /  /  FP^ds  considered  as  a  function  of  the 

point  P  is  therefore  a  multiple  of  a  surface  harmonic  ^ ;  so  that 

is  also  that  particular  surface  harmonic  of  the  n^  order  which 
belongs  to  the  series  of  harmonics  which  expresses  F,  provided 
^can  be  so  expressed. 

For  if  F  can  be  expressed  in  the  form 

i^=^IJ+i4iIJ+&c.  +  i4,^  +  &c., 

then  if  we  multiply  by  P^ds  and  take  the  surface  integral  over 
the  whole  sphere,  all  terms  involving  products  of  harmonics  of 
different  orders  will  vanish,  leaving 


// 


^''•'>'  =  2%^-^- 


Hence  the  only  possible  expansion  of  F  in  spherical  harmonics  is 
F=  ^J /Ti^ijd«  +  &c.  +  (2n+l)/7i^^^  (61) 

Conjugate  Harmonics. 

136.]  We  have  seen  that  the  surface  integral  of  the  product  of 
two  harmonics  of  different  orders  is  always  zero.  But  even 
when  the  two  harmonics  are  of  the  same  order,  the  surface 
intend  of  tbeir  product  may  be  zero.  The  two  harmonics  are 
then  said  to  be  conjugate  to  each  other.  The  condition  of  two 
harmonics  of  the  same  order  being  conjugate  to  each  other  is 
expressed  in  terms  of  equation  (46)  by  making  its  members  equal 
to  zero. 

If  one  of  the  harmonics  is  zonal,  the  condition  of  conjugacy  is 
that  the  value  of  the  other  harmonic  at  the  pole  of  the  zonal 
harmonic  must  be  zero. 

If  we  b^in  with  a  given  harmonic  of  the  n^  order,  then,  in 
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order  that  a  second  harmonic  may  be  oonjngato  to  il 
variableB  must  satisfy  one  condition. 

If  a  third  harmonic  is  to  be  conjogatc  to  both,  Ita  2ni 
must  satisfy  two  cooditione.  If  ve  go  on  constnicting  bt 
each  of  which  is  coiyugate  to  all  those  before  it,  the  ai 
cocditions  for  each  will  be  equal  to  the  nomber  of  h 
already  in  existence,  so  that  the  (2n+l)'''  harmonic  v 
2n  conditions  to  satisfy  by  means  of  its  211  variables, 
therefore  be  completely  determined. 

Any  multiple  AX,ot  b  surface  harmonic  of  the  n***  o 
be  expressed  as  the  sum  of  multiples  of  any  set  of  2n 
jugate  harmonics  of  the  same  order,  for  the  ooeSicie&l 
2n+l  conjugate  harmonics  are  a  set  of  disposable  q 
equal  in  number  to  the  2n  variables  of  ^  and  the  coefl 

In  order  to  find  the  coefficient  of  any  one  of  the  o 
harmonics,  say  T^  suppose  that 

AZ=Aa7l  +  &e.  +  A,7l+&a. 
Multiply  by  F^  (2s  and  find  the  aarfaoe  integral  over  th 
All  the  terms  involving  products  of  harmonics  conjugate 
other  will  vanish,  leaving 


AfjT.7:dB  =  A.Jf{T-Jdi,, 


an  equation  which  determines  A,. 

Hence  if  we  suppose  a  set  of  2n  +  l  conjugate  b 
given,  any  other  harmonic  of  the  n*^  order  can  be  expi 
terms  of  them,  and  this  only  in  one  way.  Hence 
harmonic  can  be  conjugate  to  all  of  them. 
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The  system  which  has  been  actually  adopted  by  all  mathe* 
maticians  (including  Thomson  and  Tait)  is  that  in  which  n— o- 
of  the  poles  are  made  to  coincide  at  a  point  which  we  may  call 
the  Positive  Pole  of  the  sphere,  and  the  remaining  o-  poles  are 
placed  at  equal  distances  round  the  equator  when  their  number 
18  odd,  or  at  equal  distances  round  one  half  of  the  equator  when 
their  number  is  even. 

In  this  case  m^,  M29  •••  M»-<r  &^6  ^^^^  of  them  equal  to  cos 0,  which 
we  shall  denote  by  /i.  If  we  also  write  v  for  sin^,fA«_o.+i}  •••  /^» 
are  of  the  form  v  cos  (^^)3),  where  fi  is  the  azimuth  of  one  of  the 
poles  on  the  equator. 

Also  the  value  of  \p^  is  unity  if  p  and  q  are  both  less  than 
n^a,  zero  when  one  is  greater  and  the  other  less  than  this 
number,  and  cos  8  Tt/a-  when  both  are  greater,  8  being  an  integral 
number  less  than  <r. 

138.]  When  all  the  poles  coincide  at  the  pole  of  the  sphere, 
or  =  0,  and  the  harmonic  is  called  a  Zonal  harmonic.  As  the 
zonal  harmonic  is  of  great  importance  we  shall  reserve  for  it  the 
symbol  li. 

We  may  obtain  its  value  either  from  the  trigonometrical 
expression  (43)  or  more  directly  by  differentiation,  thus 


_  1 .3.5...(2n-l)r  ^       yi(7i— 1)     ._ 
"  ""        1 . 2  .  3  ...  n       L'^  ■"  2.(271-1)'^ 


(271-1) 

n(n-l)(n-2)(7i-3)   ^,,^^  1 
2.4.(2n-l)(2n-3)'^  J 

L^       ^  2*^I(7t-p)I(n-2j9)!^       J  ^     ' 

where  we  must  give  to  p  every  integral  value  from  zero  to  the 
greatest  integer  which  does  not  exceed  ^n. 

It  is  sometimes  convenient  to  express  i^  as  a  homogeneous 
function  of  cos  d  and  sin  6,  or,  as  we  write  them,  m  and  r, 

It  is  shewn  in  the  mathematical  treatises  on  this  subject  that 
VOL,  I.  P 
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ii(f*)  IB  the  coefficient  of  h'  in  the  expansion  of  (1  -  2^, 
{and  that  it  is  also  equal  to  — ; — :  j-^ (**"  —  ^ )" } ■ 
The  surface  integral  of  the  square  of  the  zonal  harmo 

Hence  J*'(i>.W)<<i^  =  _i_. 

139.]  If  we  consider  a  iwnal  harmonic  simply  as  a 
of  y^  and  without  any  explicit  reference  to  a  spherical  e 
may  be  called  a  Legendre's  Coeflicient. 

If  we  consider  the  zonal  harmonic  as  existing  on  a 
surface  the  points  of  which  are  defined  by  the  coordinate 
and  if  we  suppose  the  pole  of  the  zonal  haroionio  to  he  at 
{6',  </.'),  then  the  value  of  the  zonal  harmonic  at  the  pc 
is  a  function  of  the  four  angles  ^,  0',  0,  <)>,  and  becau 
function  of  fi,  the  cosine  of  the  arc  joining  the  points  | 
(0',  (ft'),  it  will  be  unchanged  in  value  if  0  and  6',  and  also 
are  made  to  change  places.  The  zonal  harmonic  bo  expi 
been  called  Laplace's  Coefficient.  Thomson  and  Tait  < 
Biaxal  Harmonic. 

Any  homogeneous  function  of  x,  y,  z  which  satisfies 
equation  may  be  called  a  Solid  harmonic,  and  the  value 
harmonic  at  the  surface  of  a  sphere  whose  centre  is  the  o 
be  called  a  Surface  harmonic.  In  this  book  we  have 
surface  harmonic  by  means  of  its  n  poles,  so  that  it  hai 
variables.    The  more  general  surface  harmonic,  which  I 


e«« 
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TUb  equals 

W  ■"  dri  ^  '"^'"''m-  -  dr\ '        ^''^ 


COB  <ra 


If  o-  is  even  we  may  prove  that  the  operation  of  differentiating 
may  be  written 

/     tx^J  -z^'        ^'\       •        rd'       d' ^) 

(-1)^   lcosaa.z(j^^-^^J)-^Binaa(j^  +  —)i^.      (59) 

Thus,  if   i(y^  -  3I-)  =s  2)8,        ^  +  -f^  =  Dc, 

we  may  express  the  operation  of  differentiating  with  respect  to  the 

<r  axes  in  terms  of  Da,  Dc,    These  are,  of  course,  real  operations, 
and  may  be  expressed  without  the  use  of  imaginary  symbols^  thus : 

^'^^  =  ^d^^Ty  -         1.2:3        d^^l^  +  ^-^         (^^) 

doif         1.2     daf-^dy^  ^     ' 

We  shall  also  write 

D8  =  D8,    and     ;T-ir- ^c  =  Dc ;  (62) 


cte"-'  n'  dz* 

so  that  Ds  and  Z>c  denote  the  operations  of  differentiating  with 

respect  to  n  axes,  11— o-  of  which  coincide  with  the  axis  of  z, 
while  the  remaining  <r  make  equal  angles  with  each  other  in  the 

(<r) 

plane  of  xy,  Ds  being  used  when  the  axis  of  y  coincides  with 

"  (<r)  ^ 

one  of  the  axes,  and  Dc  when  the  axis  of  y  bisects  the  angle 

between  two  of  the  axes. 

The  two  tesseral  surface  harmonics  of  order  n  and  type  <r  may 
now  be  written        (.>  .  (.), 

n  n\  n  r 

>)  1  (<')  1 

rc  =  (-l)"  — r-+»i)ci.  (64) 

Writing    m  =  cos  ^,     v  =  sin  6,     p*  =  a:*  + 1/*,     r*  =  fry +i3^, 
so  that        z  =  fir,    p  —  vr^    x  =  p  cos  ^,    y  =  p  sin  ^, 

we  have  2^'Jl  =  (-i)-g£ili(,--f.)-J^^,  (65) 

P    2 
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in  whicb  we  may  write 

We  have  now  only  to  differentiate  witt  respect  to  z, 
may  do  so  as  to  obtain  the  result  either  in  terma  of  r  ai 
a  bomogeneouB  function  of  z  and  p  divided  by  a  power 

r (»-.)(»-.,- 1) 

L  2(211-1)  ^ 


<<-•      1     _,     ,,^(''  +  '')l     1 


■s= 


=  (-!)■ 


e« 


If  we  write 


l»)l    T"- 
4(^+1) 


-v+« 


L-._<"-')(''-'-i)  -. 

L"^  2(2»-l)        '^ 


-!)(»»- 


-2)(n-g-3)  ,_, 


and 


2.4{2n-l)(2«,-3) 


(n-g)(n— (r-l)(7i-o--2)(TC- 
4.8(a+l)(''  +  2) 


a.— ..-^ 
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We  must  remember  that  when  t  =  o,  sin  a^  =  0  and  cos  0-^  =  1. 
For  every  yalue  of  <r  from  1  to  ti  inclusive  there  is  a  pair  of 

JO)  (0) 

harmonics,  but  when  o-  =  0,  Fa  =  0,  and  Fc  =  i^,  the  zonal  har- 

n  n- 

monic  The  whole  number  of  harmonics  of  order  n  is  therefore 
2n  + 1,  as  it  ought  to  be. 

140  &.]  The  numerical  value  of  F  adopted  in  this  treatise  is 
that  which  we  find  by  differentiating  r~^  with  respect  to  the  n 
axes  and  dividing  by  n !  It  is  the  product  of  four  factors,  the 
sine  or  cosine  of  o-^,  i^,  a  function  of  fi  (or  of  fx  and  i^),  and  a 
numerical  coefficient. 

The  i»t>duct  of  the  second  and  third  factors,  that  is  to  say,  the 
part  depending  on  0^  has  been  expressed  in  terms  of  three  different 
symbols  which  differ  from  each  other  only  by  their  numerical 
factors.  When  it  is  expressed  as  the  product  of  u'  into  a  series 
of  descending  powers  of  fx>  the  first  term  being  m*"'j  it  is  the 
function  which  we,  following  Thomson  and  Tait,  denote  by  0. 

The  function  which  Heine  {Handbuch  der  Kugelfunctionenf 

§  47)  denotes  by  P^'*\  and  calls  eine  zugeordnete  Function  erster 
Art,  or,  as  Todhunter  translates  it,  an  'Associated  Function  of 
the  First  Kind,'  is  related  to  &^^^  by  the  equation 

e':'  =  (-ifit-'\  (75) 

The  series  of  descending  powers  of  fx,  beginning  with  fi*~',  is 

expressed  by  Heine  by  the  symbol  5p^"\  and  by  Todhunter  by  the 
symbol  «r(a,  n). 

This  series  may  also  be  expressed  in  two  other  forms, 

_  2''(n— (T)!n!  d^ 
"         (2/7)1         d^-*'       ^'^^^ 
The  last  of  these,  in  which  the  series  is  obtained  by  differentiating 
the  zonal  harmonic  with  respect  to  fx,  seems  to  have  suggested  the 

symbol  T^^^  adopted  by  Ferrers,  who  defines  it  thus 

r(^)  =  ^|Li,  =  _M!_^e<'>.  {7?) 

dfjL^   ■       2»(7i-(T)!7il     »»  ^     ^ 

When  the  same  quantity  is  expressed  as  a  homogeneous 
function  of  m  wid  ^^  ^^^  divided  by  the  coefficient  of  ijl^~'v',  it 
is  what  we  have  already  denoted  by  ^^^\ 
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140  c.]  The  harmoiiios  of  the  Bymmetrioal  system  li 
classified  b;  Thomson  and  Tait  with  reference  to  the  fo 
spherical  curres  at  which  they  become  zero. 

The  value  of  the  zonal  harmonic  at  any  point  of  the 
ft  function  of  the  cosine  of  the  polar  distance,  which  i 
to  zero  gives  an  equation  of  the  n"*  degree,  all  whom 
betwem  —  1  and  +  1,  and  therefore  correspond  to  m  pi 
latitade  on  the  sphere. 

The  zoneB  included  between  these  parallels  are  & 
positive  and  negative,  the  mrcle  surrounding  the  p 
always  positive. 

The  zonal  harmonic  is  therefore  suitable  for  ezp 
function  which  becomes  zero  at  certain  parallels  of  la 
the  sphere,  or  at  certain  conical  surfaces  in  space. 

The  other  harmonics  of  the  symmetrical  system  occui 
one  involving  the  cosine  and  the  other  the  sine  of  <r 
therefore  become  zero  at  <r  nteridian  circles  on  the  s] 
also  at  n— IT  parallels  of  latitude,  so  that  the  spherical 
divided  into  2tr{n  —  tr—  1)  quadrilaterals  or  tesserae,  togt 
4  <T  triangles  at  the  poles.  They  are  therefore  useful  in  i 
tions  relating  to  quadrilaterals  or  tesserae  on  the  sphen 
by  median  circles  and  parallels  of  latitude. 

They  are  all  called  Tesaeral  harmonics  except  the 
which  becomes  zero  at  n  meridian  circles  only,  which  ( 
spherical  suriace  into  2  n  sectors.  This  pair  are  theref 
Sectorial  harmonics. 

141.]  We  have  next  to  find  the  surface  integral  of  the 
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we  find  that  on  performing  the  differentiations  with  respect 
to  a,  all  the  terms  of  the  series  except  the  first  disappear,  and 
the  factor  (n— ir) !  is  introduced. 

Continuing  the  differentiations  with  respect  to  (  and  yj  we 
get  rid  also  of  these  variables  and  introduce  the  factor  —  2io-!,  so 
that  the  final  result  is 


IP: 


'■f^'^:^^^Si?^-         m 


V     ^      2n-|-l       2^^n\n\ 


We  shall  denote  the  second  member  of  this  equation  by  the 
abbreviated  symbol  [n,  a]. 

This  expression  is  correct  for  all  values  of  a-  from  1  to  n  inclu- 
sive, but  there  is  no  haimonic  in  sin  rr^  corresponding  to  <r  =  0. 

In  the  same  way  we  can  shew  that 

for  all  values  of  o-  from  1  to  n  inclusive. 

When  o-  =  0,  the  harmonic  becomes  the  zonal  harmonic,  and 

//(%'"-//«)■<-= ^.  ^      (") 

a  result  which  may  be  obtained  directly  from  equation  (50)  by 
putting  }^  =  j^  and  remembering  that  the  value  of  the  zonal 
harmonic  at  its  pole  is  unity. 

142  a.]  We  can  now  apply  the  method  of  Art.  1 36  to  determine 
the  coefficient  of  any  given  tesseral  surface  harmonic  in  the 
expansion  of  any  arbitrary  function  of  the  position  of  a  point  on 

a  sphere.     For  let  F  be  the  arbitrary  function,  and  let  A\  be  the 

coefficient  of  Y"^  in  the  expansion  of  this  function  in  surface 

harmonics  of  the  symmetrical  system,  then 

|y>yl'>rf,  =  A^^JJ{Y^':)dB  =  ^l'>[n,  .] ,  (83) 

where  [n,  a]  is  the  abbreviation  for  the  value  of  the  surface  in- 
tegral given  in  equation  (80). 

142  &.]  Let  4^  be  any  function  which  satisfies  Laplace's  equa- 
tion, and  which  has  no  singular  values  within  a  distance  a  of  a 
point  0,  which  we  may  take  as  the  origin  of  coordinates.  It 
is  always  possible  to  expand  such  a  function  in  a  series  of  solid 
harmonics  of  positive  degree,  having  their  origin  at  0. 
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One  w&y  of  doing  this  is  to  describe  a  sphere  about  0  i 
with  a  radius  less  than  a,  and  to  expand  the  value  of  the  ] 
at  the  surface  of  the  sphere  in  a  aeries  of  surface  ha 
Multiplying  each  of  these  harmonics  by  r/a  raised  to 
equal  to  the  onJer  of  the  surface  hannonic,  we  obtain 
harmonics  of  which  the  given  function  is  the  sum. 

But  a  more  convenient  method,  and  one  which  does  not 
integration,  is  by  differentiation  with  respect  to  the  axe 
harmonics  of  the  aymmetrical  system. 

For  instance,  let  us  suppose  that  in  the  expansion  of  4* 

a  term  of  the  form  Ac  Yc  r". 

If  we  perform  on  4'  and  on  its  expansion  the  operatioi 

and  put  X,  y,  z  equal  to  zero  after  differentiating,  all  t 
of  the  expansion  vanish  except  that  containing  Ac. 

Ebtpressing  the  operator  on  4*  in  terms  of  differentiatii 
respect  to  the  real  axes,  we  obtain  the  equation 

</-—[(/«•         1.2     dar'-Vy*  +  ^J 

-^^.  2^\ 

from  which  we  can  determine  the  coeffi<nent  of  any  1 
of  the  series  in  terms  of  the  differential  coefficients  ol 
respect  iax,y,z  at  the  origin. 

143.]  U  appears  from  equatioD  (3Q)  that  it  ia  aJwa^-a 
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paper,  and  this  di£ference  is  the  harmonic  of  the  second  type  in 
which  0-  =  1,  the  axis  being  perpendicular  to  the  paper. 

In  Fig.  YII  the  harmonic  is  also  of  the  third  order,  but  the 
axes  of  the  zonal  harmonics  of  which  it  is  the  sum  are  inclined  at 
90*,  and  the  result  is  not  of  any  type  of  the  symmetrical  system. 
One  of  the  nodal  lines  is  a  great  circle,  but  the  other  two  which 
are  intersected  by  it  ai*e  not  circles. 

Fig.  Yni  represents  the  difference  of  two  zonal  harmonics  of 
the  fourth  order  whose  axes  are  at  right  angles.  The  result  is  a 
teaseral  harmonic  for  which  ?i  =  4,  o-  =  2. 

Fig.  IX  represents  the  sum  of  the  same  zonal  harmonics.  The 
result  gives  some  notion  of  one  type  of  the  more  general  har- 
monic of  the  fourth  order.  In  this  type  the  nodal  line  on  the 
sphere  consists  of  six  ovals  not  intersecting  each  other.  Within 
these  ovals  the  harmonic  is  positive,  and  in  the  sextuply  con- 
nected part  of  the  spherical  surface  which  lies  outside  the  ovals, 
the  harmonic  is  negative. 

All  these  figures  are  orthogonal  projections  of  the  spherical 
surface. 

I  have  also  drawn  in  Fig.  V  a  plane  section  through  the  axis 
of  a  sphere^  to  shew  the  equipotential  surfaces  and  lines  of  force 
due  to  a  spherical  surface  electrified  according  to  the  values  of  a 
spherical  harmonic  of  the  first  order. 

Within  the  sphere  the  equipotential  surfaces  are  equidistant 
planes,  and  the  lines  of  force  are  straight  lines  parallel  to  the 
axis,  their  distances  from  the  axis  being  as  the  square  roots  of  the 
natural  numbers.  The  lines  outside  the  sphere  may  be  taken  as 
a  representation  of  those  which  would  be  due  to  the  earth's  mag- 
netism if  it  were  distributed  according  to  the  most  simple  type. 

144  a.]  We  are  now  able  to  determine  the  distribution  of 
electricity  on  a  spherical  conductor  under  the  action  of  electric 
forces  whose  potential  is  given. 

By  the  methods  already  given  we  expand  *,  the  potential  due 
to  the  given  forces^  in  a  series  of  solid  harmonics  of  positive 
degree  having  their  origin  at  the  centre  of  the  sphere. 

Let  -4„r"}^  be  one  of  these,  then  since  within  the  conducting 
sphere  the  potential  is  uniform,  there  must  be  a  term  —  il,jr*3^ 
arising  from  the  distribution  of  electricity  on  the  surface  of  the 
sphere,  and  therefore  in  ihe  expansion  of  47r<r  there  must  be  a 
term  4  7r<r„  =  (2n+ l)a"-M„I^. 
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Id  this  -way  we  can  determine  the  coefficients  of  the  bi 
of  all  orders  except  zero  in  the  expression  for  the  surfacf 
The  coefficient  corresponding  to  order  zero  depends  on  tb 
e,  of  the  sphere,  and  is  given  by  ittir^  =  a~*e. 

The  potential  of  the  sphere  is 


144  &.]  Let  uB  next  suppose  that  the  sphere  is  placf 
neighbourhood  of  conductors  connected  with  the  earth, 
Green's  Function,  0,  has  been  determined  in  terms  of  x 
a:',  y,  2',  the  coordinates  of  any  two  points  in  the  region 
the  sphere  is  placed. 

If  the  surface  density  on  the  sphere  is  expressed  Ie 
of  spherical  hajinonics,  then  the  electrical  phenomena  ot 
sphere,  arising  from  this  chaige  on  the  sphere,  are  ident 
those  arising  from  an  imaginary  series  of  singular  ] 
at  the  centre  of  the  sphere,  the  first  of  which  is  a  sin, 
having  a  charge  equal  to  that  of  the  sphere  and  the  o 
multiple  points  of  different  orders  corresponding  to  the  h 
which  express  the  surface  density. 

Let  Green's  function  be  denoted  by  (?,,-,  where  p  ind: 
point  whose  coordinates  are  x,  y,  z,  and  p'  the  point  v 
ordinates  are  af,  y',  z'. 

If  a  charge  A^  is  placed  at  the  point  p\  then,  co 
x',  y,  s'  as  constants,  G„-  becomes  a  function  of  x,y,z 
potential  arising  from  the  electricity  induced  on  aui 
bodies  by  A^\%  +  =  A^Q,^. 

If,  instead  of  placing  the  chargo  A    at  thu  point  j 
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Now  the  latter  expression,  by  equations  (13),  (14),  Arts.  129  c 

and  129ci  is  equal  to    ^_<,\n  a  ^"  _^fl_  1- 

^"^  ^''n\dh^,..dhy' 
or  the  potential  outside  the  sphere,  due  to  the  chai'ge  on  the 
surface  of  the  sphere,  is  equivalent  to  that  due  to  a  certain 
multiple  point  whose  axes  are  ^j...^.  and  whose  moment  is 

Hence  the  distribution  of  electricity  on  the  surrounding  con- 
ductors and  the  potential  due  to  this  distribution  is  the  same  as 
that  which  would  be  due  to  such  a  multiple  point. 

The  potential,  therefore,  at  the  point  p,  or  {Xy  t/,  z\  due  to  the 
induced  electrification  of  surrounding  bodies,  is 

♦•'(->*■'••?,  B^.»'       « 

where  the  accent  over  the  c2*s  indicates  that  the  differentiations 
are  to  be  performed  with  respect  to  x\  y',  2^.  These  coordinates  are 
afterwards  to  be  made  equal  to  those  of  the  centre  of  the  sphere. 
It  is  convenient  to  suppose  T^  broken  up  into  its  27i  + 1  con- 
stituents of  the  symmetrical  system.  Let  A^^^  Y^''^  be  one  of 
these,  then  df^        _  jy^^y  . 

It  is  unnecessary  here  to  supply  the  affix  8  or  c,  which  indicates 
whether  sin  o-^  or  cos  o*^  occurs  in  the  harmonic. 

We  may  now  write  the  complete  expression  for  4',  the  potential 
arising  from  induced  electrification, 

♦  =  ^G  +  22[(-  l)-4"^|i)^:>G].  (6) 

But  within  the  sphere  the  potential  is  constant,  or 

*  +  i  ^0  +  22  f-^  A'l'^  rH  =  constant  (7) 

Now  perform  on  this  expression  the  operation  D^^^\  where  the 

difierentiations  are  to  be  with  respect  to  x,  y,  0,  and  the  values 
of  n,  and  o-^  are  independent  of  those  of  n  and  a.     All  the  terms 

of  (7)  will  disappear  except  that  in  Y^p\  and  we  find 

=  ^Z)<:;>G  +  22[(-l)M:^ji)<-^^^^^         (8) 
We  thus  obtain  a  set  of  equations,  the  first  member  of  each  of 
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which  contains  one  of  the  coefficients  which  we  wish  U 
mine.  The  first  term  of  the  second  member  contfuns 
chat^e  of  the  sphere,  and  we  may  regard  this  as  the  p 
term, 

N^lecting,  for  the  present,  the  other  terms,  we  obta 
first  approximation 

A':'^  =  _  I ^^^.  ^,a— Di"'  G. 

If  the  shortest  distance  from  the  centre  of  the  sphen 
nearest  of  the  surrounding  conductors  is  denoted  by  b, 


a.,+i^W(j^^^l(«^' 


If,  therefore,  b  is  large  compared  with  a,  the  radiui 
sphere,  the  coeflicientB  of  the  other  spherical  harmonics  t 
small  compared  with  A,^.  The  ratio  of  a  t«rm  after  the 
the  right-hand  side  of  equation  (8)  to  the  first  term  wU 

fore  be  of  an  order  of  magnitude  similar  to  ( j-) 

We  may  therefore  neglect  them  in  a  firet  approximat 
in  a  second  approximation  we  may  insert  in  these  te 
values  of  the  coefficients  obtained  by  the  first  approxi 
and  so  on  till  we  arrive  at  the  d^ee  of  approximation  r 

DivtributioH  of  electricity  on  a  nearly  spherical  com 
145  a.]  Let  the  equation  of  the  surface  of  the  conduct* 
r  =  a{l+F), 
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from  the  origin.  If  therefore  we  take  that  centre  for  origin^  the 
coefficient /i  will  also  disappear. 

We  shall  begin  by  supposing  that  the  conductor  has  a  charge 
Af^t  and  that  no  external  electrical  force  acts  on  it.  The  potential 
outside  the  conductor  must  therefore  be  of  the  form 

V:=.A,l+AJ,'l+&c.  +  AX-^^  +  .•^,  (3) 

where  the  surface  harmonics  are  not  assumed  to  be  of  the  same 
types  as  in  the  expansion  of  F. 

At  the  surface  of  the  conductor  the  potential  is  that  of  the 
condnotor,  namely,  the  constant  quantity  a. 

Hence,  expanding  the  powers  of  r  in  terms  of  a  and  F,  and 
neglecting  the  square  and  higher  powers  of  F^  we  have 

+  A,-^,Y:(l-{n  +  l)F)  +  ....(4) 

Since  the  coefficients  ilj,  &c.  are  evidently  small  compared 
with  Aq,  we  may  begin  by  neglecting  products  of  these  co- 
efficients into  F. 

If  we  then  write  for  i^  in  its  first  term  its  expansion  in 
spherical  harmonics,  and  equate  to  zero  the  terms  involving 
harmonics  of  the  same  order,  we  find 

«  =  ^i,  (5) 

A,7,'  =  A.afJ,  =  0,  (6) 


A,7:  =  A,a'f,7,.  (7) 

It  follows  from  these  equations  that  the  F"s  must  be  of  the 

same  type  as  the  Fs,  and  therefore  identical  with  them,  and 

that  -4,  =  0  and  A^  =  AqU""/^. 

To  determine  the  density  at  any  point  of  the  surface,  we  have 

the  equation        ,               dV          dV  •      x  i       /«\ 

^  47r<r=— -7-  = —  cos  €,  approximately ;  (8) 

where  v  is  the  normal  and  c  is  the  angle  which  the  normal  makes 
with  the  radius.  Since  in  this  investigation  we  suppose  F  and 
its  first  differential  coefficients  with  respect  to  6  and  <^  to  be 
small,  we  may  put  cos  c  =  1,  so  that 

4^<r  =  -  ^  =  ^i  +  &c.  +  (n  +  \)AX  ^^jtm  +  . . .  •        (9) 
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ExpandiDg  the  powers  of  r  in  (enna  of  a  and  F,  and  n 
products  of  F  into  A,,  we  find 

iv<r=  Aa\{l-2F)  +  SlC+(n+l}A,-^-^r. 

Expanding  F  in  spherical  harmonica  and  giving  J, 
aa  already  found,  we  obtain 

Hence,  if  the  surface  differs  from  that  of  a  sphere  t 
stratum  whose  depth  varies  according  to  the  values  of  a 
harmonic  of  order  n,  the  I'&tio  of  the  difference  of  tht 
denttities  at  any  two  points  to  their  sum  wiU  be  n- 
the  ratio  of  the  difference  of  the  radii  at  the  same  two  ] 
their  sum. 

145  &.]  If  the  nearly  spherical  conductor  (1)  is  acte 
external  electric  forces,  let  the  potential,  17,  arising  fn 
forces  be  expanded  in  a  series  of  spherical  harmonics  of 
degree,  having  their  origin  at  the  centre  of  votum' 
conductor 

where  the  accent  over  F  indicates  that  this  harmoni 
necessarily  of  the  same  type  as  the  harmonic  of  the  sai 
in  the  expansion  of  F. 

If  the  conductor  had  been  accurately  spherical,  the  ] 
arising  from  its  surface  ohaige  at  a  point  outside  the  o 
would  have  been 
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Expanding  the  powers  of  r  in  terms  of  a  and  F,  and  retaining 
the  first  power  of  F  when  it  is  multiplied  by  A  or  B,  but  neglect- 
ing it  when  it  is  multiplied  by  the  small  quantities  C,  we  find 

+  (73i7/'  +  &<5.  +  C,^F^''  +  ...  =  0.    (15) 

To  determine  the  coefficients  C,  we  must  perform  the  multipli- 
cation indicated  in  the  first  line,  and  express  the  result  in 
a  series  of  spherical  harmonics.  This  series,  with  the  signs 
reversed,  will  be  the  series  for  W  at  the  surface  of  the  con- 
ductor. 

The  product  of  two  surface  spherical  harmonics  of  orders  n 
and  m,  is  a  rational  function  of  degree  n  +  m  in  x/r,  y/r,  and  z/)*, 
and  can  therefore  be  expanded  in  a  series  of  spherical  harmonics 
of  orders  not  exceeding  ra  +  n.  If,  therefore,  F  can  be  expanded 
in  spherical  harmonics  of  orders  not  exceeding  vi,  and  if  the 
potential  due  to  external  forces  can  be  expanded  in  spherical 
harmonics  of  orders  not  exceeding  n,  the  potential  arising  from 
the  surface  charge  will  involve  spherical  harmonics  of  orders 
not  exceeding  m-^n. 

This  surface  density  can  then  be  found  from  the  potential  by 
the  approximate  equation 

4ir<r+  ~  (tr+  r+  W)  =  0.  (16) 

145  c]  A  nearly  spherical  conductor  enclosed  in  a  nearly 
spherical  and  nearly  concentric  coThducting  vessel. 

Let  the  equation  of  the  surface  of  the  conductor  be 

r  =  a(l+i^),  (17) 

where  /-  =  /,  P;  +  &c.  +/;>  Y^;\  (18) 

Let  the  equation  of  the  inner  surface  of  the  vessel  be 

r  =  6(l  +  (?),  (19) 

where  G  =  (/^  I^  +  &c.  +  gl'^  Y^;\  (20) 

the  /'s  and  r/'s  being  small  compared  with  unity,  and  Y^   being 
the  surface  harmonic  of  order  n  and  type  (t. 

Let  the  potential  of  the  conductor  be  a,  and  that  of  the 
vessel  )3.  Let  the  potential  at  any  point  between  the  conductor 
and  the  vessel  be  expanded  in  spherical  harmonics,  thus 
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♦  =  A„+A,i;r+&c.+Aj;'r;i'V"+... 

then  we  have  to  determine  the  constants  of  the  forms  h 
that  when  r  =  a  {1  +  f  ),  +  =  a,  and  when  r  =  6  {1  +  G), ' 
It  is  manifest,  &oro  our  former  investigation,  that  al 
and  k'a  except  h^  and  k^  will  he  small  quantities,  the  prt 
which  into  F  may  be  neglected.     We  may,  therefore,  wi 

We  have  therefore  ,      ■    1 

/S  =  J,  +  J:.  1, 


whence  we  find  for  k^,  the  chai^  of  the  inner  conductoi 
and  for  the  coeffitaents  of  the  harmonics  of  order  n 
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Let  a  and  b  be  the  radii  of  the  spheres,  and  c  the  distance 
between  their  centres.  We  shall  also,  for  the  sake  of  brevity, 
write  a  =  ex,  and  6  =  c^,  so  that  x  and  y  are  numerical  quantities 
less  than  unity. 

Let  the  line  joining  the  centres  of  the  spheres  be  taken  as 
the  axis  of  the  zonal  harmonics,  and  let  the  pole  of  the  zonal 
harmonics  belonging  to  either  sphere  be  the  point  of  that  sphere 
nearest  to  the  other. 

Let  r  be  the  distance  of  any  point  from  the  centre  of  the  first 
sphere,  and  a  the  distance  of  the  same  point  from  that  of  the 
second  sphere. 

Let  the  surface  density,  o-j,  of  the  first  sphere  be  given  by  the 
equation 

4w(ria2  =  il+j4iPi  +  3j4ji5  +  &c.  +  (2m+l)j4^P«,     (1) 

BO  that  A  is  the  total  charge  of  the  sphere,  and  A^  &c.  are  the 
coefficients  of  the  zonal  harmonics  i^,  &c. 

The  potential  due  to  this  distribution  of  charge  may  be  repre- 
sented by 

U'^1[a  +  A,P,1  +  A,P,^,+Scc.  +  A,pJ^]  (2) 

for  points  inside  the  sphere,  and  by 

U=l[A  +  A,P,'^+A,P,f,  +  &c  +  AJl^]  (3) 

for  points  outside. 

Similarly,  if  the  surface  density  on  the  second  sphere  is  given 
by  the  equation 

47r<rj6«  =  fi  +  5,Pi+&c.  +  (27i+l)5„P„  (4) 

the  potential  inside  and  outside  this  sphere  due  to  this  charge 
may  be  represented  by  equations  of  the  form 

r  =  i[5+5,i,f+&c.+5.p/^],  (6) 

F  =  i[5  +  B.P.^  +  &c.  +  B.P.^^].  (6) 

where  the  several  harmonics  are  related  to  the  second  sphere. 

The  charges  of  the  spheres  ai*e  A  and  B  respectively. 

The  potential  at  every  point  within  the  first  sphere  is  constant 
and  equal  to  a,  the  potential  of  that  sphere,  so  that  within  the 
first  sphere  U'+V-a,  (7) 
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Similarly,  if  the  potential  of  the  second  sphere  ia  ^, 
within  that  sphere,  JJ^  y  —  ^ 

For  pointa  outaide  both  spherea  the  potential  ia  4',  ^ 

On  the  axia,  hetweea  the  centres  of  the  spheres, 
r+a=c. 

Hence,  differentiating  with  respect  to  r,  and  after  diffc 
making  r  =  0,  and  remembering  that  at  the  pole  ea 
zonal  harmonics  is  unity,  we  find 

-f=<>. 

da        ' 


A-i- 


<  21     d'V     „ 

.     ml      ,     ,..d"F 

where,  afler  differentiation,  a  is  to  be  made  equal  to  c. 
If  we  perform  the  differentiations,  and  write  a/c 
b/c  =  y,  these  equations  become 

3  =  Ag  +  Ba^  + 3  BjSE^y  +  G  B^!i^y'  +  SK.  +  i(n +  l}{n+ 2)  B 


By  the  corresponding  operations  for  the  second  sphere " 
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If,  therefore,  we  confine  our  attention  to  the  coefficients  A^  to 
A^  and  B^io  B^,  we  have  m-k-n  equations  from  which  to  deter- 
mine these  quantities  in  terms  of  A  and  B,  the  charges  of  the  two 
spheres,  and  by  inserting  the  values  of  these  coefficients  in  (14) 
and  (15)  we  may  express  the  potentials  of  the  spheres  in  terms 
of  their  charges. 

These  operations  may  be  expressed  in  the  form  of  determinants, 
bnt  for  purposes  of  calculation  it  is  more  convenient  to  proceed 
as  follows. 

Inserting  in  equations  (12)  the  values  of  B^,,,B^  from  equa- 
tions (13),  we  find 

A^^'-Bx^'k-A  aV[2.1  +  3.1y2  +  4.l2^  +  5.1y«  +  6.1y»+...] 

+  ilia:8y^[2.2  +  3.3y*  +  4.42^  +  5.6y«  +  ...] 

+  il,a:*j/3[2.3  +  3.6y«  +  4.102^  +  ...] 

+  ilsaV[2.4  +  3.10y«  +  ...] 

+  il4««y3[2.6  +  ...]  (16) 

+ 

A^  =  -Ba?-\-A  ic3j^[3.i4.6.ly«+10.l2^+15.1y«  +  ...] 

+  ilia;V[3.2  +  6.3y*+10.4y*+...] 

+  j43a;V[3.4  +  ...]  (17) 

+ 

A^:=z-Ba:^-\-A  a^VL^-l +10. ly*  +  20.1y*  +  ...] 

+  ilia*y^[4. 2  +  10.3^2+...] 

+  j42«V[4.3  +  ...]  (18) 

+ 

A^-'-Bsf-k-A  a«j/3[5.1  +  15.1y*  +  ...] 

+  ^icV[5.2  +  ...]  (19) 

+ 

By  substituting  in  the  second  members  of  these  equations  the 
approximate  values  of  A^  &c,  and  repeating  the  process  for 
further  approximations,  we  may  carry  the  approximation  to  the 
coefficient  to  any  extent  in  ascending  powers  and  products  of  x 
andy.    If  we  write        j^^     p^A^q.B, 

-B„  =  —  r^A  +  s,-B, 

q  2 
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we  find 
p,  =  3^y'[  2+      3^+     4y*+     6^+     6y«  +  7i/"  +  8y» 
+  ic*/[  8+    30/+    753/*+154y'  +  280j/S  +  &c] 
+  a:V[l8+    90/  +  288i/«+7353/«  +  &c.] 
+  a:*/  [32  +  200y'+7803/*  +  &c.] 
+  x"y*[50  +  375y*  +  &e.] 


+  sifiy»  [32  +  I92y' +  &c] 
+  x^°y''[lii  +  &c.'] 


+  3^^l   4+    9y'+    16y*+    25y*  +    36y»+    i9y^''  +  6i 

+  x'j^[  &+18y''+    4Qy*+    76y«+ 126/+ 196/*  +  &( 

+  iB»y' [  8  +  30y»+    80y*+175y*  +  33G^  +  &c.] 

+  x"y^[lO  +  46/+  140/  +  350/  +  &e.] 

+aj"/[l2  +  63/  +  224/  +  &c] 

+  x^'y^ll4  +  8iy*  +  &c] 

+.x"y^[l6  +  &c] 


+  a!»/[   16+      72/+    209/  +  488/  +  &C] 
+  »'*/[  60+    342/+1222/  +  &C.] 
+  a^V[l60+1050/  +  &C.] 
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+  144a^o6»  +  375a"68  +  72a^3j6)^-.i9^^^_  (22) 
g^  s=  a^c*  +  4  a* 6^0-8  +  (6  a^  &»  +  9  a« 6») c-^<> 

+  (10a"6«  +  30a»6«+16a«6«  +  40a'^6H26a*6»)c-^* 
+  (12a"6«  +  45a"6«  +  60ai«6«  +  80a»6^ 

+  72  a86»  +  76a^  6»+  36a*  6")c-^« 
+  (14a"6«  +  63a"t«+160a"6«  +  140a"6^+342a^o6« 


+  64a*6")c-2«+.... 

+  (27a«6«  +  54a«68  +  21  a86^^)c-^* 

+  (48a^«6«+  162a»6«+  158a«6*<>  +  28a«6i»)c-^« 

+  (75a^2  je  ^  360a^o6«  +  48a»6»  +  606a«6^<> 

+  372a«6^2^36a36^«)c-"+...  .  (24) 

q^  =  a«c-3+  6a«63c-»  +  (9a«63+  18a«6*)c-"" 

+  (12a^o63^36a»6*+40a«6^)c-i» 

+  (15a"63  +  60a^<>6«  +  24a«6«+100a«6''+75a«t»)c-^* 
+  (1 8a^*63  ^  90ai26«  +  90a"6«  +  200a^o6^ 

.^x      nio  ^^>.       oTa  «aa       «? 


+  (36a»i«  +  84a' 68  +  56a*6^^)c-^» 

+  (64a"6«  +  252a»t8  +  282a'ii<>+84a*i^3)c-"  +  .... 
^3  =  a*c-*  +  8a'63c-^^  + (120^63  + 30a'' 6*)c-^2 


(26) 


+  (16a"63  4.60a^t«+80a767)c-^* 


+  (20a'3j3^100a^*6*  +  32a^^6«  +  200a^6'4-176a^6*)c-^« 
+  (24a^*63^  150a^36«+  120a^256^400aii67+  192a"6« 


+  625a»6»+  336a'6")c-"  +  ... .     (27) 
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+  (45a"6'  +  120a»i«  +  I26a*6")c-"  +  ... . 

+  (26a"t»  +  IfiOa'^fi"  +  40a"6«  +  3600'"*^  +  350a*fc»)e 

+  (24a»6»+126a»6*)c-"'  +  „,  . 

+  (24a"t3+126o"6*  +  224a'i>-"  +  .... 
p,  =  7a'Mc-'»  +  28a'6»c-'*+84o'i^c-'*+.... 
9,  =  aV-''+14a"'6»c-"  +  (2la'*fc'  +  84a^»6»)c-"+.... 
p,  =  8o'i'c""  +  3Gu*6'>c-"+...  . 
g,  =  a*c-'  +  16a"6'c-**  +  .... 


The  values  of  the  r's  and  s's  may  be  written  down  I 
changing  a  and  b  in  the  q'a  and  ^'b  respectively. 

If  we  now  calculate  the  potentials  of  the  two  spheres 
of  these  coefficients  in  the  form 

a  =  lA    +  mB, 
^  =  viA  +  nB, 
then  I,  m,  n  are  the  coefficients  of  potential  (Art.  87),  an< 
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+  a*6»[9a"  +  36a"6*  +  280a"63  +  Bia^^¥  +  1 107a*6«  +  318a«6« 
+  1668a"'6^  +  318a«68  +  1 107a«6»  +  S4a*b^^  +  2B0a^b^^ 
+  36a«6^2^96i*]c-2i  +  .._  (42) 

-(a*+12a*63  +  96«)a«c-"-(tt'  +  25a*6^  +  36a«6«+166T)a«c-^* 

—  (a»  +  44a«6»  +  96a*6*+  IBa^fc*  +  80a26'  +  256»)a«c-^« 

—  (a"  +  70a»6«+210a«6«+84a«6«  +  260a^6^ 

+  72a36«  +  ISOa^i*  +  365ii)a«c-" 

_(ai3+104a^»63^406a«6«+272a^6«  +  680a«6^  +  468a«6» 

+  675a*  6»  +  209a36i<>+  252  a*  6^^  +  i9b^^)a*c'^^ 

-(ai«+147a"68  +  720a^<>6«+693a*6«  +  1648a»6^+1836a^6« 
+  1814a«6»+1640a«6^®+ 1113a*  6"  +  488a36ia 

+  392a^6i3^646i«)a«c-^+....  (43) 

The  value  of  I  can  be  obtained  from  that  of  n  by  interchanging 
a  and  b. 

The  potential  energy  of  the  system  is,  by  Art.  87, 

W^ilA^  +  mA'B+inF',  (44) 

and  the  repulsion  between  the  two  spheres  is,  by  Art.  93  a, 

dW      .   .^dl       ,  ^dtn     ,  -^^dth  , 

The  surface  density  at  any  point  of  either  sphere  is  given  by 
equations  (1)  and  (4)  in  terms  of  the  coefficients  A^  and  J3.. 


CHAPTER    X. 

CONPOCAL  QUAOTIC  SURFACES  *. 
1 47.]  Let  the  general  equation  of  a  confocal  ej'stem  b 

where  A  is  a  variable  parameter,  which  we  shall  distingn 
suffix  for  the  species  of  quadric,  viz.  we  shall  take  X, 
hyperboloids  of  two  sheets,  A,  for  the  bj-perboloids  of  oi 
and  Aj  for  the  ellipsoids.  The  quantities 
a,  Aj,  b.  A,,  c.  A, 
are  in  ascending  order  of  magnitude.  The  quantity  a  i 
duced  for  the  sake  of  symmetry,  but  in  oar  results  i 
always  suppose  a  =  0. 

If  we  consider  the  three  surfaces  whose  parame 
A,,  X,,  Aj,  we  find,  by  elimination  between  their  eqoatit 
the  value  of  (c*  at  their  point  of  intersection  satis 
equation 
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The  denominator  of  this  fraction  is  the  product  of  the  squares 
of  the  semi-axes  of  the  surface  Ap 
If  we  put 

2),«  =  A32-A/,   2),«=A32-Ai2,   and   D,^  =  X,^^X,\       (6) 
lUid  if  we  make  a  =  0,  then 

It  is  easy  to  see  that  D^  and  2),  ai*e  the  semi-axes  of  the 
central  section  of  A^  which  is  conjugate  to  the  diameter  passing 
through  the  given  point,  and  that  D^  is  parallel  to  cJ^j,  and 
I>2  to  ds^. 

If  we  also  substitute  for  the  three  parameters  A,,  Aj,  A,  their 
values  in  terms  of  three  functions  a,  )3,  y,  defined  by  the  equations 

^  crfAi 


-I 


0     •(6*_V)(c»-A,=')' 

76    ^/(A2^-6^)(c^-A/) 


=r 


ccZAj 


then    d8,  =  iz)ji)8cia,   cisj  =  iz)3Z>id/3,  d83  =  iDiZ>2<iy.       (8) 

c  c  c 

14p8.]  Now  let  V  be  the  potential  at  any  point,  a,  jS,  y,  then  the 

resultant  force  in  the  direction  of  dsi  is 

P=_^=_^^=_^_^.  (9) 

cfoj  dacfoi  da  D.^D^ 

Since  cZa^,  cf82,  and  ds^  are  at  right  angles  to  each  other,  the 
surface-integral  over  the  element  of  area  ds^ds.^  is 

'     *     ^  daU^D^       c  c 

=  -^^^dpdy.  (10) 

Now  consider  the  element  of  volume  intercepted  between  the 
surface  a,  /3,  y,  and  a  +  rfa,  p  +  d^,  y  +  dy.  There  will  be  eight 
such  elements,  one  in  each  octant  of  space. 

We  have  found  the  surface-integral  of  the  normal  component 
of  the  force  (measured  inwards)  for  the  element  of  surface 
intercepted  from  the  surface  a  by  the  surfaces  fi  and  fi  +  dp,  y 
and  y-{-dy. 
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The  surface-integral  for  the  corresponding  element 
surface  a  +  da  will  he 

+  -5 ^d0dy+  -^-^dadpdy 

since  D^  is  independent  of  a.  The  surface-integral  for 
opposite  faces  of  the  element  of  volume  will  be  the  sum 
qaantities,  or  d^V D  ' 

-=— s— i-  dadBdy. 

dar    c 

Similarly  the  surface-integrals  for  the  other  two  pairs 
wiU  be         ,72w  n  3  d*V  Z> ' 

These  six  faces  enclose  an  element  whose  volume  is 

da^da^de^  =  ^^^^dadfidy, 

and  if  p  is  the  volume-density  within  that  element,  we 
Art.  77  that  the  total  surface-integral  of  the  element, 
with  the  quantity  of  electricity  within  it  multiplied  b 
zero,  or,  dividing  hy  dad ^dy, 

which  ia  the  form  of  Foisson's  extension  of  Laplace's 
referred  to  eUipeoidal  coordinates. 

If  p  =  0  (he  fourth  term  Tauiahea,  and  the  equation 
valent  to  that  of  Laplace. 

For  the  general  discussion  of  this  equation  the  i 
referred  to  the  work  of  Lam^  already  mentioned. 
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In  the  same  way  we  find 

p  =  h-—^===  =  F{l<f)-F{k',  <!>),  (16) 

"Where  F(J^)  is  the  complete  function  for  modulus  k^, 

y  =  /''-— 4^^-  =  F{k)-F{k,  ^).  (17) 

Jo    V  1— Aj^cos-*^, 

Here  a  is  represented  as  a  function  of  the  angle  0^  which  is 
accordingly  a  function  of  the  parameter  Aj,  )3  as  a  function  of  <^> 
and  thence  of  A,,  and  y  as  a  function  of  V^  and  thence  of  A3. 

But  these  angles  and  parameters  may  be  considered  as  func- 
tions of  a,  )3,  y.  The  properties  of  such  inverse  functions,  and  of 
those  connected  with  them,  are  explained  in  the  treatise  of 
M.  Lame  on  this  subject. 

It  is  easy  to  see  that  since  the  parameters  are  periodic  functions 
of  the  auxiliary  angles,  they  will  be  periodic  functions  of  the 
quantities  a,  )3,  y:  the  periods  of  A^  and  A3  are  4jP(^),  and  that 
of  A,  is2^(^•'). 

Particular  Solutions. 

150.]  If  y  is  a  linear  function  of  a,  jS,  or  y,  the  equation  is 
satisfied.  Hence  we  may  deduce  from  the  equation  the  distri- 
bution of  electricity  on  any  two  confocal  surfaces  of  the  same 
family  maintained  at  given  potentials,  and  the  potential  at  any 
point  between  them. 

The  Hyperholoids  of  Tuv  Sheets. 

When  a  is  constant  the  corresponding  surface  is  a  hyperboloid 
of  two  sheets.  Let  us  make  the  sign  of  a  the  same  as  that  of  x 
in  the  sheet  under  consideration.  We  shall  thus  be  able  to  study 
one  of  these  sheets  at  a  time. 

Let  Oj,  Oj  be  the  values  of  a  corresponding  to  two  single  sheets, 
whether  of  difierent  hyperboloids  or  of  the  same  one,  and  let 
K»  K>  ^  ^^^  potentials  at  which  they  are  maintained.    Then,  if 

we  make  y  ^OrK-Q^Vi-^aiVi-V.)  (jg^ 


Oj-ajj 


the  conditions  will  be  satisfied  at  the  two  surfaces  and  throughout 
the  space  between  them.  If  we  make  V  constant  and  equal  to  T[ 
in  the  space  beyond  the  surface  a^,  and  constant  and  equal  to 
J^  in  the  space  beyond  the  surface  o^,  we  shall  have  obtained 
the  complete  solution  of  this  particular  case. 
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The  resultant  force  at  any  point  of  either  sheet  is 
dV  _      dVda 

OT      Ri  =  -! j^jf  ■ 

If  ;>,  be  the  perpendicular  from  the  centre  on  the 
plane  at  any  point,  and  i^  the  product  of  the  semi-axc 
surface,  then  ^j  D^D^  =  7^ . 

Hence  we  find         „  _  J^—  %  cp, 
■"■-a,^,PT" 
or  the  force  at  any  point  of  the  surface  is  proportioni 
perpendicular  from  the  centre  on  tJie  tangent  plane. 

The  aurface^denaity  rr  may  be  found  from  the  equatioi 

The  total  quantity  of  electricity  on  a  segment  cut  off  b; 
whose  equation  is  f  =  <2  from  one  sheet  of  the  byperbo) 

The  quantity  on  the  whole  infinite  sheet  is  therefore  inG 
The  limiting  forms  of  the  surface  are : — 

(1)  When  a  =  F{k)  Uie  surface  ia  the  part  of  the  pli 
on  tbo  positive  side  of  the  poutive  bnuch  of  the  h 
whose  equation  is         ^         ^ 

(2)  Whoa  a  =  0  the  surface  is  the  plane  of  yz. 

(3)  When  a  =  — /'(jt)  the  suriace  is  tbepart  of  the  pli 
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Limiting  Forma. 

(1)  When  jd  =  0  the  surface  is  the  part  of  the  plane  of  xz 
between  the  two  branches  of  the  hyperbola  whose  equation  is 
written  above,  (24). 

(2)  When  p  =  F(k^)  the  surface  is  the  part  of  the  plane  of  xy 
which  is  on  the  outside  of  the  focal  ellipse  whose  equation  is 


The  Ellipsoids, 
For  any  given  ellipsoid  y  is  constant.    If  two  ellipsoids,  y^ 
and  y,,  be  maintained  at  potentials   ^  and   T^,.  then,  for  any 
point  y  in  the  space  between  them,  we  have 

The  surface-density  at  any  point  is 

where  p,  is  the  perpendicular  from  the  centre  on  the  tangent 
plane,  and  ^  is  the  product  of  the  semi-axes. 

The  whole  charge  of  electricity  on  either  surface  is  given  by 

Q2  =  ^^^^=  -Qv  (28) 

yi-Vi 

and  is  finite. 

When  y  =  F{k)  the  surface  of  the  ellipsoid  is  at  an  infinite 
distance  in  all  directions. 

If  we  make  ^  =  0  and  yj  =  F(k),  we  find  for  the  quantity  of 
electricity  on  an  ellipsoid  y  maintained  at  potential  V  in  an 
infinitely  extended  field,  v 

The  limiting  form  of  the  ellipsoids  occurs  when  y  =  0,  in  which 
case  the  surface  is  the  part  of  the  plane  of  ay  within  the  focal 
ellipse,  whose  equation  is  written  above,  (25). 

The  surface-density  on  either  side  of  the  elliptic  plate  whose 

equation  is  (25),  and  whose  eccentricity  is  A;,  is 

V           I                      1 
<r=- ,==,.^^^ = ,  (30) 


^v^C^^b'^F(k) 


Var*        y* 
^  ""  ^  ""  c"^ 


V 
and  its  charge  is  Q  =  c  -^rn-r  •  (31) 

jP  (k) 
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Particular  Cases. 

151.]  If  c  romains  finite,  while  b  and  therefore  it  is  di 
till  it  becomes  ultimately  zero,  the  system  of  surfaces 
transformed  in  the  followint;  manner : — 

The  real  axis  and  one  of  the  imaginary  axes  of  eai 
byporboloids  of  two  sheets  are  indefinitely  diminished, 
surface  ultimately  coincides  with  two  planes  intersectii 
axis  of  z. 

The  quantity  a  becomes  identical  with  0,  and  the 
of  the  system  of  meridional  planes  to  which  the  first  t 
reduced  is  z*  y*      _ 

(sin  a)*      (cos  a)-  ~ 

As  regards  the  quantity  0,  if  we  take  the  definition 
page  233,(7),  we  shall  be  led  to  an  infinite  value  of  the  in 
the  lower  limit.  In  oider  to  avoid  this  we  define  fi 
particular  case  as  the  value  of  the  integral 


f.i 


If  we  DOW  put  A,  =  c  uQ  0,  0  becomes 

l-T-^7         i.e.  loffootl^: 

rheuM  coe-^  =  -= ; . 

jtd  th«efca«  sin  A  =  — . 


If  we  call  the  exponential  quantity  \it^  +  e~')  the  hy 
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The  quantity  of  electricity  on  a  planetary  ellipsoid  maintained 
at  potential  F  in  an  infinite  field,  is 

Q  =  C-r ,  (37) 

iTT  —  y 

where  c  sec  y  is  the  equatorial  radius,  and  c  tan  y  is  the  polar 

radius. 

If  y  =  0,  the  figure  is  a  circular  disk  of  radius  c,  and 

V 
<r  =  — —-==-,  (38) 

Q  =  C^.  (39) 

152.]  Second  Case.    Let  6  =  c,  then  k=  1  and  k^:=  0, 

a  =  log  tan 9  whence  A^  =  c  tanh  a,  (40) 

and  the  equation  of  the  hyperboloids  of  rcYolution  of  two  sheets 

becomes  ^  y^  +  ^   ,  ^2  /.tv 

(tanha)^      (secha)^""  ^^'^ 

The  quantity  ^  becomes  reduced  to  </>,  and  each  of  the  hyper- 
boloids of  one  sheet  is  reduced  to  a  pair  of  planes  intersecting 
in  the  axis  of  x  whose  equation  is 

y^ ^_  =  0  ^42^ 

(sinfif     (cosi3)«        •  ^  ^ 

This  is  a  system  of  meridional  planes  in  which  j3  is  the  longitude. 

The  quantity  y  as  defined  in  page  233,  (7),  becomes  in  this  case 

infinite  at  the  lower  limit.     To  avoid  this  let  us  define  it  as  the 

▼alue  of  the  integral  r°°  cdA^ 

•/a,  A3  — c 

If  we  then  put  A-  =  c sec tlr,  we  find  y  =  /    ^—.9    whence 

A,  =  c  coth  y,  and  the  equation  of  the  family  of  ellipsoids  is 

^       +     y'  +  ^'     =  c\  (43) 

(cothy)*      (cosech>)='  ^     ' 

These  ellipsoids,  in  which  the  transverse  axis  is  the  axis  of 
revolution,  are  called  ovary  ellipsoids. 

The  quantity  of  electricity  on  an  ovary  ellipsoid  maintained 
at  potential  Fin  an  infinite  field  becomes  in  this  case,  by  (29), 

cr^f^4^,  (44) 

J^.  Sin  yjf 
where  0  sec  ^^  is  the  polar  radius. 
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If  we  denote  the  polar  radiua  by  A  and  the  equatorial 
reBult  just  found  becomea 

,      A+^A-^~B^ 


*"S ~B 

If  the  equatorial  radius  is  very  small  compared  to 
radias,  as  in  a  wire  with  rounded  ends, 
n  AV 


~log2jl— logB 

When  both  b  and  c  become  zero,  their  ratio  remaini 
the  system  of  surfaces  becomes  two  systems  of  confo< 
and  a  system  of  spherical  enrfaces  of  which  the  radii 
versely  proportional  to  y. 

If  ike  ratio  of  &  to  c  is  zero  or  unity,  the  system  of 
becomes  one  system  of  meridian  planes,  one  system  of  rij 
having  a  common  axis,  and  a  system  of  concentric 
surfaces  of  which  the  radii  are  inversely  proportional  to 
is  the  ordinary  system  of  spherical  polar  coordinates. 

Cytindric  Surfaces. 
153.]  When  c  is  infinite  the  surfaces  are  cytindric,  th< 
ing  lines  being  parallel  to  the  axes  of  z.  One  system  of 
is  hyperbolic,  viz.  that  into  which  the  hyperboloids  of  t' 
degenerate.  Since,  when  c  is  infinite,  k  is  zero,  and 
0  =  a,  it  follows  that  the  equation  of  this  system  is 


=f        y" 


=  !■. 


1 54-] 
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and  t+c  respeotively,  and  then  make  t  increase  indefinitely,  we 
obtain,  in  the  limit,  the  equation  of  a  system  of  paraboloids 
whose  foci  are  at  the  points  x  =  b  and  a;  =  c,  viz.  the  equation  is 

If  the  variable  parameter  is  A  for  the  first  system  of  elliptic 
paraboloids,  fi  for  the  hyperbolic  paraboloids,  and  v  for  the  second 
system  of  elliptic  paraboloids,  we  have  A^  6,  fi,  c,  v  in  ascending 
order  of  magnitude,  and 

X  =  A+M  +  J'  — c  — 6, 


(6-A)(m-6)(.-6) 
*  c—b  ' 


(50) 


^^  ^(c-A)(c-m)("-c) 

c—b 

In  order  to  avoid  infinite  values  in  the  integrals  (7)  the  cor- 
responding integrals  in  the  paraboloidal  system  are  taken 
between  different  limits. 

We  write  in  this  case 


_  I* d\ 

"  ~A  V{b-\j{c-K) ' 

Ji  V{y.~b){c-y)' 


From  these  we  find 

A  =  J  (c  +  6)  —  i  (c  —  6)  cosh  a, 
lizzz  i(c  +  6)-i(c-ft)cos^, 
j;  =  i(c  +  6)  +  i(c— 6)coshy 

a;=  J  (c  +  6)  +  i  (c  — 6)(co8hy— cosj3  — cosha). 


(51) 


«    •    P uV 


y  =  2(c— 6)8inh-sin^cosh^i 
0=  2(c— 6)cosh-co8^8inh-« 


(52) 


2    "2  2 

When  6  =  c  we  have  the  case  of  paraboloids  of  revolution 
about  the  axis  of  a;,  and  (see  foot  note} 

y  =  2a6«"*">cos/3,  (63) 

2?=  2a6»"*"^sinj3. 

VOL.  I.  B 
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The  surfaces  for  wliioh  fi  is  coDstant  are  planes  tluou 
axis,  ^  being  the  angle  which  such  a  plane  makes  with 
plane  through  the  axis. 

The  surfaces  for  which  a  ia  constant  are  confoool  paral 
Wh6n  a  =  —00  the  paraboloid  is  reduced  to  a  straigl 
terminating  at  the  origin. 

We  may  also  find  the  values  of  o,  j3,  y  in  terms  of  r,  0, 
the  spherical  polar  coordinateB  referred  to  the  focas  as 
and  the  azia  of  the  paraboloids  as  the  axis  of  9, 
a  =  log  (r*  cos  i  6), 
^  =  0, 
y  =  log  (r*  sin  \  0). 

We  may  compare  the  case  in  which  the  potential  is  equ 
with  the  zonal  solid  harmonic  r'  Q^.  Both  satisfy  Lt 
eqnation,  and  are  homogeneous  functions  df  x,  y,  z,  but 
case  derived  from  the  paraboloid  there  is  a  discontinuity 
axis  {since  a  is  altered  by  writing  8+2k  for  $]. 

The  surface -density  on  an  electrified  paraboloid  in  an 
field  (including  the  case  of  a  straight  line  infinite  in  one  dii 
is  inversely  as  the  square  root  of  the  distance  from  the  fo 
in  the  case  of  the  line,  from  the  extremity  of  the  line  *. 

*  {Thenaoltiof  Art.  IM  can  be  deduced  •■  follow*.  Cluugli^  thsTub 
J,  jr,  E  to  X,  fi,  v,  I^plMs'*  eqdktioii  beoomei 

rfA  ((^_t)*(c„^)|(„„b)*(,_«)*dAl      ■■■■    ' 
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Whoi  b  a  0,  we  mny  take 


a  < 

-X 

7' 

Jib* 

dr 

.-6'. 

X  < 

-{M- 

-••}. 

r  i 

-fc{l  +  e>}. 

(A- 

-6) 

-*(«• 

-b){l- 

ooe/9}. 

(e- 

-M) 

-*(«• 

-6){1  + 

ooe*}; 

I^KIIIl(61) 

benoefrom  (60\ 

If  we  take  the  origin  at  the  focus  a;  ->  ft,  and  write  20'  for  /9,  ae^"^  for  biY,  ac^^ 
.lor  bff*,  weget  a?  «  e^'— C2*'> 

»-2a€*'+1^ooi^. 

From  which  eouatioiii  of  the  form  (54)  may  easily  be  deduced. 

Since  from  these  equations  the  force  along  the  radius  varies  as  1/r,  the  normal  force, 

1    r 
and  therefore  the  surface-density,  will  vazy  as  ~  *  -  where  p  is  the  perpendicular 

I*   p 

from  the  focus  on  the  tangent  plane,  thus  the  surface-density  varies  as  1/p,  and  there- 
fore inTenely  as  the  square  root  of  r. } 


B  2 
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THBOET  0?  ELEOTKIC  IHAQES  AND  ELECTBIC   tI{TEB£ 


165.]  We  have  already  shewn  that  when  a  conducting 
18  nnder  the  influence  of  a  known  distribation  of  electric 
distribution  of  electrioity  on  the  surface  of  the  sphere 
determined  by  the  method  of  spherical  harmonics. 

For  this  purpose  we  require  to  expand  the  potential  of 
fluenced  system  in  a  series  of  solid  harmonics  of  positive 
having  the  centre  of  the  sphere  as  origin,  and  we  then 
corresponding  series  of  solid  harmonics  of  negative  d^ree 
express  the  potential  due  to  the  electrification  of  the  sphe 

By  the  use  of  this  very  powerfol  method  of  analysis,  ] 
detenuined  the  electrification  of  a  sphere  under  the  influ 
a  ^ven  electrical  system,  and  he  also  solved  the  more  < 
problem  to  determine  the  distribution  of  electricity  on  ti 
ducting  spheres  in  presence  of  each  other.  These  inveetij 
have  been  pursued  at  great  length  by  Plana  and  others,  wl 
oonfinned  the  accuracy  of  Poissou. 
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This  discovery  seems  to  have  been  reserved  for  Sir  W.  Thomson, 
who  has  developed  it  into  a  method  of  great  power  for  the 
solution  of  electrical  problems,  and  at  the  same  time  capable  of 
being  presented  in  an  elementary  geometrical  form. 

His  original  investigations,  which  are  contained  in  the  Carn- 
lyridge  arid  Dvhlin  Mathematical  Journal,  1848,  are  expressed 
in  terms  of  the  ordinary  theory  of  attraction  at  a  distance,  and 
make  no  use  of  the  method  of  potentials  and  of  the  general 
theorems  of  Chapter  IV,  though  they  were  probably  discovered 
by  these  methods.  Instead,  however,  of  foUowii^  the  method  of 
the  autjior,  I  shall  make  free  use  of  the  idea  of  the  potential  and 
of  equipotential  surfaces,  whenever  the  investigation  can  be 
rendered  more  intelligible  by  such  meana 

TJieo^T/  of  Electric  Images. 

156.}  Let  A  and  B,  Figure  7,  represent  two  points  in  a  uniform 
dielectric  medium  of  infinite  extent. 
Let  the  charges  of  A  and  B  he  e^ 
and  e,  respectively.  Let  P  be  any 
point  in  space  whose  distances  from 
A  and  B  are  r^  and  r,  respectively. 
Then  the  value  of  the  potential  at  P 

wiUbe        ir-fi^fst.  /J) 

n       ^2  Fig.  7. 

The  equipotential  surfaces  due  to 

this  distribution  of  electricity  are  represented  in  Fig.  I  (at  the 

end  of  this  volume)  when  e^  and  «2  &i^  of  the  same  sign,  and  in 

Fig.  n  when  they  are  of  opposite  signs.    We   have  now  to 

consider  that  surface   for  which    F  =  0,   which    is    the    only 

spherical  surface  in  the  system.     When  e^  and  62  are  of  the 

same  sign,  this  surface  is  entirely  at  an  infinite  distance,  but 

when  they  are  of  opposite  signs  there  is  a  plane  or  spherical 

surface  at  a  finite  distance  over  which  the  potential  is  zero. 

The  equation  of  this  surface  is 

^  +  ^  =  0.  (2) 

Its  centre  is  at  a  point  C  in  AB,  produced,  such  that 

AC:BC::ej^:eJ^, 
and  the  radius  of  the  sphere  is 

AB    ^'^ 


« 2«.^  2 
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The  two  points  A  and  B  are  inverse  points  with  respect 
sphere,  that  is  to  say,  the;  lie  in  the  seme  radius,  and  the 
is  a  mean  proportional  between  their  distances  from  the  o 

Since  this  spherical  surface  ia  at  potential  zero,  if  we  a 
it  oosatrueted  of  thin  metal  and  connected  with  the  eartb 
will  be  no  alteration  of  the  potential  at  any  point  either  < 
or  inside,  but  the  eleotrical  action  everywhere  will  romai 
due  to  the  two  electrified  points  A  and  B, 

If  we  now  keep  the  metallic  shell  in  connection  with  tb 
and  remove  the  point  B,  the  potential  within  the  spbe: 
become  everywhere  zero,  but  outside  it  will  remain  the  s 
before.  For  the  surface  of  the  sphere  sUll  remains  at  tb 
potential,  and  no  change  has  been  made  in  the  exterior  < 
iiostion. 

Hence,  if  an  electrified  point  A  be  placed  outside  a  sp 
conductor  which  is  at  potential  Eero,  the  electrical  actioi 
points  outside  the  sphere  will  be  that  dne  to  the  point  A  U 
with  another  point  B  within  the  sphere,  which  we  may  t 
electrical  image  of  A. 

In  the  same  way  we  may  shew  that  if  £  is  a  point 
inside  the  sjdierieal  shell,  the  electrical  action  within  the 
is  that  due  to  B^  ti^ther  with  its  image  A. 

157.]  Dtjinition  of  an  Cirrtrjca/  Image.  An  eleetriea] 
is  an  eleotri&ed  point  or  system  of  points  on  one  side  of  a 
which  would  produce  on  the  other  side  of  that  sor&ce  tb 
electrical  action  which  the  actual  electrification  of  that 
really  does  produce. 
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to  a  certain  electrification  in  the  same  region  it  must  be  actually 
prodoced  by  that  electrification.  In  fact,  the  electrification  at 
any  point  may  be  foand  from  the  potential  near  that  point  by 
the  application  of  Poisson's  equation. 

Let  a  be  the  radius  of  the  sphere. 

Let  /  be  the  distance  of  the  electrified  point  A  from  the 
centre  (7. 

Let  e  be  the  charge  of  this  point. 

Then  the  image  of  the  point  is  at  B^  on  the  same  radius  of  the 

sphere  at  a  distance  -j,  and  the  charge  of  the  image  is  —  ^  ?  * 

We  have  shewn  that  this  image 
will  produce  the  same  effect  on  the 
opposite  side  of  the  surface  as  the 
actual  electrification  of  the  surface 
does.  We  shall  next  determine  the 
surface-density  of  this  electrification 
at  any  point  P  of  the  spherical  sur- 
fitce,  and  for  this  purpose  we  shall  ^  y 

make  use  of  the  theorem  of  Coulomb, 
Art.  80,  that  if  22  is  the  resultant  force  at  the  surface  of  a  con- 
ductor, and  a  the  superficial  density, 

22  =  47r<r, 
J2  being  measured  away  from  the  surface. 

We  may  consider  R  as  the  resultant  of  two  forces,  a  repul- 

£  Cb  \ 

sion  -7-^  acting  along  AP,  and  an  attraction  e  j  -p^  acting 

along  PB. 

Resolving  these  forces  in  the  directions  of  AC  and  OP,  we 
find  that  the  components  of  the  repulsion  are 

2^  along  AC,  and  ^pa  »long  CP. 

Those  of  the  attraction  are 

-ej  ^j^  BC  along  AC,  and  -e  y  ^^  along  CP. 

Now  BP  =  y  AP,  and  BC  =  y,BO  that  the  components  of  the 
attraction  may  be  written 


S48 
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The  compooents  of  the  attraction  and  the  repulsion  iu  the 
direction  of  AC  are  equal  and  opposite,  and  therefore  the 
resultant  force  ia  entirely  in  the  direction  of  the  radius  CP. 
This  only  confirms  what  we  have  already  proved,  that  the 
sphere  ia  an  equipotential  surface,  and  therefore  a  surface  to 
which  the  resultant  force  is  everywhere  perpendicular. 

The  resultant  force  measured  along  CP,  the  normal  to  the 
surface  in  the  direction  towards  the  side  on  which  A  is  placed,  ia 


R=  ~€ 


(3) 


R  = 


(4) 


(5) 


If  A  is  taken  inside  the  sphere  /  is  less  than  u,  and  we  must 
measure  R  inwards.     For  this  case  therefore 

a     AP^ 
In  all  cases  we  may  write 

AB.Ad    1 
^  - -' —ijp-  AP^' 
where  AD,  Ad  are  the  segments  of  any  line  through  A  cutting 
the  sphere,  and  theli-  product  is  to  be  taken  positive  in  aU  cases. 
158.]  From  this  it  follows,  by  Conlomb'a  theorem,  Art.  80, 
that  the  surface -density  at  P  is 

AD.  Ad    I  ,, 

"  ~       "  4r..C'P  AP^'  ^' 

The  density  of  the  electricity  at  any  point  of  the  sphere  Tuies 
inversely  as  the  cube  of  its  distance  from  the  point  A. 

The  effect  of  this  superficial  distribution,  together  with  that  of 
the  point  A,  ia  to  produce  on  the  same  side  of  the  surface  as  the 
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^^etion  of  a  distribution  of  electricity  on  a  spherical  surface,  the 
s^ufiaoe-density  being  inversely  as  the  cube  of  the  distance  from 
*  point  A  either  without  or  within  the  sphere. 
Let  the  density  be  given  by  the  equation 

C 


cr  = 


(7) 


f      where  C  is  some  constant  quantity,  then  by  equation  (6) 

The  action    of   this    superficial   distribution  on   any  point 

^parated  from  A  by  the  surface* is  equal  to  that  of  a  quantity 

^f  electricity  — e,  or  4iiaC 

AD.  Ad 
^Hinoentrated  at  A. 

Its  action  on  any  point  on  the  same  side  of  the  surface  with  A 

^^  equal  to  that  of  a  quantity  of  electricity 

f.AD.Ad 
^concentrated  at  B  the  image  of  A. 

The  whole  quantity  of  electricity  on  the  sphere  is  equal  to  the 
first  of  these  quantities  if  A  is  within  the  sphere,  and  to  the 
second  if  A  is  without  the  sphere. 

These  propositions  were  established  by  Sir  W.  Thomson  in  his 
original  geometrical  investigations  with  reference  to  the  distribu- 
tion of  electricity  on  spherical  conductors,  to  which  the  student 
ought  to  i*efer. 

159.]  If  a  system  in  which  the  distribution  of  electricity  is 
known  is  placed  in  the  neighbourhood  of  a  conducting  sphere  of 
radius  a,  which  is  maintained  at  potential  zero  by  connection 
with  the  earth,  then  the  electrifications  due  to  the  several  parts 
of  the  system  will  be  superposed. 

Let  ill,  A^i  &C.  be  the  electrified  points  of  the  system,  /j,  /j,  &c. 

their  distances  from  the  centre  of  the  sphere,  6,,  e^,  &c.  their 

charges,  then  the  images  B^^B^,  &c.  of  these  points  will  be  in  the 

a*  a* 
same  radii  as  the  points  themselves,  and  at  distances  -t*,  7-,  &c. 

from  the  centre  of  the  sphere,  and  their  charges  will  be 

a  a   o 

'i  J2 

The  potential  on  the  outside  of  the  sphere  due  to  the  supei^cial 


250  ELEOTBIO  IHAOES. 

electrification  will  be  the  same  as  that  which  woald  be  p 
by  the  aystem  of  images  B^,B^,  &c.  This  system  is  t 
called  the  electrical  image  of  the  system  A^ ,  A^,  Sas. 

If  the  sphere  instead  of  being  at  potential  zero  is  at  p 
V,  we  must  superpose  a  distribution  of  electricity  on  i 
surface  having  the  uniform  surface-density 

_    V 

~  iva 
The  effect  of  this  at  all  points  outside  the  sphere  wiU  be 
that  of  a  quantity  Va  of  electricity  placed  at  its  centre 
all  points  inside  the  sphere  the  potential  will  be  simply  ii 
by  r. 

The  whole  charge  on  the  sphere  due  to  an  external  s; 
influencing  points,  Aj,  A^,  &c.  is 

/i        /s 
from  which  either  the  chaise  E  or  the  potential  V  maj 
culated  when  the  other  is  given. 

When  the  electrified  system  is  within  the  spherical  sui 
induced  charge  on  the  surface  is  equal  and  of  opposite  aig 
indnoing  charge,  as  we  have  before  proved  it  to  be  f< 
closed  surface,  with  respect  to  points  within  iL 

*160.]  The  energy  due  to  the  mutual  action  between 
triSed  point  e,  at  a  distance  /  from  the  centre  of  thi 


'    I  Tha  diBCQMiOD  in  tbe  taxt  will  perhsp*  be  more  ea 


ba  ngaidcd  ■■  an  eiample  of  Art.  86.    Lat  oa  then  mppoaa  tfa>t  what  ii 
M  Ml  alectrifiad  punt  ja  ntUy  k  amiill  aphcriaJ  eoDdnetor,  ths  isiliiu  el 

itn>l  Uie  fiowmisl  r.     Vie  h»ie  xbns  i  jun-iii-ulur  cf 
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pMter  than  a  the  radius,  and  the  electrification  of  the  spherical 
sorfisuM  due  to  the  influence  of  the  electrified  point  and  the 
Charge  of  the  sphere,  is 

y^B  the  potential,  and  E  the  charge  of  the  sphere. 

The  repulsion  between  the  electrified  point  and  the  sphere  is 
tterefore,  by  Art.  92, 

Hence  the  force  between  the  point  and  the  sphere  is  always 
^^  attraction  in  the  following  cases — 

(1)  When  the  sphere  is  uninsulated. 

(2)  When  the  sphere  has  no  charge. 

(3)  When  the  electrified  point  is  very  near  the  surface. 

In  order  that  the  force  may  be  repulsive,  the  potential  of  the 

Bphere  must  be  positive  and  greater  than  ^r-p^ — 2\a'  *^^  ^^® 
charge  of  the  sphere  must  be  of  the  same  sign  as  e  and  greater 

At  the  point  of  equilibrium  the  equilibrium  is  unstable,  the 
force  being  an  attraction  when  the  bodies  are  nearer  and  a 
repulsion  when  they  are  farther  off. 

When  the  electrified  point  is  within  the  spherical  surface  the 
fofce  on  the  electrified  point  is  always  away  from  the  centre  of 
the  sphere,  and  is  equal  to 

The  surface-density  at  the  point  of  the  sphere  nearest  to  the 
electrified  point  when  it  lies  outside  the  sphere  is 

The  surface-density  at  the  point  of  the  sphere  farthest  from 
the  electrified  point  is 
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When  E,  the  charge  of  the  sphere,  lies  between 
."'iif-a)        ,    _    aW±£) 
,   '/(/-«)■    ";"       "  /(/+»)' 
the  electrification  will  be  negative  next  the  electrified  p' 
positive  on  the  opposite  side.     There  will  be  a  circula 
division  between  the  positively  and  the  negatively  e 
parts  of  the  surface,  and  this  line  will  be  a  line  of  equilil 

the  equipotential  surface  which  outs  the  sphere  in  the  line 
libriam  is  a  sphere  whose  centre  is  the  electrified  point  ai 
radius  is  Vf^—a^. 

The  lines  of  force  and  equipotential  surfaces  belong 
case  of  this  kind  are  given  in  Figure  IV  at  the  en<i 
volume. 

Images  in  an  Infinite  Plane  Conducting  Surfac 

161.]  If  the  two  electrified  points  A  and  B  in  Art. 

electrified  with  equal  charges  of  electricity  of  opposite  s 

surface  of   zero  potential  will 

plane,  every  point  of  which  is  eq' 

from  A  and  D. 

Hence,  if  A   be   an   electrifii 
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observe  that  it  is  compounded  of  two  forces  each  equal  to  -r-ng ' 

one  acting  along  AP  and  the  other  along  PB.  Hence  the 
resultant  of  these  forces  is  in  a  direction  parallel  to  AB  and 
equal  to  e      AB 

AP^^AP' 
Hence  12,  the  resultant  force  measured  from  the  surface  towards 
the  space  in  which  A  lies,  is 

and  the  density  at  the  point  P  is 

eAD 


(16) 


On  Electrical  Inversion. 

162.]  The  method  of  electrical  images  leads  directly  to  a  method 
of  transformation  by  which  we  may  derive  from  any  electrical 
problem  of  which  we  know  the  solution  any  number  of  other 
problems  with  their  solutions. 

We  have  seen  that  the  image  of  a  point  at  a  distance  r  from 
the  centre  of  a  sphere  of  radius  22  is  in  the  same  radius  and  at  a 
distance  /  such  that  n^  =12^.  Hence  the  image  of  a  system  of 
points,  lines,  or  surfaces  is  obtained  fi*om  the  original  system  by 
the  method  known  in  pure  geometry  as  the  method  of  inversion, 
and  described  by  Chasles,  Salmon^  and  other  mathematicians. 

If  A  and  B  are  two  points,  A'  and  B'  their  images,  0  being 
the  centre  of  inversion,  and  22  the  radius 
of  the  sphere  of  inversion, 

OA.OA'  =  R^  =  OB.OR. 
Hence  the  triangles  OAB,  OB' A^  axe  similar, 
and   AB:A'B'::OA:OB'::OA.OB:R^. 

If  a  quantity  of  electricity  e  be  placed  at 

Ay  its  potential  at  B  will  be       F  =  -^ . 

If  ^  be  placed  at  A\  its  potential  at  jB'  will  be 


la  the  theory  of  electrical  images 

e  :  /  : :  04  :  iZ  : :  B  :  OA'. 
Hence  V -.r -.-.R.OB,  (17) 

or  the  potential  at  B  due  to  the  electricity  at  4   is  to  the 
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poteotial  at  the  image  of  B  due  to  the  electrical  image  o 
is  to  OB. 

Since  this  ratio  depends  only  on  OB  and  not  on  OA,  tii 
tial  at  B  due  to  any  system  of  electrified  bodies  ia  to  th 
dae  to  the  inu^  of  the  system  as  £  is  to  OB. 

If  r  be  the  distance  of  any  point  A  from  the  centre,  an 
of  it«  image  A',  and  if  e  be  the  electrification  of  A,  and  t 
A',  also  a  L,  S,  K  he  linear,  superficial,  and  solid  elemei 
and  L',  ^,  K"  their  images  at  A',  and  A,  a,  p.  A',  i/,  p'  tl 
Bponding  line-surface  and  volnme-densities  of  electricit 
two  points,  Vthe  potential  at  A  due  to  the  original  sys 
V  the  potential  at  A'  due  to  the  inverse  system,  then 

r       L~r*~S*'     S~r*^B*'     ^  ~  r»  ~  iJ«' 

e~  r~  R'       X  ~  'R~  1^'  \ 

a~  R'~  ¥''     p  ~  B>  ~  r** ' 
r_  r  _R 

If  in  tlie  original  system  a  certain  sorfoee  is  that  o 
ductor,  and  has  therefore  a  constant  potential  P,  thei 
transformed  system  the  image  of  the  sor&oe  will  have  a  ] 

^^- 

of  electricity  equal  to  —PR,  the  potential  of  the  trsi 
sur&ce  is  reduced  to  zero. 
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of  inyersion  are  a  and  a^  and  if  their  radii  are  a  and  a\  and  if 
Yre  define  the  power  of  a  sphere  with  respect  to  the  centre  of  in- 
version to  be  the  product  of  the  segments  cut  off  by  the  sphere 
from  a  line  through  the  centre  of  inversion,  then  the  power  of 
the  first  sphere  is  a^— a^,  and  that  of  the  second  is  a^^—afK  We 
have  in  this  case 

or  the  ratio  of  the  distances  of  the  centres  of  the  first  and  second 
spheres  is  equal  to  the  ratio  of  their  radii,  and  to  the  ratio  of  the 
power  of  the  sphere  of  inversion  to  the  power  of  the  first  sphere, 
or  of  the  power  of  the  second  sphere  to  the  power  of  the  sphere 
of  inversion. 

The  image  of  the  centre  of  inversion  with  regard  to  one  sphere 
is  the  inverse  point  of  the  centre  of  the  other  sphere. 

In  the  case  in  which  the  inverse  surfiax^es  are  a  plane  and  a 
sphere,  the  perpendicular  from  the  centre  of  inversion  on  the 
plane  is  to  the  radius  of  inversion  as  this  radius  is  to  the  diameter 
of  the  sphere,  and  the  sphere  has  its  centre  on  this  perpendicular 
and  passes  through  the  centre  of  inversion. 

Every  circle  is  inverted  into  another  circle  unless  it  passes 
through  the  centre  of  inversion,  in  which  case  it  becomes  a 
straight  line. 

The  angle  between  two  surfaces,  or  two  lines  at  their  intersec- 
tion, is  not  changed  by  inversion. 

Every  circle  which  passes  through  a  point  and  the  image  of 
that  point  with  respect  to  a  sphere,  cuts  the  sphere  at  right  angles. 
Hence,  any  circle  which  passes  through  a  point  and  cuts  the 
sphere  at  right  angles  passes  through  the  image  of  the  point. 

164.]  We  may  apply  the  method  of  inversion  to  deduce  the 
distribution  of  electricity  on  an  uninsulated  sphere  under  the  in- 
fluence of  an  electrified  point  from  the  uniform  distribution  on 
an  insulated  sphere  not  influenced  by  any  other  body. 

If  the  electrified  point  be  at  ^,  take  it  for  the  centre  of  in- 
version, and  if  J.  is  at  a  distance/*  from  the  centre  of  the  sphere 
whose  radius  is  a,  the  inverted  figure  will  be  a  sphere  whose 
radius  is  a'  and  whose  centre  is  distant/",  where 

«'_/-_J^  (20) 

The  centre  of  either  of  these  spheres  corresponds  to  the  inverse 
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point  of  the  other  with  respect  to  A,  or  if  G  is  the  cent 
the  inverse  point  of  the  first  sphere,  C  will  be  the  invei 
and  B'  the  centre  of  the  second. 

Now  let  a  quantity  e'  of  eleotrioity  be  communicate 
second  sphere,  and  let  it  be  uninfluenced  by  external  fc 
will  become  uniformly  distributed  over  the  sphere  with  i 
density  ,  _     e' 

Its  action  at  any  point  outside  the  sphere  will  be  the 

that  of  a  ofaarge  e'  placed  at  B'  the  centre  of  the  sphere. 

At  the  spherical  surface  and  within  it  the  potential  is 

1'='-,. 

a 
a  constant  quantity. 

Now  let  US  invert  this  system.  The  centre  B'  beoom 
inverted  system  the  invet«e  point  B,  and  the  charge 

becomes  t'fi»i  B,  and  at  any  point  separated  from  J 

surface  the  potential  is  that  due  to  this  chaige  at  B. 

The  potential  at  any  point  P  on  the  spherical  saifi 
tli«  same  side  as  A,  is  in  the  inverted  system 
£_R 
a'AP' 
If  we  now  snperpoee  on  this  sTstem  a  charge  e  at  J,  ^ 

the  potential  on  the  spherical  snr&oe,  and  at  all  p<uiil 

>  sidf  as  B.  will  be  r-Jutvd  to  oeiv'.     Ai  all  | 
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On  Finite  Systems  of  Successive  Images. 

166.]  If  two  conducting  planes  intersect  at  an  angle  which  is 
a  Bobmnltiple  of  two  right  angles,  there  will  be  a  finite  system 
of  images  which  will  completely  determine  the  electrification. 

For  let  AOB  be  a  section  of  the  two  conducting  planes  per- 
pendiculair  to  their  line  of  intersection,  and  let  the  angle  of  inter- 

IT 

section  AOB  =  -  t   let  P  be  an  electrified  point.    Then,  if  we 

n 

draw  a  circle  with  centre  0  and  radius  OP^  and  find  points  which 
are  the  successive  images  of  P  in  the  two  planes  beginning  with 
OJB,  we  shall  find  Q^  for  the  image  of  P  in  OjB,  P^  for  the  image 
of  Q,  in  OA,  Qa  for  that  of  Pg  in  OP,  P3  for  that  of  Q3  in  OA, 
Q^  for  that  of  i^  in  OP,  and  so  on. 

.  If  we  had  begun  with  the  image  of  P  in  AO  we  should  have 
found  the  same  points  in  the 
reverse  order  Q,,  ij,  Q3,  Pg,  d, 
provided  ilOP  is  a  submultiple 
of  two  right  angles. 

For  the  electrified  point  and 
the  alternate  images  i^,  P^ 
are  ranged  round  the  circle  at 
angular  intervals  equal  to  2A0By 
and  the  intermediate  images 
Qi>  Q2*  Qz  ^^  ^^  intervals  of 
the   same  magnitude.     Hence,         "  il    10 

if  2A0B  is  a  submultiple  of 
2  ir,  there  will  be  a  finite  number  of  images^  and  none  of  these 
will  fall  within  the  angle  AOB.  If,  however,  AOB  is  not  a 
submultiple  of  ir,  it  will  be  impossible  to  represent  the  actual 
electrification  as  the  result  of  a  finite  series  of  electrified  points. 

If  AOB  =  -9  there  will  be  n  negative  images  Qp  Q2,  &c.,  each 
n 

equal  and  of  opposite  sign  to  P,  and  n—l  positive  images  P^y 

P^y  &c,  each  equal  to  P,  and  of  the  same  sign. 

The  angle  between  successive  images  of  the  same  sign  is  -^  • 

If  we  consider  either  of  the  conducting  planes  as  a  plane  of 
83rmmetry,  we  shall  find  the  electrified  point  and  the  positive 
and  negative  images  placed  symmetrically  with  regard  to  that 
VOL.  I.  s 
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plane,  bo  that  for  every  positive  ima^  there  is  a 
image  in  the  same  normal,  and  at  an  equal  distana 
opposite  side  of  the  plane. 

If  we  DOW  invert  this  system  with  respect  to  any  {i 
two  planes  hecome  two  spheres,  or  a  sphere  and  a  plai 

secting  at  an  angle  -,  the  influencing  point  P,  the  inve 

of  P,  being  within  this  angle. 

The  successive  images  lie  on  the  cirole  which  passes  ti 
and  intersects  both  spheres  at  right  angles. 

To  find  the  position  of  the  images  we  may  make  n 
principle  that  a  point  and  its  image  in '  a  sphere  ai 
same  radios  of  the  sphere,  and  draw  snccessive  chore 
circle  on  which  the  images  lie  b^[inning  at  P  and 
through  the  centi'es  of  the  two  spheres  alteniately. 

To  find  the  charge  which  must  be  attributed  to  eai 
take  any  point  in  the  circle  of  intersection,  then  the  i 
each  image  is  proportional  to  its  distance  from  this  poin 
sign  is  positive  or  negative  according  as  it  belongs  to  tl 
the  second  system. 

166.]  We  have  thns  found  the  distribution  of  the  imaj 
any  space  bounded  by  a  conductor  oonsiating  of  two  : 
sor&ces  meeting  at  an  angle  — ,  and  kept  at  potential 

influenced  by  an  electrified  point. 

We  may  by  inversion  deduce  the  ease  of  a  conductor  e 


of  two  spherical  segments  meeting  at  a  re-entering  i 
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ceasiye  images,  draw  DA  a  radius  of  the  first  circle,  and  draw 

DC^  DE^  &c.,    making  angles  ->    — >  &c.   with   DA.      The 

n     7h 

points  il,  C7,  E^  &c.  at  which  they  cut  the  line  of  centres  will  be 

the  positions  of  the  positive  images,  and  the  charge  of  each  will 

be  represented  by  its  distance  from  D.    The  last  of  these  images 

will«be  at  the  centre  of  the  second  circle. 

To  find  the  negative  images  draw  DQ,  DiZ,  &c.,  making  angles 

- ,  —  >  &C.  with  the  line  of  centres.     The  intersections  of  these 
n     n 

lines  with  the  line  of  centred  will  give  the  positions  of  the 

negative  images,  and  the  charge  of  each  will  be  represented  by 

its  distance  from  D  {for  if  E  and  Q  are  inverse  points  in  the 

sphere  A  the  angles  ADE^  AQD  are  equal}. 

The  surface-density  at  any  point  of  either  sphere  is  the  sum 

of  the  surface-densities  due  to  the  system    of  images.    For 

instance,  the  surface-density  at  any  point  S  of  the  sphere  whose 

centre  is  il,  is 

where  A^B.C,  &c.  are  the  positive  series  of  images. 

When  iS  is  on  the  circle  of  intersection  the  density  is  zero. 

To  find  the  total  charge  on  one  of  the  spherical  segments,  we 
tnay  find  the  surface-integral  of  the  induction  through  that 
eegment  due  to  each  of  the  images. 

The  total  charge  on  the  segment  whose  centre  is  A  due  to  the 
image  at  A  whose  charge  is  DA  is 

"where  0  is  the  centre  of  the  circle  of  intersection. 

In  the  same  way  the  charge  on  the  same  segment  due  to  the 
image  at  B  is  )  (DB  +  OB),  and  so  on,  lines  such  as  OB  measured 
from  0  to  the  left  being  reckoned  negative. 

Hence  the  total  charge  on  the  segment  whose  centre  is  A  is 
\{DA+DB  +  DC+kc.)  +  \{OA  +  OB  +  OC-^kc.) 
-i(DP+JDQ  +  &c.)-J(Oi'  +  OQ  +  &c.). 

167.]  The  method  of  electrical  images  may  be  applied  to  any 
space  bounded  by  plane  or  spherical  surfaces  all  of  which  cut  one 
another  in  angles  which  are  submultiples  of  two  right  angles. 

8  2 
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In  order  that  Buch  a  system  of  spherical  surfaces  mi 
every  solid  angle  of  the  figure  must  be  trihedral,  and  t\ 
angles  mast  be  right  angles,  and  the  third  either  a  rig) 
or  a  Bubmultiple  of  two  right  angles. 

Henoe  the  oases  in  which  the  number  of  images 
are — 

(1)  A  ^ngle  spherical  surface  or  a  plane. 

(2)  Two  planes,  a  sphere  and  a  plane,  or  two  sphen 

secting  at  an  angle  -  ■ 

(3)  These  two  surfaces  with  a  tMrd,  which  may  be  mth 
or  spheiipal,  cutting  both  orthogonally. 

(4)  These  three  surfaces  with  a  foordi,  plane  or  si 
cutting  the  first  two  orthogonally  and  the  third  at  an  a 
Of  these  four  surfaces  one  at  least  must  be  sphericaL 

We  have  already  examined  the  first  and  second  cases. 
first  case  we  have  a  single  image.  In  the  second  case 
2  7t—  1  images  arranged  in  two  series  on  a  circle  whiol 
through  the  influencing  point  and  is  orthogonal  to  both  i 
In  the  third  case  we  have,  besides  these  images  and 
fiaencing  point,  their  images  with  respect  to  the  third 
that  is,  4  n  —  1  images  in  all  besides  the  influencing  poin 

In  the  fourth  case  we  first  draw  through  the  inflaenci] 
a  circle  orthogonal  to  the  first  two  surfaces,  and  determi 
the  positions  and  magnitudes  of  the  n  negative  images 
n— 1  positive  images.  Then  through  each  of  these  2i 
including  the  influencing  point,  we  draw  a  circle  orthp 
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Case  of  Two  Spheres  cvMing  Orthogonally.    See  Fig.  IV 

at  the  end  of  this  volume. 

168.]. Let  A  and  By  Fig.  12«  be  the  centres  of  two  spheres 
cutting  each  other  orthogonally 
in  a  circle  through  D  and  I/,  and 
let  the  straight  line  DIX  cut  the 
line  of  centres  in  C.  Then  C  is 
the  image  of  A  with  respect  to 
the  sphere  £,  and  also  the  image 
of  B  with  respect  to  the  sphere 
A.     If   AD  =  a,    BD  =  ffy   then 

il5=  -/^N^,  and  if  we  place  ^^•^2- 

at  A,  By  C  quantities  of  electricity  equal  to  a,  )3,  and  —     

respectively,  then  both  spheres  will  be  equipotential  surfaces 
whose  potential  is  unity. 

We  may  therefore  determine  from  this  system  the  distribution 
of  electricity  in  the  following  cases  : 

(1)  On  the  conductor  PDQI/  formed  of  the  larger  segments  of 
both  spheres.    Its  potential  is  unity,  and  its  charge  is 

a+fi -^^  ^AD+BD--CD. 

This  quantity  therefore  measures  the  capacity  of  such  a  figure 
when  free  from  the  inductive  action  of  other  bodies. 

The  density  at  any  point  P  of  the  sphere  whose  centre  is  A, 
and  the  density  at  any  point  Q  of  the  sphere  whose  centre  is  J?, 
are  respectively 

On  the  circle  of  intersection  the  density  is  zero. 

If  one  of  the  spheres  is  very  much  larger  than  the  other,  tiie 
density  at  the  vertex  of  the  smaller  sphere  is  ultimately  three 
times  that  at  the  vertex  of  the  larger  sphere. 

(2)  On  the  lens  P'TX^'U  formed  by  the  two  smaller  s^ments  of 

the  spheres,  charged  with  a  quantity  of  electricity  = > 

and  acted  on  by  points  A  and  £,  charged  with  quantities  a  and  /3 
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at  potential  nutty,  and  the  density  at  any  point  is  e: 
by  the  same  formula. 

(3)  On  the  meniscus  DPI/^  charged  with  a  qnantit 
acted  on  by  points  B  and  C  charged  respectively  with  qi 

a  and    — ,  ■■        ,   which    is   also   in   equilibrium    at  t 
Ity.     ^•■  +  ^" 

(4)  On  the  other  meaiscus  QDP'D'  charged  with  a  < 
8  under  the  action  of  A  and  C, 

We  may  also  deduce  the  dietribution  of  electricity 
following  internal  sarfaces — 

The  hollow  lens  P'DQ'D'  under  the  influence  of  the 
electrified  point  C  at  the  centre  of  the  circle  DI/. 

The  hoUow  meniscus  under  the  influence  of  a  poini 
centre  of  the  concave  surface. 

The  hollow  formed  of  the  two  larger  e^ments  of  both 
under  the  influence  of  the  three  points  A,  B,  C. 

Bnt,  instead  of  working  out  the  solutions  of  these  o 
shall  apply  the  principle  of  electrical  images  to  detem 
density  of  the  eleotrituty  induced  at  the  point  P  of  the  i 
surface  of  the  conductor  PDQI/  by  the  action  of  a  poi 
charged  yritix  unit  of  electricity. 

Let  OA  =  a,  0B=  b,  OP  =  t,  BP  =  p, 
AD  =  it,        BD  =  ff,       AB=  V'o»+;j». 

Invert  the  system  with  respect  to  a  sphere  of  radius  on 
centre  0. 
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I^  in  the  original  system,  the  density  at  P  is  <r,  then 


and  the  potential  is  -  -      By  placing  at  0  a  negative  charge  of 


electricity  equal  to  unity,  the  potential  will  become  zero  over 
the  original  surface,  and  the  density  at  P  will  be 

This  gives  the  distribution  of  electricity  on  one  of  the  spherical 
segments  due  to  a  charge  placed  at  0,  The  distribution  on  the 
other  spherical  segment  may  be  found  by  exchanging  a  and  6, 
a  and  /3,  and  putting  q  or  AQ  instead  oip. 

To  find  the  total  charge  induced  on  the  conductor  by  the 
electrified  point  at  0,  let  us  examine  the  inverted  system. 

In  the  inverted  system  we  have  charges  a!  at  A\  and  ^  at  B\ 

a!  ^ 

and  a  negative  charge  at  a  point  (T'  in  the  line  A'B\ 

such  that  A'G :  GB! : :  a'^ :  ^K 

If  Oil'=  a\  OR  =  6',  OCT  =  c',  we  find 


c'«  = 


a'8  +  ^'2 
Inverting  this  system  the  charges  become 

a' -a'      6' "6' 

a'/3'         1  a/3 


and     — 


Hence  the  whole  charge  on  the  conductor  due  to  a  unit  of 
negative  electricity  at  0  is 

a  ^  ^  _  a/3 


Distribution  of  Electricity  on  Three  Spherical  Surfaces 
which  Intersect  at  Right  Angles. 

169.]  Let  the  radii  of  the  spheres  be  a,  /3,  y,  then 

BC  =  ^WT7,    CA  =  V'T+T?,    AB  =  ^^^TW, 

Let  PQi{,  Fig.  13,  be  the  feet  of  the  perpendiculars  from  ABC 
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on  the  opposite  Bides  of  the  triangle,  and  let  0  be  i 
section  of  perpendiculars. 

Then  P  is  the  inu 
in  the  sphere  y,  and 
image  of  (7  in  the  a 
Also  0  is  the  imageol 
sphere  a. 

Let  charges  a,  ^,  i 
placed  at  A,  £,and  G 
Then  tlie  charge  to  1 
at  Pis 
3y 


Kg.  18. 


■/)3'  +  V 


V. 


jy^  ^f  ^  •a'y'-lV^j^g^  „  a..t  the  duige  at 
sidered  as  the  image  of  P,  iB 

In  the  same  way  we  may  find  the  system  of  images  w 
electrically  equivalent  to  four  spherical  smfboee  at  \ 
unity  intersecting  at  right  angles. 

If  the  radios  of  the  fourth  sphere  is  i,  and  if  we  n 
cba^  at  the  centre  of  this  sphere  =  fi,  then  the  chargt 
intenection  of  the  line  of  centres  of  any  two  spheres,  st 
/j,  with  their  plane  of  intersection,  i 
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Sjfdem  of  Fowr  Spheres  Intersecting  at  Right  Angles,  at  zero 
potential,  under  the  Action  of  an  Electrified  Unit  Point 

170.]  Let  the  four  spheres  be  A,  B,  C,  D,  and  let  the  electrified 
point  be  0.  Draw  four  spheres  A^,  B^^  C^^  D^,  of  which  any 
one,  ^2>  P^ss^  through  0  and  cuts  three  of  the  spheres,  in  this 
case  By  C,  and  D,  at  right  angles.  Draw  six  spheres  (ab),  (oc), 
(ad)^  (be),  (bd),  {cd)^  of  which  each  passes  through  0  and  through 
the  circle  of  intersection  of  two  of  the  original  spheres. 

The  three  spheres  Bi,  Cj,  D^  will  intersect  in  another  point 
besides  0.  Let  this  point  be  called  A\  and  let  B',  (7,  and  1/  be 
the  intersections  of  C^,  D^,  ^i,.of  D^,  ilj,  B^^  and  of  ^i,  B^^  C^ 
respectiYely.  Any  two  of  these  spheres,  A^^  Bj,  will  intersect 
one  of  the  six  (cd)  in  a  point  (a'  &').  There  will  be  six  such 
points. 

Any  one  of  the  spheres,  A^  will  intersect  three  of  the  six  (a6), 
(ac),  (ad)  in  a  point  a\  There  will  be  four  such  pointa  Finally, 
the  six  spheres  (a&),  (ac),  (ad),  (c(2),  (dh),  (be),  will  intersect  in  one 
point  S  in  addition  to  0. 

If  we  now  invert  the  system  with  respect  to  a  sphere  of  radius 
unity  and  centre  0,  the  four  spheres  A,  B,  (7,  D  will  be  inverted 
into  spheres,  and  the  other  ten  spheres  will  become  planes.  Of 
the  points  of  intersection  the  first  four  A\  B^j  (7, 1/  will  become 
the  centres  of  the  spheres,  and  the  others  will  correspond  to  the 
other  eleven  points  described  above.  These  fifteen  points  form 
the  image  of  0  in  the  system  of  four  spheres. 

At  the  point  A\  which  is  the  image  of  0  in  the  sphere  A,  we 

must  place  a  charge  equal  to  the  image  of  0,  that  is, ,  where 

a 

a  is  the  radius  of  the  sphere  A,  and  a  is  the  distance  of  its  centre 

from  0.    Li  the  same  way  we  must  place  the  proper  charges  at 

^,  cr,  U. 

The  charge  for  any  of  the  other  eleven  points  may  be  found 
from  the  expressions  in  the  last  article  by  substituting  a\  ^\  /,  h' 
for  a,  /3,  y,  hy  and  multiplying  the  result  for  each  point  by  the 
distance  of  the  point  from  0,  where 

[The  cases  discussed  in  Arts.  169,  170  may  be  dealt  with  as 
follows:  Taking  three  coordinate  planes  at  right  angles,  let  us 
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place  at  tbe  STstem  of  eight  pointe  (±  — ,     +  —-r. 

ch&rgea  +e,  the  minuB  charges  being  at  the  poiuts  wl 
1  or  3  negative  coordinates.  Then  it  ia  ob-rioua  the  o 
planes  are  at  potential  zero.  Now  let  us  invert  with  i 
any  point  and  we  have  the  cafie  of  three  spheres  enttii 
gonally  under  the  inSueace  of  an  electrified  point  If  i 
with  regard  to  one  of  the  electrified  points,  we  find  the 
for  the  case  of  a  conductor  in  the  form  of  three  sphere 
a,  P,  y  cutting  orthogonally  and  &eely  charged. 

If  to  tbe  above  system  of  electrified  points  we  supen 
images  in  a  sphere  wiUi  its  centre  at  the  origin  we  sec 
addition  to  the  three  coordinate  planes,  tbe  surface  of  tl 
forms  also  a  part  of  tbe  surface  of  zero  potential.] 

Tit-o  Spheres  not  Intersecting. 

171.J  When  a  space  is  bounded  by  two  spherical 
which  do  not  intersect,  tbe  successive  imaj|;es  of  an  inl 
point  within  this  space  form  two  infinite  series,  none  of  i 
between  tbe  spherical  sur&cee,  and  therefore  fulfil  the  < 
of  the  applicability  of  the  method  of  electrical  images. 

Any  two  non-intersecting  spheres  may  be  inverted  : 
ooneentric  spheres  by  assuming  as  the  point  of  inversic 
of  the  two  common  inverse  points  of  the  pair  of  spheres. 

We  shall  b^in,  therefore,  with  the  case  of  two  nni 
concentric  upherical  mirboet 
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also  OQo  =  ^'^ 

Hence  OP^  =  5e<-+2.tsr)^ 

OQ,  =  &(?-'*+«•  ^. 

If  the  charge  of  P  is  denoted  by  P,  that  of  i^  by  i^,  then 

ij  =  Pe  ^,        Q.  =  -  P«-(-+*^). 
Next»  let  Qj'  be  the  image  of  P  in  the  second  sphere,  P^  that 
of  Q/  in  the  first,  &c.,  then 

OQ/  =  662^--,  OP/  =  be--^, 

OQ^  =  5e*''— ,  OP^  =  6e"-*«', 

OQ/  =  662'^-«,         OiJ'  =  fte^'-^.w, 
Q/  =  -  Pc'^-^,        P/  =  Pe-  ='. 
Of  these  images   all  the  P*s  are  positive,  and  all  the  Q*s 
n^ative,  all  the  P^'s  and  Q*s  belong  to  the  first  sphere,  and 
all  the  P's  and  Q"s  to  the  second. 

The  images  within  the  first  sphere  form  two  converging  series, 

the  sum  of  which  is  a^-^  _  i 

^P? —. 

This  therefore  is  the  quantity  of  electricity  on  the  first  or 
interior  sphere.  The  images  outside  the  second  sphere  form  two 
diverging  series,  but  the  surface-integral  due  to  each  with  respect 
to  the  spherical  surface  is  zero.  The  charge  of  electricity  on  the 
exterior  spherical  surface  is  therefore 


^(VfT-')  =  - 


If  we  substitute  for  these  expressions  their  values  in  terms  of 
OA,  OB,  and  OP,  we  find 

charge  on  A  =-P(Jpj^* 

charge  on  B  =  -Pjjpj^g' 

If  we  suppose  the  radii  of  the  spheres  to  become  infinite,  the 
case  becomes  that  of  a  point  placed  between  two  parallel  planes 
A  and  B.    In  this  case  these  expressions  become 

charge  on  A  =  "P-r-ni 
charge  on  P  =  ~^Tfi • 
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172.]  In  order  to  paea  from  this  case  to  that  of  any  tn 
not  intersectiiig  each  other,  we  begin  by  finding  the  two 
inverse  p6in< 


will  be  Bituated  in  Fig.  14  somewhere  between  the  two 
surfaces. 

Now  in  Art.  171  we  solved  the  case  where  an  electril 
is  placed  between  two  concentric  conductors  at  zero  ] 
By  inversion  of  that  case  with  regard  to  the  point  O  we  sh 
fore  deduce  the  distributions  induced  on  two  spherical  c< 
at  potential  zero,  exterior  to  one  another,  by  an  e 
point  in  their  neighbourhood.  In  Art.  173  it  will  be  sh 
the  results  thus  obtained  may  be  employed  in  finding  t1 
butions  on  two  spherical  charged  conductors  subject 
mutual  influence  only. 

The  radius  OAPB  in  Fig.  H  on  which  the  suoceseiv 
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That  of  Qo  in  B  is  F{  where 

Similarly 

tf  (R)  =  0  +  28V,  B{Q,)  =  2a-e-28m. 

In  the  same  way  if  the  successive  images  of  P  in  B,  A,  B,  &c. 

tf(QoO=2i3-tf,  e{r^  =  B^2m; 

0{ry)  =  d-28CT,  ^(Q.')  =  2/3-d  +  28«r, 

To  find  the  charge  of  any  image  (?  we  observe  that  in  the 
inverted  figure  (14)  its  charge  is 

In  the  original  figure  (15)  we  must  multiply  this  by  OF?.    Hence 
the  charge  of  R  in  the  dipolar  figure  as  P  =  P/OP,  is 


V  OP.O'P 


If  we  make  f  =  '/OP.  O'P,  and  call  (  the  parameter  of  the 
point  P,  then  we  may  write 

P=  -P 

or  the  charge  of  any  image  is  proportional  to  its  parameter. 
If  we  make  use  of  the  curvilinear  coordinates  0  and  ^,  such 

x+  /— ly  +  fc 
where  2  X;  is  the  distance  00\  then 

A;  sinh  d  k  sin  6 

cosh  d— COS  ^ '        ^      cosh  d— cos  ^  * 
^*  +  (y — ^  cot  4)Y  =  A;^  cosec*  0, 
(«  +  *  coth  ^)«  +  2/2  =  A;2  oosech^  d, 

^  2%  *  2fcB 

f=       ^^^      t 

Vcoshd— cos</) 

*  {Hence  ^  it  oonttant  for  aU  pointi  on  the  arc  along  which  the  imagee  are 
■iiuated.} 

t  In  theee  ezprevioni  we  must  remember  that 

2  coehtf  «  «*  +  «"^,        2  linhtf  -  «*-e"*, 
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Since  the  charge  of  each  image  la  proportional  to  ItB  p 
(,  and  IB  to  be  taken  positively  or  negatively  accordin 
of  the  form  P  or  Q,  we  find 


I? 

a=- 
a'=  — 


P  yCOBh  d  —  COB  » 
VcOSh  (tf +  28W)  — COB  1^' 

P  yCOsh  fl  —  COB  <f> 
v'oOflh(2B-fl-28Bf)-COB0' 


P  v'oOsh  fl— COB  0 
v'cOBh  (tf  —  2  aor)  —  COS  41 

P^cosh  fl— COS  it> 


v^cosh(2j3  — tf  +  2ew)— co&<^ 

We  have  now  obtained  the  positions  and  charges  o' 

infinite  series  of  images.    We  have  next  to  determine 

charge  on  the  sphere  A  by  finding  the  Bam  of  all  th 

-witiiin  it  which  are  of  the  form  Q  or  P.     We  may  wri< 


v'cosh^d— 2««)— coa^ 


Pv'ooeh  9— cos  (f  2'- 

P-  ^/oo8hfl-oofl*2!=o'  ■■■■■-' 

'/coshfaa— 0— 2«ar)— cc 

In  the  same  way  the  total  induced  charge  on  B  is 
P^ooshfl— coB<^2»-r- 


'/cOSb(d  +  2sw)  — COB0 


-  P /cosh  fl  —  COS  0  2' 
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of  tbe  sphere  A  will  be  those  of  the  actual  distribution  of  elec- 
tricity. All  the  images  will  lie  on  the  axis  between  the  poles 
and  the  centres  of  the  spheres,  and  it  will  be  observed  that  of 
the  four  systems  of  images  determined  in  Art.  1 72,  only  the  third 
and  fourth  exist  in  this  case. 

If  we  put  

v^a*  +  6*  +  c*-26V-2c^a2-2a^6« 
k  — 

2c 

k  .  k 

then    &inha  = ,         sinhfi  =  r- 

The  values  of  B  and  4»  for  the  centre  of  the  sphere  A  are 

d  =  2a,         </>  =  0. 

Hence  in  the  equations  we  must  substitute  a  or  —  Jb-r-i — 

smh  a 

for  P,  2o  for  6  and  0  for  </>,  remembering  that  P  itself  forms  part  of 
the  charge  of  A,   We  thus  find  for  the  coefficient  of  capacity  of  A 

a    -     JfcT*"'* ? 

qaa-     '^-^-0  8inh(8tsr-a)' 

for  the  coefficient  of  induction  of  ^  on  j8  or  of  J?  on  il 

?a6-     '^^•=i8inh8«r- 
We  might,  in  like  manner,  by  supposing  B  at  potential  unity 
and  A  at  potential  zero,  determine  the  value  of  Jm  •    We  should 
find,  with  our  present  notation, 

To  calculate  these  quantities  in  terms  of  a  and  6,  the  radii  of 
the  spheres,  and  of  c  the  distance  between  their  centres,  we 
observe  that  if 

K-  Va^  +  6*  +  c*  -  2 6»c« -  2  c^a* -  2a*6«, 
we  may  write 

K  K  K 

sinha  =  — - — ,  sinh/S  = -y-,  sinhw  = 


2ao'  ^      26c'  "2a6' 

2ca      '  ^  2c6       '  ^w"w  2a6 

and  we  may  make  use  of 

sinh  (a  +  iS)  =  sinh  a  cosh  ^  +  cosh  a  sinh  j9, 
C08h(a  +  ^)  =  cosh  a  cosh  ^  +  sinh  a  sinh /3. 


272  ELECTBIO  ntiOES. 

By  this  process  or  bj  the  direot  calculation  of  the  t 
images  as  shewn  in  Sir  W.  Thomson's  paper,  yre  find 

5„=a+^ — rs  +  i-s — i-o ri-i — Ta i+«o., 

^  c*— 0*    {c'—b^  +  ac)  (c*— 0*— a,) 

ab  g'fc' o*^ 

'^°*~       c      f(c='-a»-i'')     (.■{c*-a*-i«  +  a6){c«-a«-6 

174.]  We  have  then  the  following  equations  to  c 
the  charges  E^  and  JS,,  of  the  two  spheres  when  dec 
potentials  K  and  K  respectively, 

1 


i/* 


If  we  put  9«?»— ?<*^  =  D  = 

whence  p^p^t-p^"  =  ly  i 

then  the  equations  to  determine  the  potentials  in  ten 

chargesare  Z  =  p^Ea+p^Ei, 

f^  =  p^Ea+ptbEi, 

and  p^,  p^,  and  pu,  are  the  coefficients  of  potential. 
The  total  energy  of  the  system  is,  by  Art.  S5, 
Q  =  HE^%  +  E,K) 

=  i{X'q«  +  2X^q^+V,'qu) 
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mnfli  be  differentiated  on  the  supposition  that  a  and  b  are  con** 
Btant.    From  the  equations 

f  •  1.         r  •  i_  ^  sinhasinhS 

A;  =  — asinha  =  osinhB  =  — c r-r ^> 

8imi« 

dk  ^  cosh  g  cosh  fi 

dc  ""        sinh  ar 

find  —  —  ®"^  **  ^^^  ^ 

C3fc  ""      A;  sinh  «• 

dp  ^  cosh  a  sinh  fi 
dc^      k  sinh  w 

c2sr      1 

whence  we  find 

dygg  _  eosh  a  cosh p  gqg      -^<=rop  {sc  -f  &  cosh  ff)  cosh  (8g—a)^ 
dc   ""       sinhv       "Jb       -^.=0  c(sinh(8o-*o))* 

cZgaft  _  cosh  g  cosh  fi  ggft         ^«»«>8COSh8V 

dc  ""       wnh^       T  "^  -^'^^  (sinh8tir)«' 
d?66  _  cosh  g  cosh  p  qtb      ^^.  =  00  («c+a  cosh  g)  cosh  O  +  fiw)^ 
dc  wS^S^      T'"^*^^  c(sinh03  +  8tir))2 

Sir  William  Thomson  has  calculated  the  force  between  two 
spheres  of  equal  radius  separated  by  any  distance  less  than  the 
diameter  of  one  of  them.  For  greater  distances  it  is  not  neces* 
aary  to  use  more  than  two  or  three  of  the  successive  images* 

The  series  for  the  differential  coefficients  of  the  g's  with  respect 
to  c  are  easily  obtained  by  direct  differentiation, 

dqaa_        2a^bc  2a36^c(2o^~26^-a^)        « 

dc  ""      (c*-6a)«      (c«-62^ac)^(c^-62-ac)»         '* 

dc       c»        c2(c2-a2-62)2 

o«6«f  (5c^-a«~6^)(c«-a^-6«)-a'6^}     . 

dq»_        2ab^c  2a^b^c{2c^-^2a^'^b^)        . 

dc  {i^^aY     (c*-aV6cf(c*-a2-.6c)« 

Distribution  of  Electricity  on  Two  Spheres  in  Contact. 

175.]  If  we  suppose  the  two  spheres  at  potential  unity  and 
not  influenced  by  any  point,  then,  if  we  invert  the  system  with 
respect  to  the  point  of  contact,  we  shall  have  two  parallel  planes, 

VOL.  !•  T 
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diBtant  -—  and  -y  from  the  point  of  inversion,  and  electrified  by 

tbe  action  of  a  positive  unit  of  electricity  at  that  ]>oint. 

There  will  be  a  aeries  of  positive  images,  each  equal  to  unity, 

at  distances  sf-  +  t)  fiom  the  origin,  vfhere  s  may  have  any 

integral  value  from  —00  to  +=c. 

There  will  also  be  a  series  of  negative  images  each  equal  to 
—  1,  the  distances  of  which  from  the  origin,  reckoned  in  the 

direction  of  0,  are  -  +  8  f-  +  t V 

a        ^a      b' 

When  this  system  is  inverted  back  again  into  the  form  of  the 
two  spheres  in  contact,  we  have  corresponding  to  the  positive 
images  a  series  of  negative  images,  the  distances  of  which  from 

the  point  of  costaot  are  of  the  form  ^^— ^- ,  where  s  ia  poeitiTe 

S(      b' 
for  the  sphere  A  and  negative  for  the  sphere  B.    The  charge 
of  each  image,  when  tbe  potential  of  the  spheres  is  unity,  is 
numerically  equal  to  its  distance  from  the  point  of  contact,  and 
is  always  negative. 

There  will  also  be  a  series  of  positive  images  corresponding  to 
the  negative  ones  for  the  two  planes,  whose  dislanoee  from  the 
point  of  contact  measured  in  the  direction  of  tbe  centre  of  a, 

are  of  the  form • —  - 


\ 


a        *■«      0' 
When  s  is  zero,  or  a  positive  integer,  the  image   is  inside 
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In  the  same  way  we  find  for  the  charge  of  the  sphere  B, 
„  ^_"^f=ao  ab  ah   <^«a-ool 


2t  =  a 


8 


ab^ 


niie  expression  for  ^a  is  obviously  equal  to 

a  +  b.lo        l-e 
which  form  the  result  in  this  case  was  given  by  Poisson. 
It  may  also  be  shewn  (Legendre,  TraitS  dea  Fonctwns  EUip- 
^iques^  iL  438)  that  the  above  series  for  Ea  is  equal  to 

where        y  =  •57712...,  and  *(«)  =  T-logr(l +«). 

Hie  values  of  4^  have  been  tabulated  by  Qauss  (Werkey  Band  iii, 
pp.  161-162). 

If  we  denote  for  an  instant  6-i-(a+^)  by  x,  we  find  for  the 
difference  of  the  charges  E^  and  Ei,, 

-|^iogr(.)r{i-a.)x^,. 

ab        (2 . 

irab      ,    irb 
cot 


a+6       a+6 
When  the  spheres  are  equal  the  charge  of  each  for  potential 

=  a(l-i  +  J-i  +  &c.) 
=  alog^2  =  .69314718a. 

When  the  sphere  A  is  very  small  compared  with  the  sphere  B, 
the  charge  on  A  is 

^.  =  ?2::r  Approximately. 

T  a 
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The  charge  on  B  is  nearly  the  same  as  if  A  were  rei 

The  mean  density  on  each  sphere  is  fonud  by  dir 
chaise  by  the  surface.    In  this  way  we  get 

_   E, w_ 

"'  ~  i^^  ~  246 ' 
_    E^ 1_ 

.r   =-0- 

Hence,  if  a  very  small  sphere  is  made  to  touch  a  v 
one,  the  mean  density  on  the  small  sphere  is  equal  t< 

the  lai^  apttere  multiplied  by  — ,  or  1-644936. 

Application  of  Mectrical  Inversion  to  the  case  < 
Spherical  Bowl. 

176.]  One  of  the  most  remarkable  illustrations  of  the 
Sir  W.  Thomson's  method  of  Electrical  Images  is  fumiil 
investigation  of  the  distribution  of  electricity  on  a  poi 
spherical  surface  bounded  by  a  small  circle.  The  resul 
investigation,  without  proof,  were  communicated  to  U. 
and  published  in  his /ourito^  in  1847.  The  complete  in v< 
is  given  in  the  reprint  of  Thomson's  Electrical  Paper. 
XV.  I  am  not  aware  that  a  solution  of  the  problem  o: 
tribution  of  electricity  on  a  finite  portion  of  any  carve 
has  be«i  given  by  any  other  mathematician. 

As  I  wish  to  oxplain  the  method  rather  thai 
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nnoe  the  resoltant  attraction  of  this  superficial  distribution  on 
any  point  within  the  ellipsoid  is  zero,  electricity,  if  so  distributed 
on  the  snrface,  will  be  in  equilibrium. 

Hence,  the  surface-density  at  any  point  of  an  ellipsoid  undis- 
torb^  by  external  influence  varies  as  the  distance  of  the  tangent 
plane  fix>m  the  centre. 

Distribution  of  Electricity  on  a  Disk. 

By  making  two  of  the  axes  of  the  ellipsoid  equal,  and  making 
the  third  vanish,  we  arrive  at  the  case  of  a  circular  disk,  and  at  an 
expression  for  the  surface-density  at  any  point  P  of  such  a  disk 
irhen  electrified  to  the  potential  V  and  left  undisturbed  by  ex- 
ternal influence.  If  o-  be  the  surface-density  on  one  side  of  the 
disk,  and  if  KPL  be  a  chord  drawn  through  the  point  P,  then 

V 


<T  = 


2n^VKP.PL 


Applicaiion  of  the  Principle  of  Electric  Inversion, 

178.]  Take  any  point  Q  as  the  centre  of.  inversion,  and  let  R 
be  the  radius  of  the  sphere  of  inversion.  Then  the  plane  of  the 
disk  becomes  a  spherical  surface  passing  through  Q,  and  the  disk 
itself  becomes  a  portion  of  the  spherical  surface  bounded  by  a 
cirde.    We  shall  call  this  portion  of  the  surface  the  Ixywl. 

If  iS'  is  the  disk  electrified  to  potential  V^  and  free  from  external 
influence,  then  its  electrical  image  8  will  be  a  spherical  segment 
at  potential  zero,  and  electrified  by  the  infiuence  of  a  quantity 
VR  of  electricity  placed  at  Q. 

We  have  therefore  by  the  process  of  inversion  obtained  the 
solution  of  the  problem  of  the  distribution  of  electricity  on  a  bowl 
or  a  plane  disk  at  zero  potential  when  under  the  influence  of  an 
electrified  point  in  the  surface  of  the  sphere  or  plane  produced. 

Influence  of  an  Electrified  Point  placed  on  the  unoccupied 

part  of  the  Spherical  Surface. 

The  form  of  the  solution,  as  deduced  by  the  principles  already 
given  and  by  the  geometry  of  inversion,  is  as  follows : 

If  C  is  the  central  point  or  pole  of  the  spherical  bowl  S,  and 
if  a  is  the  distance  from  C  to  any  point  in  the  edge  of  the  segment, 
then,  if  a  quantity  q  of  electricity  is  placed  at  a  point  Q  in  the 
surface  of  the  sphere  produced,  and  if  the  bowl  S  is  maintained 
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at  potential  zero,  the  density  <r  at  any  point  P  of  the  ban 


CQ,  CP,  and  Qi'  being  the  straight  lines  joining  the  poii 
and  P. 

It  is  remarkable  that  this  expression  is  independen 
radius  of  the  spherical  eurEace  of  which  the  bowl  is  a  ] 
is  therefore  applicable  without  alteration  to  the  case  of 
disk. 

Influence  of  any  Jfumber  of  Electrified  Pointi 

Now  let  us  consider  the  sphere  aa  divided  into  two  p 
of  which,  the  spherical  s^ment  on  which  we  harve  del 
the  electric  disbibation,  we  shall  call  the  bov:l,  and  tl 
the  remunder,  or  unoccupied  part  of  the  sphere  on  w. 
influencing  point  Q  is  placed. 

If  any  number  of  influencing  points  are  placed  <xi  the  r 
of  the  sphere,  the  electricity  induced  by  these  on  any  poii 
bowl  n>»y  be  obtained  by  the  sununation  of  the  d^iaitiea 
by  each  separately. 

179.]  Let  the  whole  of  the  remaining  surface  of  the  s 
unifonnly  electrified,  the  sur&oe-density  bdng  p,  thai  the 
at  any  point  of  the  bowl  may  be  obtained  by  (mlinaiy  inl 
over  the  tur^ue  thus  electrified. 

We  shall  thus  obtain  the  solution  of  the  case  in  which  i 
u  at  poteotial  zero,  and  deeCrified  by  the  inflaeoee  of 


cr  =  ^.{^^^tan-^^-^  j  , 
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We  have  now  the  case  of  the  bowl  maintained  at  potential  V 

ttd  inflneneed  by  the  remainder  of  the  sphere  rigidly  electrified 

with  superfieial  density  ^  +  p^ 

180.]  We  have  now  only  to  suppose  p  +  p^  =  0,  and  we  get  the 

^tae  of  the  bowl  maintained  at  potential  Fand  free  from  external 

^flaenoe. 

If  (T  is  the  density  on  either  surface  of  the  bowl  at  a  given  point 
"^^iien  the  bowl  is  at  potential  zero,  and  is  influenced  by  the  rest 
of  the  sphere  electrified  to  density  />,  then,  when  the  bowl  is  main- 
^^ained  at  potential  V^  we  must  increase  the  density  on  the  outside 
^  the  bowl  by  p\  the  density  on  the  supposed  enveloping  sphere. 
The  result  of  this  investigation  is  that  if  /  is  the  diajneter  of 
the  sphere,  a  the  chord  of  the  radios  of  the  bowl,  and  r  the  chord 
of  the  distance  of  P  from  the  pole  .of  the  bowl,  then  the  surface- 
density  <r  on  the  inside  of  the  bowl  is 

F 
2iry 

and  the  surface-density  on  the  outside  of  the  bowl  at  the  same 
point  is  V 

^27r/ 

In  the  calculation  of  this  result  no  operation  is  employed 
more  abstruse  than  ordinary  integration  over  part  of  a  spherical 
surface.  To  complete  the  theory  of  the  electrification  of  a  spherical 
bowl  we  only  require  the  geometry  of  the  inversion  of  spherical 
surfaces. 

181.]  Let  it  be  required  to  find  the  surface-density  induced  at 
any  point  of  the  uninsulated  bowl  by  a  quantity  q  of  electricity 
placed  at  a  point  Q,  not  now  in  the  spherical  surface  produced. 

Invert  the  bowl  with  respect  to  Q,  the  radius  of  the  sphere  of 
inversioi^  being  R.  The  bowl  S  will  be  inverted  into  its  image  S", 
and  the  point  P  will  have  P'  for  its  iinage.  We  have  now  to 
determine  the  density  a  at  P'  when  the  bowl  S^  is  maintained  at 
potential  V\  such  that  q  =  VR,  and  is  not  influenced  by  any 
external  force. 

The  density  <r  at  the  point  P  of  the  original  bowl  is 


<r  =  — 


QP^ 

this  bowl  being  at  potential  zero,  and  influenced  by  a  quantity  q 
of  electricity  placed  at  Q. 
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The  reeult  of  this  prooeaa  ia  as  followa ; 

Let  the  figure  represent  a  section  through  the  centre,  0,  of  the 
sphere,  the  pole,  C,  of  the  bowl,  and  the  influencing  point  Q. 
D  is  tk  point  which  corresponda  in  the  inverted  figure  to  tha 
_  unoccupied  pole  of  the  rim  of  tho 

bowl,  and  may  be  found  by  the 
following  construction. 

Draw  through  Q  the  chords  EQE^ 
and  FQF',  then  if  we  suppose  the 
radius  of  the  sphere  of  inversion  to 
be  a  mean  proportional  between  the 
segments  into  which  a  chord  is 
divided  at  Q,  E'F'  will  be  the  im^e 
of  EF.  Bisect  the  arc  f  CA"  in  If, 
so  that  Fiy=]yE,  and  draw  i/QD 
to  meet  the  sphere  in  Z>.  D  is  the 
point  required.  Also  through  0,  the  centre  of  the  sphere,  and  Q 
draw  JiOQW  meeting  the  sphere  in  H  and  M'.  Then  it  P  he 
any  point  in  the  bowl,  the  surface-density  at  P  on  the  side  which 
is  separated  from  Q  by  the  completed  spherical  suriace,  induced 
by  a  quantity  q  of  electricity  at  Q,  will  be 

"- 2i^HH'.P(f\IXi\a^-CP^)      "^    VDQ^a'-CP*)  \S' 
where  a  denotes  the  chord  drawn  from  C,  the  pole  of  the  bowl, 
to  the  rim  of  the  bowl*. 

On  the  side  next  to  Q  the  surface-density  is 


Fig.  le. 
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APPENDIX  TO  CHAPTER  XI. 

{Tbs  electrical  distribution  over  two  mutnally  influencing  spheres  has 
ooeopied  the  attention  of  many  mathematicians.  The  first  solution,  which 
v^  e^qpressed  in  terms  of  definite  Uitegrals,  was  given  by  Poisson  in  two 
Dost  powerful  and  fascinating  papers,  Mem,  de  Vlnstkut,  1811,  (1)  p.  1, 
(2)  p.  163.  In  addition  to  those  mentioned  in  the  text  the  following 
Mtliore  among  others  have  considered  the  problem.  Plana,  Mem.  di 
Torino  7,  p.  71,  16,  p.  67;  Cayley,  Phil.  Mag.  (4),  18,  pp.  119,  193; 
KircUioff;  CreOe,  59,  p.  89,  Wied.  Ann,  27,  p.  673 ;  Mascart,  C.  B.  98, 
P-  222,  1884. 

The  series  giving  the  charges  on  the  spheres  have  been  put  in  a  very 
degant  form  by  Eirchhoff.     They  can  easily  be  deduced  as  follows. 

Suppose  the  radii  of  the  spheres  whose  centres  are  A,  B  are  a,  b,  their 
potentials  U,  V  respectively,  then  if  the  spheres  did  not  influence  each 
other  the  electrical  eflect  would  be  the  same  as  that  of  two  charges  a  U^ 
h  V  placed  at  the  centres  of  the  spheres.  When  the  distance  e  between 
the  centres  is  finite  this  distribution  of  electricity  would  not  make  the 
potentials  over  the  spheres  constant ;  thus  the  charge  at  A  would  ^ter 
the  potential  of  the  sphere  B.  If  we  wish  to  keep  this  potential  unaltered 
we  must  take  the  image  of  ^  in  ^  and  place  a  charge  there,  this  charge 
however  will  alter  the  potential  of  ii,  so  we  must  take  the  image  of  this 
image  and  so  on.  Thus  we  shall  get  an  infinite  series  of  images  which  it 
will  be  convenient  to  divide  into  four  sets  a,  y9,  y,  h.  The  first  two  sets 
are  due  to  the  charge  at  the  centre  of  ^,  a  comprises  the  images  inside 
A,  )9,  the  images  inside  the  sphere  B,  the  other  two  sets,  y  and  d,  are 
due  to  the  charge  at  the  centre  of  B\  y  consists  of  those  inside  B^  5  of 
those  ineide  A.  Let  />„,  f^  denote  the  charge  and  the  distance  from 
A  of  the  n^  image  of  the  first  set,  2>/>  //  the  charge  and  the  distance 
from  B  of  the  n^^  image  of  the  second  set,  then  we  have  the  followiog 
relations  between  the  consecutive  images, 


Eliminating //  and  ^/  from  these  equations  we  get 

^•+>- ^6 '  ^'^ 

bnt  /iM-i— n~'     so  that  «j4+i— o'  = 
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ab 

?>■  _>'*-'f,-b\ 

p,.,  ab        ' 


but  from  (1)  ;>. 

;■'.-, 

and  thus  Pm         Pn 

J>-+i    ;»- 

or  if  we  put    p»=  p .    pa-t  - 


From  the  symnietTy  of  the  equations  we  see  that  if  we  put  p^ 
shall  get  the  same  sequence  equation  for  i^'  as  for  P^. 
From  the  sequence  equation  we  see  that 


where  a  and  1/a  are  the  roots  of  the  equation 


We  shall 


SB'-*'-       ^ 

that  a  is  the  root  which  is  '. 


1  unity.     1 
and  the  charge  on  the  sphere  due  to  tfaiB  series  of  images  is 


I 
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a* 


,_  ahU  _       1 

^•~  c    "■^'+^' 

,_  d'h^U        _       a 

^'  ■"  c(<j»-  (a»  +  6*))  ""  A'a}  +  i^' ' 

I[cnce  A'/Bf^^a\ 

Hence  if  ^,  and  E^  are  the  charges  on  the  sphere,  and  if 

E^=q„U+q^V; 

where  w'  =  ^^ = — ~  • 

These  are  the  series  given  by  Poisson  and  Kirchhoff. 
Since  -^  =  -  +  4/       .,t.dt*, 

l_eP-2      ?^""    Jo    €»»'-!  *^' 

g"       _  1    ^ 1 p  a»8in(2nloga  +  2logf)<  ^^ 

1-.^V""2^       2nloga+2logf        Jo  €«»'-! 


2_«l_  =  l-i 2 


l-f>Q««       21— a  2nloga  +  21ogf 

_2  r  ^a*8in(2nloga  +  2logf)<^^ 
Jo  c2»'— 1 

^  g*  _  f       c^^^og^      ^ 

^""^  ^2nlogg  +  2logf""Jo     l-a€*'»og.*' 

and 

^  .  .    /^    ,  <.\     ^v        8in(2<logf)-a8in(2<logf/g) 

2g'gin(2nlogg  +  2logO<  =  — i — o  /o  »       x       a       > 

\         e    T^       e^/  1— 2gco8(2«logg)  +  g' 


hence 


!1     1  r«     ^2noge 

_     r     8in(2<logf)--g8in(?<logf/g)    K^ 
Jo    (€«»'- l)(l-2gco8(2dogg)+g*) J    ' 
which  is  Poisson's  integral  for  these  expressions. } 

♦  {De  Morgfto,  Diff.  and  Int.  Cal.  p.  672.} 
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THEOET  OP  CONJUGATE   FUNCTIONS   IN  TWO  DIMBN8H 

182.]  The  number  of  mdepe&dent  cases  in  'which  the  f 
of  electrical  equilibrium  has  been  solved  is  very  emal 
method  of  spherical  hannonics  has  been  employed  for  sp 
conductors,  and  the  methods  of  electrical  images  and  of  in 
are  still  more  powerful  in  the  cases  to  which  they  can  be  f 
The  case  of  surfaces  of  the  seoond  degree  is  the  only  one 
as  I  know,  in  which  both  the  equipotential  surfaces  and  tl 
of  force  are  known  when  the  lines  of  force  are  not  plane  i 

But  there  is  an  important  class  of  problems  in  the  th 
electrical  equilibrium,  and  in  that  of  the  conduction  of  ci 
in  which  we  have  to  consider  space  of  two  dimensions  on 

For  instance,  if  throughout  the  part  of  the  electric  fielt 
c<mBideration,  and  for  a  considei'ahle  distance  beyond 
surfaces  of  all  the  conductoi-s  are  generated  by  the  mo 
straight  lines  parallel  to  the  axis  of  z,  and  if  the  part 
field  where  this  ceases  to  be  the  case  is  so  far  from  the  pt 
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When  there  is  no  free  electricity,  this  is  reduced  to  the  equa* 
tion  of  Laplace,  ^iy     ^^y 

The  general  problem  of  electric  equilibrium  may  be  stated  as 
follows : — 

A  continuous  space  of  two  dimensions,  bounded  by  closed 
tsurres  Ci^  Cj,  &c  being  given,  to  find  the  form  of  a  function,  F, 
Buch  that  at  these  boundaries  its  value  may  be  Fj,  F^,  &c.  re- 
spectively^ being  constant  for  each  boundary,  and  that  within 
this  space  F  may  be  everywhere  finite,  continuous,  and  single 
valued,  and  may  satisfy  Laplace's  equation. 

I  am  not  aware  that  any  perfectly  general  solution  of  e^en 
this  problem  has  been  given,  but  the  method  of  transformation 
given  in  Art.  190  is  applicable  to  this  case,  and  is  much  more 
powerful  than  any  known  method  applicable  to  three  dimen- 
sions. 

The  method  depends  on  the  properties  of  conjugate  functions 
of  two  variables. 

Definition  of  Conjugate  Fimctiona, 

183.]  Two  quantities  a  and  fi  are  said  to  be  conjugate  functions 

of  oj  and  y,  if  a+  /—I  /3  is  a  function  of  a;+  -/— 1  y. 
It  foUows  from  this  definition  that 

da^dfi  a    —  4-— —  0-  ^1^ 

dx^  dy^  dy      dx^     ^  ^  ' 

d^^'^d^^''    dx^'^dy^'^'  ^^^ 

Hence  both  functions  satisfy  Laplace's  equation.     Also 


dadfi      dadfi      da 
dxdy  ^  dy  dx'~  dx 


2     da 
'^  dy 


d^ 
dx 


d^' 
dy 


=  R\         (3) 


If  x  and  y  are  rectangular  coordinates,  and  if  dsx  is  the  inter- 
cept of  the  curve  (y9  =  constant)  between  the  curves  (a)  and 
{a-\-da\  and  ds^  the  intercept  of  a  between  the  curves  (^3)  and 
03  +  d^),then  _A_^-i  /4\ 

da'  dfi'  R'  ^  ^ 

and  the  curves  intersect  at  right  angles. 

If  we  suppose  the  potential  F=  TJ+  fca,  where  k  is  some  con- 
stant, then  F  will  satisfy  Laplace's  equation,  and  the  curves  (a) 


286  CONJUGATE   FDNCnON8. 

■will  be  equipotential  curves.  The  curves  (fi)  will  be 
force,  and  the  Burface-integral  of  It  over  unit-length  of 
drical  surf&ce  whose  projection  on  the  plane  of  a:y  is  tl 
AB  will  be  Jc  (jSb— ^^)i  where  Pa  and  fia  are  the  Talues 
the  extremities  of  the  curve. 

If  (here  be  drawn  on  the  plane  cme  aeries  of  carve 
Bpouding  to  values  of  a  in  arithmetical  progreaaion,  and 
series  corresponding  to  a  series  of  values  of  j3  having  t! 
common  difference,  then  the  two  series  of  curves  will  eve 
intersect  at  right  angles,  and,  if  the  common  difference 
enough,  the  elements  into  which  the  plane  is  divided 
ultimately  little  squares,  whose  sides,  in  different  parti 
field,  are  in  different  directions  and  of  different  magnitudi 
inversely  proportional  to  R. 

If  two  or  more  of  the  equipotential  lines  (a)  are  clo8e( 

enclosing  a  continuous  space  between  them,  we  may  tal 

for  the  surfaces  of  conductors  at  potentials  \^+kai,  T^+ 

respectively.    The  quantity  of  electricity  upon  any  one 

k 
between  the  lines  of  force  (3i)  and  (Sj  will  be  —  Os— j8j 

The  number  of  equipotential  lines  between  two  coi 
will  therefore  indicate  their  difference  of  potential,  i 
-  number  of  lines  of  force  which  emerge  from  a  oondao 
indicate  the  quantity  of  electricity  upon  it. 

We  must  next  state  some  of  the  moat  important  tl 
relating  to  conjugate  functions,  and  in  proving  them  we  i 
either  the  equations  (1),  containing  the  differential  coel 
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^^j^  d^^^d^    and— =-^'- 

dy  cte '  dy  ^      dx  ' 

therefore  dj^^  ^  _djl^) 

dy  dx 

^^/+*"  and  2^  +  y''  are  conjugate  with  respect  to  x  and  y. 

Graphic  SepreaentcUian  of  a  Function  which  is  the  Sum 

.  of  Two  Given  Functions. 

Let  a  function  (a)  of  x  and  y  be  grapbid^ly  represented  by  a 
series  of  carves  in  the  plane  of  rr^,  each  of  these  curves  corre- 
sponding to  a  value  of  a  which  belongs  to  a  series  of  such  values 
increasing  by  a  common  difference,  d. 

Let  any  other  function,  (0),  of  x  and  y  be  represented  in  the 
same  way  by  a  series  of  carves  corresponding  to  a  series  of  values 
of  fi  having  the  same  common  difference  as  those  of  a. 

Then  to  represent  the  function  (a  +  /3)  in  the  same  way,  we  must 
draw  a  series  of  curves  through  the  intersections  of  the  two  former 
series,  from  the  intersection  of  the  curves  (a)  and  (/3)  to  that  of 
the  carves  (a  +  d)  and  03— d),  then  through  the  intersection  of 
(a  +  2  d)  and  (^—2  2),  and  so  on.  *At  each  of  these  points  the 
function  will  have  the  same  value,  namely  (a+fi).  The  next  * 
curve  must  be  drawn  through  the  points  of  intersection  of  (a) 
and  (^  +  2),  of  (a  +  b)  and  (^},  of  (a  +  2  d)  and  (fi  —  i),  and  so  on. 
The  function  belonging  to  this  curve  will  he{a  +  0  +  b). 

In  this  way,  when  the  series  of  curves  (a)  and  the  series  {$)  are 
drawn,  the  series  (a  +  fi)  may  be  constructed.  These  three  series 
of  carves  may  be  drawn  on  separate  pieces  of  transparent  paper, 
and  when  the  first  and  second  have  been  properly  superposed, 
the  third  may  be  drawn. 

The  combination  of  conjugate  functions  by  addition  in  this  way 
enables  as  to  draw  figures  of  many  interesting  cases  with  very 
little  trouble  when  we  know  how  to  draw  the  simpler  cases  of 
which  they  are  compounded.  We  have,  however,  a  far  more 
powerful  method  of  transformation  of  solutions,  depending  on  the 
foUowing  theorem. 

185.]  Theorem  1L  If  7f'  and  j^'  are  conjugate  functions  with 
respect  to  the  variables  oi  and  j^,  and  if  of  and  if  are  con- 
jugate functions  ivith  respect  to  x  and  y,  then  oi'  and  \f'  vnll 
be  conjugate  functions  with  respect  to  x  and  y. 


CONJUGATE  PUNCTIONS. 


6^' 

di!' di!     di!' djf 

die  " 

di/ da:  *  d/  dx' 

d-sl'd^     dfdn! 

~ 

i-^dy*  d^!  dy' 

dr. 

~ 

dy- 

eb!' 

dal'di!     iJ'd^ 

V 

di^  dy*  dydy' 

_d£dl_dy"di^^ 

=  . 

~  dT/  da~  e^  dx  ' 

^. 

-^, 

and  these  are  the  conditions  tiiat  af'  and  y"  should  be  c 
fuBctions  of  X  and  y. 

This  may  also  be  shewn  from  the  original  definition  of  i 
funotiona.  For  af'+  v^^  y"  is  a  function  of  a^+  V^ 
af+  -/—l  /  is  a  function  of  «+  v'^  y-  Hence,  af'  + 
is  a  function  of  «  +  \^'^  y. 

In  the  same  -ft^y  we  may  shew  tiiat  if  x'  and  ■t^  are  c 
functions  of  x  and  y,  then  x  and  y  are  conjugate  functi 
and  ■/. 

This  theorem  may  be  interpreted  graphically  as  follow 

Let  a^,  ^  be  tid^en  as  rectan^lar  coordinates,  am 
curves  corresponding  to  values  of  sxf*  and  of  y  taken  i\ 
arithmetical  series  be  drawn  on  paper.    A  double  s 


f 
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a  number  of  points  on  the  transformed  curve  9!'.  If  we  do  the 
^ajne  for  all  the  curves  Qi\  'if'  on  the  first  paper,  we  shall  obtain 
On  the  second  paper  a  doable  series  of  curves  aj",  '\f'  of  a  different 
'omi,  but  having  the  same  property  of  cutting  the  paper  into 
^tde  squares. 

186.]  Theorem  HI.    If  V  is  any  function  of  oi  and  2/',  and  if 
oi  and  'if  conjugate  functions  of  x  and  y,  then 

JJ(d^''W^^^^'^jJ^'''d^^^'^^' 
the  integration  being  between  the  aartie  limita. 

For  dV^dVd^     dVd^ 

dx  ~  dx'  dx      dj/  dx  ' 

ds^  ~  d£*^dx^  "^    dald'^dx  dx  "•"  dj/^^dx  ) 

dVd^af      dVdY. 
"^  dx' dic' '^  dy' dx" ' 
,  d*r _  d*V ,da^.'      „  d^r  da^dy'     d?V (d'j/-* 
dy*  ~  daf^^dy^  "^    da/dy'dy  dy  '^  df'^dy) 

dVd^d!  ,  dV^ 
daf  dy*      dy'  dy* ' 

Adding  the  last  two  equations,  and  remembering  the  conditions 
of  conjugate  functions  (1),  we  find 

da?  ^  dy*  ~  da^^X^dx^  ^  ^dyf  J  ^  dy'^l^dx^       ^dy^' 
^  .dT     d«Fv  ^dy'      da/dy's 
~  ^dai*     dy'*' ^dx  dy       dy  dx'' 

Hence 

If  F  is  a  potential,  then,  by  Poisson's  equation 

(PF     c?F 


da?      dy^ 
and  we  may  write  the  result 


+  4irp  =  0, 


Jjpdxdy  =JJpdxfd^y 
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or  the  qoADtity  of  eleotricity  in  corresponding  portion 
BystemB  ia  the  Bame  if  the  coordinates  of  one  systeni  are  c 
functions  of  those  of  the  other. 

Additional  Thhorema  on  Conjugate  Fancticns 
187.]  Theorem  IV,    7/  x^  and  j/,,  and  alao  x^  avic 
conjugate  fuTwtions  of  x  arid  y,  then,  if 

X  =  tF,ir,-j/,yj,  and    7  =  Xjy^  +  x,y^, 
X  and  Twill  be  conjugate  functiona  of  x  andy. 
For  X+  y3i  F  =  (xi+  V^j/,)(j;,+  -/^yj. 

TiiKOBEH  V.    If  ^  be  a  aolviion  of  the  equation 

andif    aii  =  log(g|'+^[),    and    e  = -tan 
R  a*d  6  wiU  be  conjugate  funi-tions  of  z  awi  y. 

M.    -J-    .MMd    3-,   I 

ay  dx 

aiv  o(WJag»te  fonctions  of  x  and  3;. 

E^KPLE  L — Invernoit. 
1S&]  As  an  example  of  the  g^aawl  method  ot  tntnsf 
lat  Be  take  th9  ease  of  inrersioD  in  two  dimensions^ 

If  (■*  is  a  fixed  point  in  a  ptane,  and  OA  a  fixed  direB 


-  ~  ^'      rr~a'»~r'*'       p~a*~r'*'  y  C) 
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Inversion  in  Two  Dimensions. 

In  this  case  if  r  and  r^  represent  the  distances  of  corresponding 
points  from  0,  e  and  e^  the  total  electrification  of  a  body,  S  and  S^ 
superficial  elements,  V  and  F"  solid  elements,  o-  and  a^  surface- 
densities,  p  and  /  volume  densities,  4>  &iid  <p'  corresponding  poten- 
tials, 

6  ""    *      <T  ~  a^  ~  r'*  *       p 
and  since  by  hypothesis  ^^  is  got  from  4>  by  expressing 

the  old  variables  in  terms  of  the  new,  ^  =  I. 

Example  n. — Electi^  Images  in  Two  DiTnenmons. 

189.]  Let  A  be  the  centre  of  a  circle  of  radius  AQ  =  6  at  zero 
potential,  and  let  i&  be  a  charge  at  A, 
then  the  potential  at  any  point  P  is 

*  =  2^1ogip;  (8) 

and  if  the   circle  is  a   section  of  a 

hoUow  conducting  cylinder,  the  surface- 

E 
density  at  any  point  Q  is  —  — r  •  ^^'  ^' • 

Invert  the  system  with  respect  to  a  point  0,  making 

AO  =  mb,   and  a^  =  (m^- 1)  5^ ; 

then  the  circle  inverts  into  itself  and  we  have  a  charge  at  A^ 
equal  to  that  at  A,  where 

The  density  at  Q'  is 

2 


E  b^^AA' 


2'nh     A'Q''' 

and  the  potential  at  any  point  P^  within  the  circle  is 

^'  =  <^  =  2  J?  (log  b  -  log  AP), 

=  2^(logOP'-log^'P'-logm).  (9) 

This  is  equivalent  to  the  potential  arising  from  a  combination 
of  a  charge  E  at  A\  and  a  charge  —  J?  at  0,  which  is  the  image 
of  A^  with  respect  to  the  circle.  The  imaginary  charge  at  0  is 
tiius  equal  and  opposite  to  that  at  A\ 

u  2 
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If  the  point  f  is  defined  by  ite  polar  coordinatea  re 
the  centre  of  the  circle,  and  if  we  put 

p  =  logr~logb,   and   f,^  =  \og AA' —  logh, 
then  AP"  =  6e^,      AA'  =h«i'',      AO  =  6e-« ; 

and  the  potential  at  the  point  {/>,  0)  ia 
^  =  A  log  («-*«  -  2  e-i^  ^  cos  fl  +  «^) 

-£log(e*«-2c^fl»co8fl  +  e^)  +  2£p^ 

This  ie  the  potential  at  the  point  (p,  0)  due  to  a  c1 

placed  at  the  point  (pg,  0),  with  the  condition  that  whe 

In  this  caae  p  and  9  are  the  conjugate  functions  in  e 
(5):  p  is  the  logaritiim  of  the  ratio  of  the  radius  vec 
point  to  the  radius  of  the  circle,  and  0  is  an  angle. 

The  centre  is  the  only  singular  point  in  this  system 

dinat«s,  and  tiie  line-integral  I  -j-  da  roand  a  closed 

zero  or  2ir,  according  as  Uie  closed  curve  excludes  or 
the  centre. 

Example  IIL — Neumann's  TTaneformatum  of  this  ( 
190.]  Now  let  a  and  $  he  any  conjugate  functions  of 


such  that  the  curves  (a)  are  equipotential  curves,  and  th 
(j8)  are  lines  of  force  due  to  a  system  consisting  of  a  c 
half  a  unit  per  unit  length  at  the  ori^n,  and  an  electrifiet 
disposed  In  any  manner  at  a  certain  distance  from  the  o 
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surface  of  a  hollow  cylinder  of  any  form  maintained  at  potential 
zero  under  the  influence  of  a  charge  of  linear  density  E  ona,  line 
of  which  the  origin  is  the  projection,  then  we  may  leave  the 
external  electrified  system  out  of  consideration,  and  we  have  for 
the  potential  at  any  point  (a)  within  the  curve 

4>=2E{a^aoh  (12) 

and  for  the  quantity  of  electricity  on  any  part  of  the  curve  a^ 
between  the  points  corresponding  to  fii  and  ^2> 

Q  =  ^-s  iPi- Pd-  (13) 

If  in  this  way,  or  in  any  other,  we  have  determined  the  dis« 
tiibntion  of  potential  for  the  case  of  a  curve  of  given  section 
when  the  charge  is  placed  at  a  given  point  taken  as  origin,  we 
may  pass  to  the  case  in  which  the  charge  is  placed  at  any  other 
point  by  an  application  of  the  general  method  of  transformation. 

Let  the  values  of  a  and  p  for  the  point  at  which  the  charge  is 
placed  be  a^  and  fii^  then  substituting  in  equation  (11)  a^a^ 
for  p,  o^  —  Oq  for  pQy  since  both  vanish  at  the  surface  a  =  a^^  and 
fi—Pi  for  0,  we  find  for  the  potential  at  any  point  whose  coor- 
dinates are  a  and  y9, 
<^  =  ^log(l-2e*+«t-2-<»cos()3-)3i)  +  e2(«+-.-2<««)) 

-  ^ log (1- 2 e*7*«  cos  (i3-/3i)  +  e2(«-«.))- 2^ (ai-Oo).  (14) 

This  expression  for  the  potential  becomes  zero  when  a  =  a^, 
and  is  finite  and  continuous  within  the  curve  a^  except  at  the 
point  (o^,  )3,),  at  which  point  the  second  term  becomes  infinite, 
and  in  the  immediate  neighbourhood  of  that  point  this  term 
is  ultimately  equal  to  ^2  E log r\  where  r^  is  the  distance  from 
that  point. 

We  have  therefore  obtained  the  means  of  deducing  the 
solution  of  Green's  problem  for  a  charge  at  any  point  within 
a  closed  curve  when  the  solution  for  a  charge  at  any  other  point 
is  known. 

The  charge  induced  upon  an  element  of  the  curve  o^  between 
the  points  fi  and  y9  +  c2/3  by  a  charge  E  placed  at  the  point  (<h,  /ij 
is,  with  the  notation  of  Art.  183, 

where  d«i  is  measured  inwards  and  a  ia  to  be  put  equal  to  Og 
after  differentiation. 
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Thifl  becomes,  by  (4)  of  Art.  183, 


Z^^^- 


2>il-2ct'.—)coa{yj-/3j  +  e'l-.-*> 

From  this  expressioa  we  may  find  tbe  potential  at  ai 

(dj,  /J])  witbin  the  closed  curve,  when  the  value  of  the  i 

at  every  point  of  tbe  closed  curve  ia  given  aa  a  functii 

and  there  is  no  electrification  within  the  closed  carve. 

For,  by  Art.  86,  the  part  of  the  potential  at  (oi,  3,),  di 
maintenance  of  the  portion  d^  of  the  closed  curve  at  the  [ 
V  is  nV,  where  n  i6  the  charge  induced  on  d^  foy  unit  ol 
fication  at  (a^,  /3,).  Hence,  if  V  is  the  potential  at  a  ] 
the  closed  curve  defined  aa  a  functiun  of  ^,  and  ^  the  | 
at  tbe  point  (a,,^,)  within  the  closed  curve,  there  t 
electrification  within  the  curve, 

(1  -  <»(-,-.))  Vd0 


^      27sJd   l-2cfx-' 


■■•' cos  (0  -  0,) +  «'*•■ -^ 

Example  IV. — Dutribution  of  Electricity  near  an  Ec 
Conductor  fvrmed  by  Two  Plane  Faces, 
191.]  In  the  case  of  an  infinite  plane  face  y  =  0  oi 
ductor,  extending  to  infinity  in  the  negative  directic 
charged  with  electricity  to  the  surface-density  t^,  we 
the  potential  at  a  distance  y  from  tbe  plane 
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U  we  write  r  for  aef*',  r  will  be  the  distance  from  the  axis ;  we 
may  also  put  d  instead  of  ^  for  the  angle.    We  shall  then  have 

r* 
F=  (7— 4^0-0-— — -sin-nd, 

a    * 


E  ^  (T, 


V  will  be  equal  to  C  whenever  Tid  =  w  or  a  multiple  of  ir. 

Let  the  edge  be  a  salient  angle  of  the  conductor,  the  inclination 
of  the  faces  being  a,  then  the  angle  of  the  dielectric  is  2  ir— a,  so 
ihJEkt  when  6  =  2Tr^a  the  point  is  in  the  other  hce  of  the  con- 
ductor.   We  must  therefore  make 

n  (27r— o)  =  w,    or    n  = 


27r— o 

2»^         ttO 


A.    Air— a  mfU 

Then  F=C-4^(roa(-)       sin-^ 


—  1 
a 


2ir-a 


The  surface-density  a-  at  any  distance  r  from  the  edge  is 


•  —  IT 


*^""  dr  "  2  71— a  ^^^^a^* 

When  the  angle  is  a  salient  one  a  is  less  than  tt,  and  the 
surface-density  varies  according  to  some  inverse  power  of  the 
distance  from  the  edge,  so  that  at  the  edge  itself  the  density 
becomes  infinite,  although  the  whole  charge  reckoned  from  the 
edge  to  any  finite  distance  from  it  is  always  finite. 

Thus,  when  a  =  0  the  edge  is  infinitely  sharp,  like  the  edge  of 
a  mathematical  plane.  In  this  case  the  density  varies  inversely 
as  the  square  root  of  the  distance  from  the  edge. 

When  a  =  -  the  edge  is  like  that  of  an  equilateral  prism,  and 
the  density  varies  inversely  as  the  fth  power  of  the  distance. 

When  a  =  ~  the  edge  is  a  right  angle,  and  the  density  is  in- 
versely  as  the  cube  root  of  the  distance. 

When  a  =  -~  the  edge  is  like  that  of  a  regular  hexagonal 

o 
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prism,  and  the  density  is  inversely  as  the  foorth  root 
distADce. 

When  a  =  V  the  edge  is  obliterated,  aod  the  density  i 
stant 

When  a  =  ^  v  the  edge  is  like  that  of  the  out^de 
hexagonal  prism,  and  the  density  is  directly  as  the 
root  of  the  distance  from  the  edge. 

When  a  =  j-n  the  edge  is  a  re-entrant  right  angle,  oi 
den»ty  is  directly  as  the  distance  &om  the  edge. 

When  a  =  jv  the  edge  is  a  re-entrant  angle  of  60°,  a; 
density  is  directly  as  the  square  of  the  distance  from  the  i 

In  reality,  in  aU  cases  in  which  the  density  becomes  i 
at  any  point,  there  is  a  dischai^  of  electricity  into  the  dii 
at  that  point,  as  is  explained  in  Art.  65. 

Es.\HFLE  V. — EUipem  and  Hyperbolas.    Fig.  X. 
192.]  We  see  that  if 

3^  =  6*  COS  ^,  J/j  =  e^BOX  ■^f 

Zj  and  J/,  will  be  conjugate  functions  of  ^  and  ^. 

Also,  if  *j  =  e~*cos^,        j/j  =  — e~*sin^, 

2-j  and  jTi  will  be  conjugate  functions  of  4>  &°d  ^.  Hence, 
2a:  =  !c,  +  a-,  =  («*  +  e-*)co8^,  2y  =  ji  +  y,  =  {«♦— e-*)Mn 
X  and  y  will  also  be  conjugate  functions  of  ^  and  ^. 

Id  this  case  the  points  for  which  ^  is  constant  lie  on  the 
whose  axes  are  e*  +  «~*  and  e*—e~*. 

The  points  for  which  ^  is  constant  He  on  the  hvperbola 

tnd  J-  =  +  1 , 
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Snce,  in  this  case,  the  axis  of  ^  is  a  line  of  flow,  we  may 
Appose  it  also  impervious  to  electricity. 

We  may  also  consider  the  ellipses  to  be  sections  of  the  equi- 
Potential  surfaces  due  to  an  indefinitely  long  flat  conductor  of 
^'it^th  2,  charged  with  half  a  unit  of  electricity  per  unit  of 
^gUu  {This  includes  the  charge  on  both  sides  of  the  flat 
inductor.} 

if  we  make  yff  the  potential  function,  and  <^  the  function  of 

^o^  the  case   becomes  that  of  an  infinite  plane  from  which 

^   ftirip  of  breadth   2  has  been  cut  away  and  the  plane  on 

o^Q  side  charged  to  potential  ir  while   the  other  remains  at 

*^^o  potential. 

TFheee  cases  may  be  considered  as  particular  cases  of  the 
l^^adric  surfaces  treated  of  in  Chapter  X.  The  forms  of  the 
^^^^Tves  are  given  in  Fig.  X. 

Example  VI.— Fig.  XL 

193.]  Let  us  next  consider  a/  and  j/  as  functions  of  x  and  y, 
"^here 

ic' =  6  log -/xN^,       j/'rrfttan-i^,  (6) 

X 

of  and  7/  will  be  also  conjugate  functions  of  the  <f>  and  yjr  of 
Art  192. 

The  curves  resulting  from  the  transformation  of  Fig.  X  with 
respect  to  these  new  coordinates  are  given  in  Fig.  XI. 

If  a/  and  y^  are  rectangular  coordinates,  then  the  properties  of 
the  axis  of  x  in  the  first  figure  will  belong  to  a  series  of  lines 
parallel  to  a:'  in  the  second  figure  for  which  y^  =  bn^ir,  where  n' 
is  any  integer. 

The  positive  values  of  a^  on  these  lines  will  correspond  to 
values  of  x  greater  than  unity,  for  which,  as  we  have  already 
seen, 

^  =  TiTT,      4»  =  log(a;+  y^^)  =  logG**  +  /\/  e^  -l).    (7) 

The  negative  values  of  xf  on  the  same  lines  wiU  correspond 
to  values  of  x  less  than  unity,  for  which,  as  we  have  seen, 

^=0,        ^  =  cos"^a;  =  cos"^e''.  (8) 

The  properties  of  the  axis  of  y  in  the  fiipt  figure  will  belong 
to  a  series  of  lines  in  the  second  figure  parallel  to  x^,  for  which 

t/=67r(n'  +  i).  (9) 
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The  value  of  ^  along  theee  lines  is  V'  =  ir{n  +  ))  for  i 
both  poaitiTe  and  negative,  and 

0  =  log(y+  Vy^+l)  =  log(6*  +  /\/  e  *  + 1). 
[The  curves  for  which  0  and  ^  are  constant  may  1 
directly  from  ihe  equations 

a;'=  161ogi(6^*  +  e-"*  +  2coB2V), 

y'=6tan-i(^^^tjui<(-)- 

As  the  figure  repeats  itself  for  intervals  of  vb  in  the 
y"  it  will  he  sufficient  to  trace  the  lines  for  one  auch  int 

Now  there  wUl  be  two  cases,  according  as  ^  or  ^  oha 
with  j/.  Let  us  suppose  that  <^  so  changes  sign.  1 
curve  for  which  ^  ia  constant  will  be  symmetrical  a 
axis  of  a^,  cutting  that  axis  orthogonally  at  some  poi 
negative  side.  If  we  begin  with  this  point  for  which  0 
gradually  increase  ^,  the  curve  will  bend  round  from 
first  orthc^onsl  to  being,  for  large  values  of  <^,  at  lengtl 
to  the  axis  of  of.  The  positive  side  of  the  axis  of  a/  is  c 
system,  viz,  ^  is  there  zero,  and  when  ^  =  i:  i  fb. 
The  lines  for  which  ^  has  constant  values  ranging  frot 
form  therefore  a  system  of  curves  embracing  the  poeiti' 
the  axis  of  of. 

The  curves  for  which  <j>  has  constant  values  cut  the 
orthogonally,  the  values  of  if*  ranging  from  +  oo  to  — 
any  one  of  the  curves  <^  drawn  above  the  axis  of  ^  tht 
Doaitive.  along  the;  negative  side  of  ihf\  axis  nf  a^ 
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negative  aide  of  the  axis  of  a/,  and  when  ^  =  oo  we  have  a  line 
at  an  infinite  distance  perpendicular  to  the  axis  of  a/.  Along  any 
line  PQR  between  these  two  cutting  the  i/^  system  orthogonally  the 
value  of  ^  is  constant  throughout  its  entire  length  and  positive. 

Any  value  yjf  now  experiences  an  abrupt  change  at  the  point 
where  the  curve  along  which  it  is  constant  crosses  the  negative 
side  of  the  axis  of  of,  the  sign  of  ^  changing  there.  The  sig- 
nificance of  this  discontinuity  will  appear  in  Art.  197. 

The  lines  we  have  shewn  how  to  trace  are  drawn  in  Fig.  XI 
if  we  limit  ourselves  to  two-thirds  of  that  diagram,  cutting  off 
the  uppermost  third.] 

194.]  If  we  consider  (f>  as  the  potential  function,  and  \/r  as  the 
function  of  flow,  we  may  consider  the  case  to  be  that  of  an  in- 
definitely long  strip  of  metal  of  breadth  irb  with  a  non-conducting 
division  extending  from  the  origin  indefinitely  in  the  positive 
direction,  and  thus  dividing  the  positive  part  of  the  strip  into  two 
separate  channels.  We  may  suppose  this  division  to  be  a  narrow 
slit  in  the  sheet  of  metal. 

If  a  current  of  electricity  is  made  to  flow  along  one  of  these 
divisions  and  back  again  along  the  other,  the  entrance  and  exit 
of  the  current  being  at  an  infinite  distance  on  the  positive  side 
of  the  origin,  the  distribution  of  potential  and  of  current  will  be 
given  by  the  functions  0  and  \lf  respectively. 

If,  on  the  other  hand,  we  make  yjf  the  potential,  and  ^  the 
function  of  fiow,  then  the  case  wiU  be  that  of  a  cun*ent  in  the 
general  direction  of  t^,  flowing  through  a  sheet  in  which  a  number 
of  non-conducting  divisions  are  placed  parallel  to  a/,  extending 
from  the  axis  of  y^  to  an  infinite  distance  in  the  negative 
direction. 

195.]  We  may  also  apply  the  results  to  two  important  cases 
in  statical  electricity. 

(1)  Let  a  conductor  in  the  form  of  a  plane  sheet,  bounded  by 
a  straight  edge  but  otherwise  unlimited,  be  placed  in  the  plane 
of  Qcz  on  the  positive  side  of  the  origin,  and  let  two  infinite  con- 
ducting planes  be  placed  parallel  to  it  and  at  distances  inb  on 
either  side.  Then,  if  \lf  is  the  potential  function,  its  value  is  0 
for  the  middle  conductor  and  i  xr  for  the  two  planes. 

Let  us  consider  the  quantity  of  electricity  on  a  part  of  the 
middle  conductor,  extending  to  a  distance  1  in  the  direction  of  z, 
and  from  the  origin  to  x^  =  a. 
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The  electricity  on  the  part  of  this  Bti-ip  ext«ndiDg  &o 

Hence  from  the  origin  to  ^=  a  the  amount  on  one  aid 
middle  pl&te  is 

If  a  IB  large  compared  with  6,  this  becomes 
E=~\ogZe^, 
t&log.2 


ivb 


Hence  the  quantity  of  electricity  on  the  plane  boui 
the  straight  edge  is  greater  than  it  would  have  been  if 
tricity  had  been  uniformly  distributed  over  it  with  t 
density  that  it  has  at  a  distance  from  the  boundary,  a 
equal  to  the  qujoitity  of  electricity  having  the  same 
surface-density,  but  extending  to  a  ■  breadth  equal  to 
beyond  the  actual  boundary  of  the  plate. 

This  imaginary  uniform  distribution  is  indicated  by  th 
straight  lines  in  Fig.  XL  The  vertical  lines  represent 
force,  and  the  horizontal  lines  equipotential  surfaces, 
hypothesiB  that  the  density  is  uniform  over  both  plaE 
dnoed  to  infinity  in  all  directions. 

196.]  Electrical  condensers  are  BomeUmes  formed  of 
placed   midway  between   two   parallel   plates  extendii 
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^  the  breadth  of  the  additional  strip  is 

a^^^^.B,  (14) 

^  thhi  the  extended  area  is 

S^^S^^^^BL.  (16) 

^K^e  capacity  of  one  side  of  the  middle  plate  is 

Corrections  for  the  Hiickneas  of  the  Plate. 

^inoe  the  middle  plate  is  generally  of  a  thickness  which 

^^^^lanot  be  neglected  in  comparison  with  the  distance  between 

^*^«  plates,  we  may  obtain  a  better  representation  of  the  facts 

^f  the  case  by  supposing  the  section  of  the  intermediate  plate 

V>  correspond  with  the  curve  yjf  =  i/^'. 

The  plat«  will  be  of  neai*ly  uniform  thickness,  ^  =  26\fr',  at  a 
Stance  from  the  boundary,  but  wiU  be  rounded  near  the  edge. 

The  position  of  the  actual  edge  of  the  plate  is  found  by  putting 
/=  0,  whence  re' =  6 log, cos  ^/r'.  (17) 

The  value  of  <^  at  this  edge  is  0,  and  at  a  point  for  which 
^  =  a  (a/b  being  large)  it  is  approximately 

a  +  b  log,  2 

• 

b 

Hence,  altogether,  the  quantity  of  electricity  on  the  plate  is 
the  same  as  if  a  strip  of  breadth 

-  (log.  2  + log.  cos  J|), 
i.e.  -log.(2co8||),  (18) 

< 

had  been  added  to  the  plate,  the  density  being  assumed  to  be 
everywhere  the  same  as  it  is  at  a  distance  from  the  boundary. 

Density  near  the  Edge. 
The  surface-density  at  any  point  of  the  plate  is 

J^d4> 1^  e^ 

47r  d^       4^6 


1 


1     /  _i£        _1£ 

=i—-j-(l  +  ie    6 +|e    6+&c.\  (19) 

47ro  ^  ^ 
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The  quantity  within  brackets  rapidly  approachea  on: 
increases,  so  that  at  a  distance  from  the  boundary  eqt 
times  the  breadth  of  the  strip  a,  the  actual  density  is 

than  the  normal  density  by  aboat  ^^W+i  ^^  ^^^  normal  d< 
In  like  manner  we  may  calculate  the  density  on  tht 
planes  ^ 


'  inb 


/\/«*+l 


When  a^=0,  the  density  is  2-i  of  the  normal  density. 
At  n  times  the  breadth  of  the  strip  on  the  poeiUve 

density  is  less  than  the  normal  density  by  about  -^^ 

normal  density. 
At  n  times  the  breadtit  of  the  strip  on  the  negative 

density  is  about  ^  of  the  normal  density. 

These  results  indicate  the  degree  of  accuracy  to  be  ex.] 
applying  this  method  to  plates  of  limited  extent,  or  i 
irr^ularities  may  exist  not  very  far  from  the  bounda 
same  distribution  would  exist  in  the  case  of  an  infinite 
similar  plates  at  equal  distances,  the  potentials  of  the 
being  alternately  +  V  and  —V.  In  this  case  we  must 
distance  between  the  plates  equal  to  B. 

197.]  (2)  The  second  case  we  shall  consider  ia  thi 
infinite  series  of  planes  parallel  to  x'z  at  distances  B  = 
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Uid  the  amplitade  of  the  undulations  on  either  side  of  this  line  is 

Wlien  ^  is  large  this  becomes  be'^y  so  that  the  curve  ap- 
pioa^dies  to  the  form  of  a  sti*aight  line  parallel  to  the  axis  of  y' 
^  ^  distance  a  from  that  axis  on  the  positive  side. 

If  we  suppose  a  plane  for  which  x'  =  a,  kept  at  a  constant 
P^^^ential  while  the  system  of  parallel  planes  is  kept  at  a  different 
P^tkeniial,  then,  since  6</»  =  a  +  61og«2,  the  surface-density  of 
^^  electricity  induced  on  the  plane  is  equal  to  that  which 
^Ould  have  been  induced  on  it  by  a  plane  paraUel  to  itself  at 
^  X^otential  equal  to  that  of  the  series  of  planes,  but  at  a  distance 
S^'eater  than  that  of  the  edges  of  the  planes  by  b  log^  2. 

If  £  is  the  distance  between  two  of  the  planes  of  the  series, 
^  s  v&,  so  that  the  additional  distance  is 

«  =  5!2&i.  (25) 

198.]  Let  us  next  consider  the  space  included  between  two 
of  the  equipotential  surfaces,  one  of  which  consists  of  a  series  of 
parallel  waves,  while  the  other  corresponds  to  a  large  value 
of  ^,  and  may  be  considered  as  approximately  plane. 

If  2)  is  the  depth  of  these  undulations  from  the  crest  to  the 
trough  of  each  wave,  then  we  find  for  the  corresponding  value  of  </>, 

*=Uog^.  (26) 

e*-l 

The  value  of  a:^  at  the  crest  of  the  wave  is 

6  log  i  (^  +  «"■*)•  (27) 

*  Hence,  if  ^  is  the  distance  from  the  crests  of  the  waves  to 

*  Let  ^  be  the  potential  of  the  plane,  ^  of  the  nndalating  eurfaoe.    The  quantity 
of  electricitj  on  the  plane  per  anit  area  ia  l-^riwh.    Hence  the  capacity 

-l-r4»i(*-^). 

«  l4-4»(i4  +  a'),  Boppoie. 
^Then  i(  +  o'=  b(*— ^). 

Bat  J  +  61ogi(«*  +  «"^  =  b(*-log2); 

.'.    o'- -6^  +  6(log2  +  logi(«*  +  «-*)) 

-blog(l  +  e-^*) 

=  61og— ?-^,by(26). 
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the  opposite  plane,  the  capacity  of  the  STstem  coinpOBe< 
plane  surface  and  the  undulating  sur&ce  is  the  same  aa 
two  pianos  at  a  distance  A  +  a',  where 
,      B,  2 

*^  =  ^^ — z?.- 

199.]  If  a  single  groove  of  this  fonn  be  made  in  a  co 
having  the  rest  of  its  surface  plane,  and  if  the  other  oond 
a  plane  surface  at  a  distance  A ,  the  capacity  of  the  one  co 
with  respect  to  the  other  will  be  diminished.    The  am 

this  diminution  will  be  less  than  the  -th  part  of  the  din 

due  to  n  such  grooves  side  by  side,  for  in  the  latter  t 
average  electrical  force  between  the  conductors  will  be  li 
in  the  former  case,  so  that  the  induction  on  the  sor&ce 
groove  will  be  diminished  on  aoconut  of  the  neigh 
grooves. 

If  X  is  the  length,  B  the  breadth,  and  D  the  depth 
groove,  the  capwuty  of  a  portitm  of  the  opponte  plant 
area  is  S  will  be 

S~LB      LB ^_S^_j£B       "' 

4«J.         ir{A+a')       4»J       4*^'^  +  a'' 

If  il  is  targe  compared  with  B  or  a',  the  correctiim  I 

by  (88)  i   ^,  3 

X^A'^'^^^t' 
l+«     • 

j^for  a  sKt  of  infinite  depth,  putting  /)  =  x  .  the  com 
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fi^om  the  edge  of  one  of  the  plates  equal  to  n  a  the  surface- 
density  is    .  of  this  average  density. 

2O0.]  Let  us  next  attempt  to  deduce^from  these  results  the 
diBtribution  of  electricity  in  the  figure  {a  series  of  co-axial 
^jlinders  in  front  of  a  plane}  formed  by  rotating  the  plane  of 
^^  figure  in  Art.  197  about  the  axis  ^=—12.  In  this  case, 
Poisson's  equation  will  assume  the  form 

dW     cPV         I     dV     ^ 

Let  us  assume  F=<^,  the  function  given  in  Art.  193,  and 
^^termine  the  value  of  p  from  this  equation.  We  know  that  the 
^Tgt  two  terms  disappear,  and  therefore 

IS  we  suppose  that,  in  addition  to  the  surface-density  already 
investigated^  there  is  a  distribution  of  electricity  .in  space  ac- 
cording to  the  law  just  stated,  the  distribution  of  potential  will 
be  represented  by  the  cuives  in  Fig.  XI. 

Now  from  this  figure  it  is  manifest  that  -t->  is  generally  very 

small  except  near  the  boundaries  of  the  plates,  so  that  the  new 
distribution  may  be  approximately  represented  by  a  certain 
superficial  distribution  of  electricity  near  the  edges  of  the  plates. 

If  therefore  we  integrate  /  /  pdx^dy^  between  the  limits  y^=0 

IT 

and  2^  =^6,  and  from  x'=— 3c  to  a;=  +oo,  we  shall  find  the 

whole  additional  charge  on  one  side  of  the  plates  due  to.  the 
curvature. 

Since  ^=  —  -—7,  we  have 
ay  ax 


f\d^=J_^l.J-^daf 


4vR  +  y'^'^*~'^-'^ 


y 


TOL.I.  X 


(2%-l).  (35) 


IntegrattDg  with  respect  to  y*,  we  find 

B 


B 


2R 


(36) 
(37) 


32R       192fi* 

Tins  is  half  the  total  qoontity  of  electricity  which  we  most 
Buppose  distributed  in  apace  near  the  edge  of  one  of  the  cyUnders 
per  unit  of  circumfereoce.     Since  it  is  only  close  to  the  edge  of~_^ 
thi^  plate  that  the  density  is  sensible,  we  may  suppose  the  elec — _ 
tricity  all  condensed  on  the  surface  of  the  plate  without  alterin^^^ 
eensibly  its  action  on  tbe  opposed  piano  surface,  and  in  calcu  -^ 
lating   the   attraction  between  that   surface  and  the  cylindrics 
surface  we  may  suppose  this  electricity  to  belong  to  the  cylindrie 
surface. 

If  there  had  been  no  curvature  the  superficial  charge  on  the 
positive  surface  of  the  plate  per  unit  of  length  would  have  been 
(Z*  ,  ,        1    ,  ,  1 

Hence,  if  we  add  to  it  the  whole  of  the  above  distribatioD,  this 
charge  must  be  multiplied  by  the  factor  (l  + 1  ■=)  to  get  the  total 
charge  on  the  positive  side*. 

f  In  the  case  of  a  disk  of  radius  R  placed  midway  between  two 


-c 


pori^TC  ddt,  i 
cuiuf«i«ii<«  i 

(wl?)« 


I  —  7(1  +  J  d/**"  ''■'tUw  CDnaction  for 

natlng  tbe  totftl  spacn  diilribatlon  tre  ndgfit  pertiiqis 
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^^ifinite  parallel  plates  at  a  distance  B,  we  find  for  the  capacity 
o/adisk  ^%2lo&_2je  +  jA  (38) 

^Im  toUl  amomit  if  B 

Jo    J  -00 

-^ow  if  JB  it  Urge  in  oompariion  with  the  distance  between  the  plates  this  result 
^^^  be  seen,  on  an  examination  of  the  potential  lines  in  Fig.  XI,  to  be  sensibly  the 

B 

-^dsfdy'\  ihatis,-J»B. 

0    J  ^00 

The  total  snr&oe  distribntion  if  we  include  both  sides  of  the  disk  is 


r/: 


R 

Tip- 


26     J, 


R 

*61og(l  +  yi-«"-*0<'f- 

0 

To  eralnate  the  latter  integral  pnt 


we  get  approximately  if  R/h  is  large 

-  fiog2.i{iog2}.-2::r2-;^i;j; 

•o  that  the  quantity  of  electricity  on  the  plate 

Since  the  difference  of  potential  of  the  plates  «  ^  and  £  «  wh,  the  capacity  is 

5.  +  jl?log2+  J-  +  2^(log2)'-  p2.^^  --.  -  ^-2aog2)\ 

a  result  i^hieh  is  lea  than  that  in  the  text  by  -28  B  nearly.] 

X  2 
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Theory  of  Thomacm's  Guard-ring. 

201.]  In  some  of  Sir  W.  Thomaoa'fi  electrometers,  a  lu 
surface  is  kept  at  one  potential,  and  at  a  distance  A  i 
surface  is  placed  a  plane  disk  of  radius  R  surrounded  b; 
plane  plate  called  a  Gnard-nng  with  a  circular  aperture  < 
K  concentric  with  the  disk.  This  disk  and  plate  are 
potential  zero. 

The  interval  between  the  disk  and  the  guard-plate 
regarded  a»  a  circular  groove  of  infinite  depth,  and  of 
M'  —  R,  which  we  denote  by  B, 

The  charge  on  the  disk  due  to  unit  potential  of  the  la 

supposing  the  deoait;  uniform,  would  be  — j- 

The  charge  on  one  side  of  a  straight  groove  of  bread! 
length  L  =  2vR,  and  of  infinite  depth,  may  be  estin 
the  number  of  lines  of  force  emanating  from  the  large  < 
falling  upon  the  side  of  the  groove.  Referring  to  Art. 
footnote  we  see  that  the  charge  will  therefore  be 

,  RB 

since  in  this  case  <t=l,  ^=0,  and  therefore  b^A  -f-a'. 
But  since  the  groove  is  not  stnught,  but  has  a  radios 

•tare  R,  this  must  be  multiplied  by  the  factor  (l  + 1  j;)* 
Hm  whole  charge  on  the  disk  is  therefore 
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i^y  have  any  value,  but  the  radii  of  the  large  disk  and  of  the 
guard-ring  must  exceed  12  by  several  multiples  of  A. 

Example  VII.— Fig.  XII. 

202.]  Helmholtz,  in  his  memoir  on  discontinuous  fluid  motion*, 
lias  pointed  out  the  application  of  several  formulae  in  which  the 
coordinates  are  expressed  as  functions  of  the  potential  and  its 
conjugate  function. 

One  of  these  may  be  applied  to  the  case  of  an  electrified  plate 
of  finite  size  placed  parallel  to  an  infinite  plane  surface  connected 
with  the  earth. 

Since  x^  =  A4>  and    y^  =  Ayjr^ 

and  also  x^  =  ile^  cos^  and    y^  =  Aef^  sin  yjr, 

are  conjugate  functions  of  <f>  and  ^,  the  functions  formed  by 
adding  Xi  to  X2  and  y^  to  y.^  will  be  also  conjugate.    Hence,  if 

x  =  A(l>'\'Ae'^  cos  yjf, 
y  =^  Ayj/ -^  Ae^ BiTLyfr, 
then  X  and  y  will  be  conjugate  with  respect  to  ^  and  ^,  and  <^ 
and  yjf  wiU  be  conjugate  with  respect  to  x  and  y. 

Now  let  X  and  y  be  rectangular  coordinates,  and  let  k\lf  be  the 
potential,  then  k<f>  will  be  conjugate  to  kyjr,  k  being  any  constant. 

Let  us  put  yjf  =  tt,  then  y  ^  A-n^x^  A  (<^— e^X 

If  0  varies  from  —  oo  to  0,  and  then  from  0  to  +  00 ,  a;  vai-ies 
from  —00  to  — il  and  from  ^A  to  —00 .  Hence  the  equipotential 
surface,  for  which  ^  =  tt,  is  a  plane  parallel  to  0:2;  at  a  distance 
6  =  tA  from  the  origin,  and  extending  from  «=  — 00  to  a;  =  —A. 

Let  us  consider  a  portion  of  this  plane,  extending  from 
x-=^{A  +a)  to  «  =  —A  and  from  2;  =  0  to  2;  =  c, 
let  us  suppose  its  distance  from  the  plane  oi  xz  to  h^y ^h^Ais, 
and  its  potential  to  be  F=  A;V^  =  X^^r. 

The  charge  of  electricity  on  the  portion  of  the  plane  considered 
is  found  by  ascertaining  the  values  of  <^  at  its  extremities. 

We  have  therefore  to  determine  <^  from  the  equation 

a;  =  -  (il  +  a)  =  il  (<^  -  e*), 
^  will  have  a  negative  value  <^i  and  a  positive  value  <^2  9  &^  ^^ 
edge  of  the  plane,  where  a?  =  —  il,  <^  =  0. 

Hence  the  charge  on  the  one  side  of  the  plane  is  —  cA;<^i  -r  4ir, 
and  that  on  the  other  side  is  c  A;<^2  ~^  ^  '^* 

*  Monattberichtt  der  KdnigL  Akad.  der  WUtenschaften,  sn  Berlin.  April  23, 1868, 
p.  215. 
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Both  these  charges  are  positive  and  their  sum  ia 

4v 
If  we  suppose  that  a  is  large  oompared  with  A, 

*i  =  log{2+i  +  *<«(| +*+*«■)}• 

If  we  neglect  the  exponential  terms  in  ^]  we  shall  1 

the  charge  on  the  negative  surface  exceeds  that  which  : 

have  if  the  superfioial  density  had  been  uniform  and  • 

that  at  a  distance  from  the  boundary,  by  a  quantity  equ: 

charge  on  a  strip  of  breadth  A=-  with  the  uniform  sv 
den^ty. 

The  total  eapaaty  of  the  part  of  the  |daiie  conudu^d 

The  total  charge  is  CV,  and  the  attraction  towards  tin 
plane,  whose  equation  is  jr  =  0  and  potential  ^  =  0,  u 
A 


^04.]  INDUCTION  THBOUGH   A   GRATING.  311 

grating  in  diminishing  the  effect  of  electrical  induction.  We 
shall  suppose  the  grating  to  cbnsist  of  a  series  of  parallel  wires 
b  one  plane  and  at  equal  intervals,  the  diameter  of  the  wires 
being  small  compared  with  the  distance  between  them,  while 
the  nearest  portions  of  the  electrified  bodies  on  the  one  side  and 
of  the  protected  conductor  on  the  other  are  at  distances  from  the 

plane  of  the  screen,  which  are  considerable  compared  with  the 

distance  between  consecutive  wires. 

204.]  The  potential  at  a  distance  r'  from  the  axis  of  a  strai^t 

wire  of  infinite  length  charged  with  a  quantity  of  electricity  A 

per.nnit  of  length  is     F=  -2Alogr +C.  (1) 

We  may  express  this  in  terms  of  polar  coordinates  referred  to 
an  axis  whose  distance  from  the  wire  is  unity,  in  which  case  we 
most  make  r'2=  i  —  2  r  cos  ^  +  r^,  (2) 

and  if  we  suppose  that  the  axis  of  reference  is  also  charged  with 
the  linear  density  A^  we  find 

F=-Alog(l-2rcos^  +  r2)-2A'logr  +  a  (3) 

If  we  now  make 

r  =  6    o>         B—  —  ,  (4) 

then,  by  the  theory  of  conjugate  functions, 

F=-Alog(l-26  **  cos^^+6  *  )-2A'loge  *•    +C,      ^^ 

where  x  and  y  are  rectangular  coordinates,  will  be  the  value  of 
the  potential  due  to  an  infinite  series  of  fine  wires  parallel  to  z 
in  the  plane  of  ocz,  and  passing  through  points  in  the  axis  of  x 
for  which  a?  is  a  multiple  of  a,  and  to  planes  perpendicular  to  the 
axis  of  y. 

Each  of  these  wires  is  charged  with  a  linear  density  A. 

The  term  involving  A^  indicates  an  electrification,  producing  a 

constant  force  —  in  the  direction  of  y. 

a 

The  forms  of  the  equipotential  surfaces  and  lines  of  force  when 
A'=0  are  given  in  Fig.  XIII.  The  equipotential  surfaces  near 
the  wires  are  nearly  cylinders,  so  that  we  may  consider  the 
solution  approximately  true,  even  when  the  wires  are  cylinders 
of  a  diameter  which  is  finite  but  small  compared  with  the  dis- 
tance between  them. 
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The  equipotential  surfaoes  at  a  distance  from  the  wires 
more  and  more  nearly  plajiee  parallel  to  tiiat  of  the  gr&ti 

If  in  the  equation  we  make  ^=&i,  a  quantity  lai^  <x 
with  a,  we  find  approximately, 

^_  _  4ir6j  ^x  +  A')  +  (7  nearly. 

If  we  next  make  j/^—ij,  where  &j  ia  a  positive  quanti 
compared  with  a,  we  find  approximately, 


If  c  w  the  radius  of  the  wires  of  the  grating,  c  beix 
compared  with  a,  we  may  find  the  potential  of  the  gratii 
by  supposing  that  the  surface  of  the  wire  coincides  v 
equipotential  surface  which  outs  the  plane  of  xz  at  a  di 
from  the  axis  of  z.  To  find  the  potentiaJ  of  the  gra 
therefore  put  x=c,  and  y=0,  whence 

F=-2Alog.28in— +C. 

205.]  We  have  now  obtained  expressions  represent 
electrical  state  of  a  system  consisting  of  a  grating  o 
whose  diameter  is  small  compared  with  the  distance  1 
them,  and  two  plane  conducting  surfaces,  one  on  each 
the  grating,  and  at  distances  which  are  great  compan 
the  distdbce  between  the  wires. 

The  surface-density  o-,  on  the  first  plane  is  got  & 
equation  (6)  ^y 
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When  the  wires  are  infinitely  thin>  a  becomes  infinite,  and  the 
ierms  in  which  it  is  the  denominator  disappear,  so  that  the  case 
is  reduced  to  that  of  two  parallel  planes  without  a  grating  in- 
terposed. 

If  the  grating  is  in  metallic  communication  with  one  of  the 
planes,  say  the  first,  F=  T^,  and  the  right-hand  side  of  the 
equation  for  o-|  becomes  1^—  1^.  Hence  the  density  o-^  induced 
on  the  first  plane  when  the  grating  is  interposed  is  to  that 
which  would  be  induced  on  it  if  the  grating  were  removed, 
the  second  plane  being  maintained  at  the  same  potential,  as 

a(6i  +  6,) 

We  should  have  found  the  same  value  for  the  effect  of  the 
grating  in  diminishing  the  electrical  influence  of  the  first  surface 
on  the  second,  if  we  had  supposed  the  gratiug  connected  with 
the  second  surface.  This  is  evident  since  6|  and  h^  enter  into 
the  expression  in  the  same  way.  It  is  also  a  direct  result  of  the 
theorem  of  Art.  88. 

The  induction  of  the  one  electrified  plane  on  the  other  through 
the  grating  is  the  same  as  if  the  grating  were  removed,  and  the 
distance  between  the  planes  increased  from  by^-h^io 

If  the  two  planes  are  kept  at  potential  zero,  and  the  grating 
electrified  to  a  given  potential,  the  quantity  of  electricity  on  the 
grating  will  be  to  that  which  would  be  induced  on  a  plane  of 
equal  area  placed  in  the  same  position  as 

bib^:b^b2  +  a{b^'\'b2). 

This  investigation  is  approximate  only  when  6|  and  62  ^^^ 
large  compared  with  q,  and  when  a  is  large  compared  with  c. 
The  quantity  a  is  a  line  which  may  be  of  any  magnitude.  It 
becomes  infinite  when  c  is  indefinitely  diminished. 

If  we  suppose  c  =  \a  there  will  be  no  apertures  between  the 
wires  of  the  grating,  and  therefore  there  will  be  no  induction 
through  it.  We  ought  therefore  to  have  for  this  case  a  =  0. 
The  formula  (11),  however,  gives  in  this  case 

a  =  -  ^log.2,  =  -O-Ua, 

which  is  evidently  eiToneous,  as  the  induction  can  never  be 


314  CONJUGATE  tWKmaSB. 

altered  in  sign  by  means  of.  the  grsUng.  It  is  easy,  hoi 
proceed  to  a  higher  degree  of  approximation  in  the  c 
grating  of  cylindrical  wires,  I  shall  merely  indicate  i 
of  this  process. 

Method  (^  Approsdmation. 

206.]  Since  the  wires  are  cylindrical,  and  since  th 
bution  of  electricity  on  each  is  symmetrical  with  respo 
diamet«r  parallel  to  y,  the  proper  expansion  of  the  pol 
of  tho  form  F  =  Cq  log  r  +  2C(  r'  cob  i  0, 

where  r  is  the  distance  from  the  axis  of  one  of  the  win 
the  angle  between  r  and  y ;  and,  since  the  wire  is  a  c( 
when  r  is  made  equal  to  the  radius  Tniust  be  const 
therefore  the  coefficient  of  each  of  the  multiple  cosines  c 
vanish. 

For  the  sake  of  conciseness  let  us  assume  new  cm 
f ,  t),  &c.  such  that 

a£=2vx,    atj  =  2nj/,     ap  =  2nr,    a/3  =  2it&,  Stc 
and  let  Fp  =  log(«'+'  +  e-<i+«-2cosf). 

Then  if  we  make 

by  giving  proper  values  to  the  coefficients  A  we  may 
any  potential  which  is  a  function  of  i;  and  cos  f,  and 
become  infinite  except  when  i)  +  ^  =  0  and  cos  f  =  1. 
When  /9  =  0  the  expansion  of  J*  in  terms  of  p  and  &  it 
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of  the  grating.  The  first  series  will  consist  of  the  grating  itself 
together  with  an  infinite  series  of  images  on  both  sides,  equal 
and  similarly  electrified.  The  axes  of  these  imaginary  cylinders 
lie  in  planes  whose  equations  are  of  the  form 

i7  =  ±2n(^i  +  y3,),  (20) 

n  being  an  int^er. 

The  second  series  will  consist  of  an  infinite  series  of  images  for 

which  the  coefficients  Aq,  A^^  A^,  &c.  ai*e  equal  and  opposite  to 

the  same  quantities  in  the  grating  itself,  while  A^j  A^  &c.  are 

equal  and  of  the  same  sign.    The  axes  of  these  images  are  in 

planes  whose  equations  are  of  the  form 

r]=2^^±2m{p,  +  P^),  (21) 

fn  being  an  integer. 

The  potential  due  to  any  infinite  series  of  such  images  will 
depend  on  whether  the  number  of  images  is  odd  or  even.  Hence 
the  potential  due  to  an  infinite  series  is  indeteiminate,  but  if  we 
add  to  it  the  function  Brj  +  C,  the  conditions  of  the  problem  will 
be  sufficient  to  determine  the  electrical  distribution. 

We  may  first  determine  T[  and  TJ,  the  potentials  of  the  two 
conducting  planes,  in  terms  of  the  coefficients  Aq,  Ai,  &c,  and 
of  B  and  (7.  We  must  then  determine  a^  and  0*2,  the  surface- 
densities  at  any  points  of  these  planes.  The  mean  values  of  o-^ 
and  (T,  are  given  by  the  equations 

4»a,  =  ^(^-5).       4na,  =  ^(^  +  B).  (22) 

We  must  then  expand  the  potentials  due  to  the  grating  itself 
and  to  all  the  images  in  terms  of  p  and  cosines  of  multiples  of  Oy 
adding  to  the  result  Bpco&S-^C. 

The  terms  independent  of  0  then  give  V  the  potential  of  the 
grating,  and  the  coefficient  of  the  cosine  of  each  multiple  of  0 
equated  to  zero  gives  an  equation  between  the  indeterminate  co- 
efiicients. 

In  this  way  as  many  equations  may  be  found  as  are  sufficient 
to  eliminate  all  these  coefficients  and  to  leave  two  equations  to 
determine  o-^  and  a^  in  terms  of  T[,  T^,  and  F. 

These  equations  will  be  of  the  form 

Ti— F=  47r(ri(6i  +  a  — y)  +  47r(r2(a  +  y), 

TJ-y=  47r(ri(a  +  y)  +  4w2(62  +  a-"y)-  (23) 

The  quantity  of  electricity  induced  on  one  of  the  planes 
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protected  by  the  grating,  the  other  plane  being  at  a  { 
ference  of  potential,  wiU  be  the  same  as  if  the  planes  hi 


(.-y)  (>,■!■  i.J  +  i,6,-4», 


instead  of  6^  +  &,. 


The  values  of  a  and  y  are  approximately  as  foUows, 


log 


25rc       3    16a*-hTi*t;* 


Suae*     /    6'     "  e     '  o.    \ 


CHAPTER  XIII. 


ELEOTBOSTATIC   INSTRUMENTS. 

On  Electrostatic  Instrv/ments, 

The  instruments  which  we  have  to  consider  at  present  may 
be  divided  into  the  following  classes: 

(1)  Electrical  machines  for  the  production  and  augmentation 
of  electrification. 

(2)  Multipliers,  for  increasing  electrification  in  a  known  ratio. 

(3)  Electrometers,  for  the  measurement  of  electric  potentials 
and  charges. 

(4)  Accumulators,  for  holding  large  electrical  charges. 

Electrical  Machines. 

207.]  In  the  common  electrical  machine  a  plate  or  cylinder  of 
glass  is  made  to  revolve  so  as  to  rub  against  a  surface  of  leather, 
on  which  is  spread  an  amalgam  of  zinc  and  mercury.  The 
surface  of  the  glass  becomes  electrified  positively  and  that  of 
the  rubber  negatively.  As  the  electrified  surface  of  the  glass 
moves  away  from  the  negative  electrification  of  the  rubber  it 
acquires  a  high  positive  potential  It  then  comes  opposite  to  a 
set  of  sharp  metal  points  in  connexion  with  the  conductor  of  the 
machine.  The  positive  electrification  of  the  glass  induces  a 
negative  electrification  of  the  points,  which  is  the  more  intense 
the  sharper  the  points  and  the  nearer  they  are  to  the  glass. 

When  the  machine  works  properly  there  is  a  discharge  through 
the  air  between  the  glass  and  the  points,  the  glass  loses  part  of 
its  positive  charge,  which  is  transferred  to  the  points  and  so  to 
the  insulated  prime  conductor  of  the  machine,  or  to  any  other 
body  with  which  it  is  in  electric  communication. 

The  portion  of  the  glass  which  is  advancing  towards  the 
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rubber  baa  thus  a  smaller  positive  charge  than  that 
leaving  it  at  the  same  time,  so  that  Uie  rubber,  and 
ductors  in  communication  with  it,  become  n^&tively  el 

The  highly  poaitive  surface  of  the  glass  where  it  It 
rubber  is  more  attracted  by  the  negative  chat^  of  tfa 
than  the  partially  discharged  surface  which  is  advancing 
the  rubber.  The  electrical  forces  therefore  act  as  a  resi 
the  force  employed  in  turning  the  machine.  The  worl 
turning  the  machine  ie  therefore  greater  than  that  spent 
coining  ordinary  friction  and  other  reststanoes,  and  the 
employed  in  producing  a  state  of  electrification  whose  i 
equivalent  to  this  excess. 

The  work  done  in  overcoming  friction  is  at  once  ( 
into  heat  in  the  bodies  rubbed  together.  The  electrict 
may  be  also  converted  either  into  mechanical  energ] 
heat 

If  the  machine  does  not  store  up  mechanical  energ] 
energy  will  be  converted  into  heat,  and  the  only  diffe: 
tween  the  heat  due  to  friction  and  that  due  to  electric 
is  that  the  former  is  generated  at  the  rubbing  saxfat 
the  latter  may  be  generated  in  conductors  at  a  distai 

We  have  seen  that  the  electrical  charge  on  the  surfs 
glass  is  attracted  by  the  rubber.  If  this  attraction  w 
ciently  intense  there  would  be  a  discharge  between  the  { 
tbe  rubber,  instead  of  between  the  glass  and  the  collectii 
To  prevent  thb,  fiaps  of  silk  are  attached  to  the  rubbei 
become  negatively  electrified  and  adhere  to  the  glasc 
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Hie  Electrophoma  of  Votta. 

208.]  The  electrophorus  consists  of  a  plate  of  resin  or  of 
ebonite  backed  with  metal,  and  a  plate  of  metal  of  the  same  size. 
An  insulating  handle  can  be  screwed  to  the  back  of  either  of 
these  plates.  The  ebonite  plate  has  a  metal  pin  which  connects 
the  metal  plate  with  the  metal  back  of  the  ebonite  plate  when 
ihe  ebonite  and  metal  plates  are  in  contact. 

Tie  ebonite  plate  is  electrified  negatively  by  rubbing  it  with 
wool  or  cat's  skin.  The  metal  plate  is  then  brought  near  the 
ebonite  by  means  of  the  insulating  handle.  No  direct  discharge 
passes  between  the  ebonite  and  the  metal  plate,  but  the  poten- 
tial of  the  metal  plate  is  rendered  negative  by  induction,  so 
that  when  it  comes  within  a  certain  distance  of  the  metal  pin  a 
spark  passes,  and  if  the  metal  plate  be  now  carried  to  a  distance 
it  is  found  to  have  a  positive  charge  which  may  be  communicated 
to  a  conductor.  The  metal  at  the  back  of  the  ebonite  plate  is 
found  to  have  a  negative  charge  equal  and  opposite  to  the  charge 
of  the  metal  plate. 

In  using  the  instrument  to  charge  a  condenser  or  accumulator 
one  of  the  plates  is  laid  on  a  conductor  in  communication  with 
the  earth,  and  the  other  is  first  laid  on  it,  then  removed  and 
applied  to  the  electrode  of  the  condenser,  then  laid  on  the  fixed 
plate  and  the  process  repeated.  If  the  ebonite  plate  is  fixed  the 
condenser  will  be  charged  positively.  If  the  metal  plate  is  fixed 
the  condenser  will  be  charged  negatively. 

The  work  done  by  the  hand  in  separating  the  plates  is  always 
greater  than  the  work  done  by  the  electrical  attraction  during 
the  approach  of  the  plates,  so  that  the  operation  of  charging  the 
condenser  involves  the  expenditure  of  work.  Part  of  this  work 
is  accounted  for  by  the  energy  of  the  charged  condenser,  part 
is  spent  in  producing  the  noise  and*  heat  of  the  sparks,  and  the 
rest  in  overcoming  other  resistances  to  the  motion. 

^n  Machines  prodtucing  Electrijication  by  Mechanical  Work. 

209.]  In  the  ordinary  frictional  electrical  machine  the  work 
done  in  overcoming  friction  is  far  greater  than  that  done  in 
increasing  the  electrification.  Hence  any  an*angement  by  which 
the  electrification  may  be  produced  entirely  by  mechanical  work 
against  the  electrical  forces  is  of  scientific  importance  if  not  of 
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practical  valae.  The  first  machine  of  this  kind  seema 
been  Nicbolson'B  Revolving  Doubler,  deeoribed  in  Uu 
sopkical  Transactions  for  1788  as  'an  Instrument  whid 
turning  of  a  Winch,  produces  the  Two  States  of  £]lectrici 
out  Friction  or  Commnnication  with  the  Eartii.' 

210.]  It  was  by  means  of  the  revolving  donbler  th 
succeeded  in  developing  from  the  electrification  of  the 
electrification  capable  of  affecting  his  electrometer.  Atsl 
on  the  same  principle  have  been  invented  independc 
Mr.  C.  F.  Varley  *  and  Sir  W.  Thomson. 

These  instruments  consist  essentially  of  insulated  co 
of  varioDS  forms,  some  fixed  and  others  moveable.  Th 
able  conductors  are  called  Carriers,  and  the  fixed  ones 
called  Inductors,  Receivers,  and  Regenerators.  The  i 
and  receivers  are  bo  formed  that  when  the  carriers  a 
certun  points  in  their  revolution  they  are  almost  coi 
surrounded  by  a  conducting  body.  As  the  inductors 
ceivers  cannot  completely  surround  the  carrier  and  at  t 
time  allow  it  to  move  freely  in  and  out  without  a  con 
arrangement  of  moveable  pieces,  the  instrument  ia  not 
oaUy  perfect  without  a  pair  of  regenei-atots,  which  stor 
small  amount  of  eleotricuty  which  the  carriers  retain  wl 
eoierge  from  the  receivers. 

For  the  present,  however,  we  may  suppose  the  indue 
receivers  to  surround  the  carrier  completely  when  it  u 
them,  in  which  case  the  theory  is  mui^  simplified. 

We  shall  suppose  the  machine  to  consist  of  two  indi 
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then,  as  was  shewn  in  Art.  32,  become  completely  dis- 
charged,  and  will  communicate  its  whole  negative  chai'ge  to  the 
receiver  B. 

The  carrier  will  next  enter  the  inductor  (7,  which  we  shall 
suppose  charged  negatively.  While  within  C  it  is  put  in 
connexion  with  the  earth  and  thus  acquires  a  positive  charge, 
which  it  carries  off  and  communicates  to  the  receiver  D,  and  so  on. 

In  this  way,  if  the  potentials  of  the  inductors  remain  always 
constant,  the  receivers  B  and  D  receive  successive  charges, 
which  are  the  same  for  every  revolution  of  the  carrier,  and  thus 
every  revolution  produces  an  equal  increment  of  electricity 
in  the  receivers. 

But  by  putting  the  inductor  A  in  communication  with  the 
receiver  Z>,  and  the  inductor  C  with  the  receiver  jB,  the  poten- 
tials of  the  inductors  will  be  continually  increased,  and  the 
quantity  of  electricity  .communicated  to  the  receivers  in  each 
revolution  will  continually  increase. 

For  instance,  let  the  potential  of  A  and  D  be  U,  and  that  of  B 
and  C,  F,  then,  since  the  potential  of  the  carrier  is  zero  when 
it  is  within  A^  being  in  contact  with  earth,  its  charge  is 
^^QU,  The  carrier  enters  B  with  this  charge  and  com- 
municates it  to  B,     If  the  capacity  of  B  and  C  is  B^  their 

Q 
potential  will  be  changed  from  V  to  F—  ~  U. 

If  the  other  carrier  has  at  the  same  time  carried  a  charge 
—QV  from  (7  to  D,  it  will  change  the  potential  of  A  and  D  from 

U  to  U—  ^  F,  if  Q'  is  the  coeflScient  of  induction  between  the 
A 

carrier  and  C,  and  A  the  capacity  of  A  and  D.    If,  therefore, 

U^  and  T^  be  the  potentials  of  the  two  inductors  after  n  half 

revolutions,  and  U^^^i  and  V^^^  after  n+  1  half  revolutions, 

IT      —  U  ^9.  V 

F     —  F—  ^  U 
If  we  write  p*  =  -=  and  j^  =  -r-  >  we  find 

pt^n^i-^qX^i  =  (pU.+qX)  (^"pq)  =  ip^o-^qVo)  {^-pqr^\ 
pUn^x-qy.^x  =  {p^n-qv,)  (1  ^pq)  =  {pUo-q^D  (i  -^pqr'^ 

VOL.  I.  Y 
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HeQce 
2Cr.=    ir.((l-y5)-  +  (i+r?)-)  +  ^^((i-M)--(i+i 

2K  =  ^-tr,((l-y5)-^(l+y5)-)+IJ((l-y5)-+(l+. 

It  appears  from  these  equations  that  the  quantity 
continually  diminishes,  so  that  whatever  be  the  initial 
electrification  the  receivers  are  ultimately  oppositely  el 
so  that  the  potentials  of  A  and  B  are  in  the  ratio  otq  U 

On  the  other  hand,  the  quantity  pU—qV  tiontiat 
creases,  bo  that,  however  little  pU  may  exceed  or  fall 
5 7"  at  firat,  the  difference  will  be  increased  in  a  geometri 
in  each  revolution  till  the  electromotive  forces  become 
that  the  insulation  of  the  apparatus  is  overcome. 

Instruments  of  this  kind  may  be  used  for  variouB  pu: 

For  producing  a  copious  supply  of»  electricity  at 
potential,  as  is  done  by  means  of  Mr.  Varley's  large  xatA 

For  adjusting  the  charge  of  a  condenser,  as  in  the 
Thomson's  electrometer,  the  chai^  of  which  can  be  inc] 
diminished  by  a  few  turns  of  a  very  small  machine  of  t 
which  ia  called  a  Replenisher. 

For  multiplying  Etmall  differences  of  potential.  The  i 
may  be  charged  at  first  to  aa  exceedingly  small  potentii 
instance,  that  due  to  a  thermo-electric  pair,  then,  by  tui 
machine,  the  difference  of  potentials  may  be  oontinnall 
plied  till  it  becomes  capable  of  measurement  by  an 
electrometer.      By    determining    by   experiment   the 
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▼essel  placed  inside  but  not  touching  an  inductor.  The  receiver 
is  thus  continually  supplied  with  electricity  of  opposite  sign  to 
that  of  the  inductor.  If  the  inductor  is  electrified  positively,  the 
receiver  will  receive  a  continually  increasing  charge  of  negative 
electricity. 

The  water  is  made  to  escape  from  the  receiver  by  means  of  a 
funnel,  the  nozzle  of  which  is  almost  surrounded  by  the  metal  of 
the  receiver.  The  drops  falling  from  this  nozzle  are  therefore 
nearly  free  from  electrification.  Another  inductor  and  receiver 
of  the  same  construction  are  arranged  so  that  the  inductor  of 
the  one  system  is  in  connexion  with  the  receiver  of  the  other. 
The  rate  of  increase  of  charge  of  the  receivei-s  is  thus  no  longer 
eonstant,  but  increases  in  a  geometrical  progression  with  the 
time,  the  charges  of  the  two  receivers  being  of  opposite  signs. 
This  increase  goes  on  tiU  the  falling  drops  are  so  diverted  from 
their  course  by  the  electrical  action  that  they  fall  outside  of  the 
receiver  or  even  strike  the  inductor. 

In  this  instrument  the  energy  of  the  electrification  is  drawn 
from  that  of  the  falling  drops. 

212.]  Several  other  electrical  machines  have  been  constructed 
in  which  the  principle  of  electric  induction  is  employed.  Of 
these  the  most  remarkable  is  that  of  Holtz,  in  which  the  carrier 
is  a  glass  plate  varnished  with  gum-lac  and  the  inductors  are 
pieces  of  pasteboard.  Sparks  are  prevented  from  passing  be- 
tween the  parts  of  the  apparatus  by  means  of  two  glass  plates, 
one  on  each  side  of  the  revolving  carrier  plate.  This  machine 
is  found  to  be  very  effective,  and  not  to  be  much  affected  by  the 
state  of  the  atmosphere.  The  principle  is  the  same  as  in  the 
revolving  doubler  and  the  instruments  developed  out  of  the 
same  idea,  but  as  the  earner  is  an  insulating  plate  and  the 
inductors  are  imperfect  conductors,  the  complete  explanation  of 
the  action  is  more  difficult  than  in  the  case  where  the  carriers 
are  good  conductors  of  known  form  and  are  charged  and  dis- 
charged at  definite  points*. 

213.]  In  the  electrical  machines  already  described  sparks 
occur  whenever  the  carrier  comes  in  contact  with  a  conductor  at 
a  different  potential  from  its  own. 

*  {The  indaeiioii  mAcbinet  most  frequently  used  at  present  are  thoee  of  Voei  and 
Wimthiml.    A  deeoription  of  these  with  diagrams  will  be  found  in  Nature,  yoI.  xxviii. 

P.1J.} 
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Now  ve  have  shewn  that  whenever  this  occurs  there 
of  energy,  and  therefore  the  whole  work  employed  in 
the  machine  is  not  converted  into  electrification  in  an  t 
form,  but  part  is  spen 
ducing  the  heat  and 
electric  sparks. 

I  have  therefore  tb 
desirable  to  shew  hon 
trical'  machine  may 
structed  which  is  nol 
to  this  loss  of  effici 
do  not  propose  it  as 
form  of  machine,  hi 
example  of  the  met 
which  tiie  contrivanc 
in  beat-engines  a  reg 
may  be  applied  to  an  electrical  machine  to  prevent  loss  i 
In  the  figure  let  A,  B,  C,  A',  R,  C  represent  hollo 
conductors,  so  arranged  that  the  carrier  P  passes  in  sn 
within  each  of  them.  Of  these  A,  A'  and  B,  B'  nearly  t 
the  carrier  when  it  is  at  the  middle  point  of  its  pass 
(7  and  C  do  not  cover  it  so  much. 

We  shall  suppose  A,  B,C  io  y>a  connected  with  a  Lej 
of  great  capacity  at  potential  7,  and  A',  ff,  C  to  be  o< 
with  another  jar  at  potential  —  V. 

P  is  one  of  the  carriers  moving  in  a  circle  fiom  A  tc 
and  touching  in  its  course  certain  springs,  of  which  a  ai 
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more  when  it  comes    withiu  the    influence   of  if^  which    is 
negatively  electrified. 

If  when  P  comes  within  (7  its  coefficient  of  induction  on  C 
is  ~(7  and  its  capacity  is  C  +  c\  then,  if  U  is  the  potential  of 
P,  the  charge  on  P  is 

K  CrV^aV, 

then  at  this  point  U  the  potential  of  P  will  be  reduced  to  zero. 

Let  P  at  this  point  come  in  contact  with  the  spring  ef  which 
is  connected  with  the  earth.  Since  the  potential  of  P  is  equal 
to  that  of  the  spring  there  wiU  be  no  spark  at  contact. 

This  conductor  C,  by  which  the  carrier  is  enabled  to  be  con- 
nected to  earth  without  a  spark,  answers  to  the  contrivance 
called  a  r^enerator  in  heat-engines.  We  shall  therefore  call  it 
a  Begenerator. 

Now  let  P  move  on,  still  in  contact  with  the  earth-spring  c', 
till  it  comes  into  the  middle  of  the  inductor  J?,  the  potential  of 
which  is  y.  If  —  £  is  the  coefficient  of  induction  between 
P  and  B  at  this  point,  then,  since  17"=  0  the  charge  on  P  will 
be  -£K 

When  P   moves  away  from  the  earth-spring  it  carries  this 

charge  with  it.     As  it  moves  out  of  the  positive  inductor  B 

towards  the  negative  receiver  A'  its  potential  will  be  increasingly 

negative.     At  the  middle  of  A\  if  it  retained  its  charge,  its 

potential  would  be 

A'V  +  BV 

A'  +  a'  ' 
and  if  -BV  is  greater  than  a'P  its  numerical  value  will  be 
greater  than  that  of  V\  Hence  there  is  some  point  before  P 
reaches  the  middle  of  A^  where  its  potential  is  —  F'.  At  this 
point  let  it  come  in  contact  with  the  negative  receiver-spring  a\ 
There  will  be  no  spark  since  the  two  bodies  are  at  the  same 
potential.  Let  P  move  on  to  the  middle  of  A\  still  in  contact  with 
the  spring,  and  therefore  at  the  same  potential  with  A\  During 
this  motion  it  communicates  a  negative  charge  to  A\  At  the 
middle  of  ^4'  it  leaves  the  spring  and  carries  away  a  charge  —aV 
towards  the  positive  regenerator  (7,  where  its  potential  is  re- 
duced to  zero  and  it  touches  the  earth-spring  e.  It  then  slides 
along  the  earth-spring  into  the  negative  inductor  JS^,  during 
wbidi  motion  it  acquires  a  positive  charge  B'V  which  it  finally 
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Gomnnmicates  to  the  poeitive  receiTer  A,  and  the  cycle  o 
tions  is  completed. 

During  this  cycle  the  positive  receiver  has  lost  a  ohi 
and  gained  a  charge  B'V,  Hence  the  total  gain  of 
electricity  is  ffW-aV. 

Similarly  tiie  total  gain  of  negative  electricity  is  BV~ 

By  making  tho  inductors  so  as  to  be  as  close  to  the  su 
the  carrier  as  is  consistent  with  insulation,  B  and  B' 
made  lai^e,  and  by  making  the  receivers  so  aa  nearly  to  a 
the  carrier  when  it  is  within  them,  a  and  a'  may  be  nu 
small,  and  then  the  charges  of  both  the  Leyden  jare 
-  increased  in  every  revolution. 

The  conditions  to  be  fulfilled  by  the  regenerators  are 
Cr  =  ar,    and     CV=a'r. 

Since  a  and  a'  are  small  the  regenerators  must  ne 
large  nor  very  close  to  the  carriers. 

On  Electrometere  and  Electroscopes. 

214.]  Ad  electrometer  is  an  instrument  by  means  o 
electric  obatges  or  electric  potentials  may  be  meosur 
struments  by  means  of  which  the  existence  of  electric  ch 
of  differences  of  potential  may  be  indicated,  but  which 
capable  of  affordirg  numerical  measures,  are  called 
scopes. 

An  electroscope  if  sufficiently  sensitive  may  be  used 
trical  measurements,  provided  we  can  make  the  meaa 
depend  on  the  absence  of  electrification.     For  instanc 


^^S-l  coulomb's  toesion  balance.  327 

^^thodfl.  They  require  only  an  insiirument  capable  of  detecting 
Uq  existence  of  the  phenomenon. 

In  another  class  of  instruments  for  the  registration  of  phe- 
nomena the  instruments  may  be  depended  upon  to  give  always 
^e  same  indication  for  the  same  value  of  the  quantity  to  be 
"^gisteredy  but  the  readings  of  the  scale  of  the  instrument  are  not 
^^oportional  to  the  values  of  the  quantity,  and  the  relation 
^^tween  these  readings  and  the  corresponding  value  is  unknown, 
^xoept  that  the  one  is  some  continuous  function  of  the  other. 
Several  electrometers  depending  on  the  mutual  repulsion  of 
|Mui8  of  the  instrument  which  are  similarly  electrified  are  of 
this  class.  The  use  of  such  instruments  is  to  register  phenomena, 
not  to  measure  them.  Instead  of  the  true  values  of  the  quantity 
to  be  measured,  a  series  of  numbei*s  is  obtained,  which  may  be 
used  afterwards  to  determine  these  values  when  the  scale  of  the 
instrument  has  been  properly  investigated  and  tabulated. 

In  a  still  higher  class  of  instruments  the  scale  readings  are 
proportional  to  the  quantity  to  be  measured,  so  that  all  that  is 
required  for  the  complete  measurement  of  the  quantity  is  a 
knowledge  of  the  coefficient  by  which  the  scale  readings  must  be 
multiplied  to  obtain  the  true  value  of  the  quantity. 

Instruments  so  constructed  that  they  contain  within  them- 
aelves  the  means  of  independently  determining  the  true  values 
of  quantities  are  called  Absolute  Instruments. 

Coulomb's  Torsion  Balance. 

215.]  A  great  number  of  the  experiments  by  which  Coulomb 
established  the  fundamental  laws  of  electricity  were  made  by 
measuring  the  force  between  two  small  spheres  charged  with 
electricity,  one  of  which  was  fixed  while  the  other  was  held  in 
equilibrium  by  two  forces,  the  electrical  action  between  the 
spheres,  and  the  torsional  elasticity  of  a  glass  fibre  or  metal  wire. 
See  Art.  38. 

The  balance  of  torsion  consists  of  a  horizontal  arm  of  gum-lac, 
suspended  by  a  fine  wire  or  glass  fibre,  and  carrying  at  one  end 
a  little  sphere  of  elder  pith,  smoothly  gilt.  The  suspension  wire 
is  fastened  above  to  the  vertical  axis  of  an  arm  which  can  be 
moved  round  a  horizontal  graduated  circle,  so  as  to  twist  the 
upper  end  of  the  wire  about  its  own  axis  any  number  of 
degrees. 
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The  whole  of  this  apparatus  is  enclosed  in  a  case.  . 
little  sphere  is  so  mounted  on  an  insulating  stem  that  i' 
charged  and  introduced  into  the  case  through  a  hole,  and 
so  that  its  centie  coincides  with  a  de6nite  point  in  the  he 
circle  described  by  the  suspended  sphere.  The  positio: 
Buspended  sphere  is  ascertained  by  moans  of  a  graduate 
engraved  on  the  cylindrical  glass  case  of  the  instrument. 

Now  suppose  both  spheres  charged,  and  the  suspendei 
in  equilibrium  in  a  known  position  such  that  the  tors 
makes  an  angle  0  with  the  radius  through  the  centre  of  t 
sphere.  The  distance  of  the  centres  is  then  2  a  sin  (  B, 
is  the  radius  of  the  torsion-arm,  and  if  F  is  the  force  beti 
spheres  the  moment  of  this  force  about  the  axis  of  torsioi 
Facoaie. 

Let  both  spbei-es  be  completely  discharged,  and  let  the 
arm  now  be  in  equilibrinm  at  an  angle  <t>  with  the  radius 
the  fixed  sphere. 

Then  the  angle  through  which  the  electrical  force  twi 
torsion-arm  must  have  been  B  —  ip,  and  if  ^  is  the  mc 
the  torsional  elasticity  of  the  fibre,  we  shall  have  the  eqi 
Facoaie  =  M{$-<p). 

Hence,  if  we  can  ascertain  M,  we  can  determine  F,  tfc 
force  between  the  spheres  at  the  distance  2  a  sin  \0. 

To  find  M,  the  moment  of  torsion,  let  /  be  the  mo 
inertia  of  the  torsion-arm,  and  T  the  time  of  a  double  v 
of  the  arm  under  the  action  of  the  torsional  elasticity,  th< 
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o^«^ 


electrification  of  the  glass  case  will  have  no  influence  on  the 
spberes.  In  this  way  we  may  avoid  any  indefiniteness  due  to 
Ae  action  of  the  case. 

To  illustrate  this  by  an  example  in  which  we  can  calculate  all 

fte  effects,  let  us  suppose  that  the  case  is  a  sphere  of  radius  6, 

^^Mtt  the  centre  of  motion  of  the  torsion-arm  coincides  with  the 

<^i^tie  of  the  sphere  and  that  its  radius  is  a  ;  that  the  charges  on 

^  two  spheres  are  E^^  and  E,  and  that  the  angle  between  their 

positions  is  0 ;  that  the  fixed  sphere  is  at  a  distance  a^  from  the 

centre,  and  that  r  is  the  distance  between  the  two  small  spheres. 

Neglecting  for  the  present  the  efiect  of  induction  on  the  dis- 

tr\l>ution  of  electricity  on  the  small  spheres,  the  force  between 

^^m  will  be  a  repulsion 

_EE, 


.2 


> 


and  the  moment  of  this  force  round  a  vertical  axis  through  the 
centre  will  be  EE.aa.^mO 


7-3 


The  image  of  Ej^  due  to  the  spherical  surface  of  the  case  is  a 
point  in  the  same  radius  at  a  distance  from  the  centre  —  with 

h  .      "» 

a  charge  —E^  —  ,  and  the  moment  of  the  attraction  between  E 
and  this  image  about  the  axis  of  suspension  is 

a — Bind 


EE,± ^ 


^EE, 


aa^  sin  0 


If  b,  the  radius  of  the  spherical  case,  is  large  compared  with  a 
and  Op  the  distances  of  the  spheres  from  the  centre,  we  may 
neglect  the  second  and  third  terms  of  the  factor  in  the  de- 
nominator. Equating  the  moments  tending  to  turn  the  torsion- 
arm,  we  get 

^J?,aa,sind|l-i|  =  Jf(^-# 
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EledrometerB  for  the  Measu/remerd  of  Potentialg. 

S16.]  In  all  electrometers  the  moveable  part  is  a  body  chargeA 
with  electricity,  and  its  potential  is  different  from  tliat  of  oeiteizt 
of  the  fixed  parts  rouod  it.  When,  aa  in  Coulomb's  metbod,  an 
insulated  body  haviog  a  certain  cb&i^e  is  need,  it  is  the  dui;ge 
which  is  the  direct  object  of  measurement.  We  may,  however, 
connect  the  balls  of  Coulomb's  electrometer,  by  means  of  fine 
wires,  with  different  condactors.  The  ohai^es  of  the  balls  will 
then  depend  on  the  values  of  the  potentials  of  these  condacttos 
and  on  the  potential  of  the  case  of  the  instrument.  The  obai^ 
on  each  hall  will  be  approximately  equal  to  its  radios  maltiplied 
by  the  excess  of  its  potential  over  that  of  the  ease  of  the  insfara- 
ment,  provided  the  i-adii  of  the  balls  are  small  compaied  with 
their  distancea  from  each  other  and  fiom  the  sides  or  opening  of 
the  case. 

Coulomb's  form  of  apparatus,  however,  is  not  well  adapted  for 
measurements  of  this  kind,  owing  to  the  smallness  of  the  force 
lietween  spheres  at  the  proper  distances  when  the  difference  of 
potentials  is  small.  A  more  convenient  form  is  tliat  of  the 
Attracted  Disk  Electrometer.  The  first  electrometers  on  this 
principle  were  conatnicted  by  Sir  W.  Snow  Harrb  *.  They  have 
since  been  brought  to  great  perfection,  both  in  theory  and  con- 
struction, by  Sir  \V.  Thomson  f. 

When  two  disks  at  different  potentials  are  brought  face  to 
face  with  a  small  interval  between  them  there  will  be  a  nearly 
uniform  electrification  on  the  opposite  feces  and  very  little  elec- 
trification on  the  backs  of  the  disks,  provided  there  are  no  other 
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it  18  imposaible  to  make  the  case  of  the  apparatus  so  large  that 
we  may  suppose  the  disks  insulated  in  an  infinite  space,  the 
indications  of  the  instrument  in  this  form  are  not  easily  inter- 
preted numerically. 

217.]  The  addition  of  the  guard-ring  to  the  attracted  disk 
^  one  of  the  chief  improvements  which  Sir  W.  Thomson  has 
AMde  on  the  apparatus. 

Instead  of  suspending  the  whole  of  one  of  the  disks  and 
determining  the  force  acting  upon  it,  a  central  portion  of  the 
diak  is  separated  from  the  rest  to  form  the  attracted  disk,  and 
tl^  outer  ring  forming  the  remainder  of  the  disk  is  fixed.  In 
ihia  way  the  force  is  measured  only  on  that  part  of  the  disk 
"vhere  it  is  most  regular,  and  the  want  of  uniformity  of  the 
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Fig.  19. 

electrification  near  the  edge  is  of  no  importance,  as  it  occurs 
on  the  guard-ring  and  not  on  the  suspended  part  of  the  disk. 

Besides  this,  by  connecting  the  guard-ring  with  a  metal  case 
surrounding  the  back  of  the  attracted   disk  and  all   its  sus- 
pending apparatus,  the  electrification  of  the  back  of  the  disk 
18  rendered  impossible,  for  it  is  part  of  the  inner  surface  of  / 
dosed  hollow  conductor  all  at  the  same  potential. 

'■^Ainaon's  Absolute  Electrometer  therefore  consists  essential 
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of  two  parallel  plates  at  diflfereot  potentials,  one  of 
made  so  that  a  certain  area,  no  part  of  which  is  : 
edge  of  the  plate,  is  moveable  under  the  action  of  elect: 
To  fix  our  ideas  we  may  suppose  the  attracted  disk  an' 
ring  uppermost.  The  fixed  disk  is  horizontal,  and  is 
on  an  insulating  stem  which  has  s  measurable  vertica 
g^ven  to  it  by  means  of  a  micrometer  screw.  The  gr 
is  at  least  as  large  as  the  fixed  disk ;  its  lower  surface 
plane  and  parallel  to  the  fixed  disk.  A  delicate  bi 
erected  on  the  guard-ring  to  which  is  suspended  a  ligl 
able  disk  which  almost  fills  the  circular  aperture  in  th 
ling  witiiout  rubbing  against  its  sides.  The  lower  bi 
the  suspended  disk  must  he  truly  plane,  and  we  must 
means  of  knowing  when  its  plane  coincides  with  tba 
lower  surface  of  the  guard-ring,  so  as  to  form  a  sin^ 
interrupted  only  by  the  narrow  interval  between  the  i 
its  guard-ring. 

For  this  purpose  the  lower  disk  is  screwed  up  till 
contact  with  the  guard-ring,  and  the  suspended  disk  is 
to  rest  upon  the  lower  disk,  so  that  its  lower  surfa 
the  same  plane  as  that  of  the  guard-ring.  Its  positi 
respect  to  the  guard-ring  is  then  ascertained  by  mei 
system  of  fiducial  marks.  Sir  W.  Thomson  generally 
this  purpose  a  black  hair  attached  to  the  moveable  pai 
hair  moves  up  or  down  just  in  front  of  two  black  d 
white  enamelled  ground  and  is  viewed  along  with  th 
by  means  of  a  plano-convex  lens  with  the  pkne  side 
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°^anoe  and  suspended  disk,  sufficient  apertures  being  left  to  see 
^^^  fiducial  marks. 

The  guard-ring,  case,  and  suspended  disk  are  all  in  metallic 

^mmunication  with  each   other,  but  are   insulated  from  the 

other  parts  of  the  apparatus. 
Now  let  it  be  required  to  measure  the  difference  of  potentials 

of  two  conductors.  The  conductors  are  put  in  communication 
with  the  upper  and  lower  disks  respectively  by  means  of  wires, 
the  weight  is  taken  off  the  suspended  disk,  and  the  lower  disk 
is  moved  up  by  means  of  the  micrometer  screw  till  the  electrical 
attraction  brings  the  suspended  disk  down  to  its  sighted 
position.  We  then  know  that  the  attraction  between  the  disks  is 
equal  to^the  weight  which  brought  the  disk  to  its  sighted  position. 
If  TTbe  the  numerical  value  of  the  weight,  and  g  the  force  of 
gravity,  the  force  is  Wg,  and  if  A  is  the  area  of  the  suspended 
disk,  D  the  distance  between  the  disks,  and  V  the  difference  of 
the  potential  of  the  disks  *, 

^  Let  U8  denote  the  radius  of  the  saspended  disk  by  R,  and  that  of  the  aperture 
of  the  guard-ring  by  iT,  then  the  breadth  of  the  annular  interval  between  the 
diric  and  the  ring  wiU  be  ^  -  R'-R. 

If  the  distance  between  the  suspended  disk  and  the  large  fixed  disk  is  P,  and 
the  difference  of  potentials  between  these  disks  is  F,  then,  by  the  investigation  in 
Art.  201,  the  Quantity  of  electricity  on  the  suspended  disk  will  be 

^"^l      SV  8X>     D  +  ai' 

where        o  -  B  ^~ ,    or    o  -  0-220635  {R'^R). 

If  the  surface  of  the  guard-ring  is  not  exactly  in  the  plane  of  the  surface  of 
the  raspended  disk,  let  us  suppose  that  the  distance  between  the  fixed  disk  and 
the  guard-ring  is  not  D  but  D  +  z^  jy,  then  it  appears  from  the  investigation  in 
Art.  225  that  there  will  be  an  additional  charge  of  electricity  near  the  edge  of 
the  disk  on  account  of  its  height  z  above  the  general  surface  of  the  guard-ring. 
The  whole  charge  in  this  case  is  therefore,  approximately, 

*2  -  ''  I  -TD 8D-Wia  *  -!>-  (^  -^>  ^'^'-jyZD-  I  ' 

and  in  the  expression  for  the  attraction  we  must  substitute  for  A,  the  area  of  the 
disk,  the  corrected  quantity 

il  -  4»  j  JP  +  if«- (H"- B^  ^-j^  +  8  (B  +  i?)  (ly-D)  log. -^^^  j  , 

where      R  =  radius  of  suspended  disk, 

iT  s  radius  of  aperture  in  the  guard-ring, 
D  =  distance  between  fixed  and  suspended  disks, 
jy  *=  distance  between  fixed  disk  and  guard-ring, 
o  =  0.220635  (JZ'-fl). 
When  a  is  small  compared  with  D  we  may  neglect  the  second  term,  and  when 
ly^DiM  small  we  may  neglect  the  last  term.     {  For  another  investigation  of  this  see 
Supplementary  Volume.} 
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If  the  Buspended  disk  iB  circular,  of  radios  R,  and  if  1 
of  the  aperture  of  the  guard-ring  is  R',  then 

A  =  S>(S'  +  Ji"),  md  r=  iD^y^^- 

218.]  Since  there  ib  always  some  uncertainty  in  del 
the  micrometer  reading  corresponding  to  i)  —  0,  and  t 
error  in  the  poeitioQ  of  the  suspended  disk  is  most  i: 
when  D  is  small,  Sir  W.  Thomson  prefers  to  mak< 
measurements  depend  on  differences  of  the  electromot 
V.  Thus,  if  V  and  V  are  two  potentials,  and  D  an 
corresponding  dbtanoes, 


Y-T^iP^D')rJ'-^. 


For  instance,  in  order  to  measure  the  electromotive  i 
galvanic  battery,  two  electrometers  arc  used. 

By  means  of  a  condenser,  kept  charged  if  neoessa 
replenisher,  the  lower  disk  of  the  principal  electrometer 
tained  at  a  constant  potential.  This  is  tested  by  oonne 
lower  disk  of  the  principal  electrometer  with  the  lower 
secondary  electrometer,  the  suspended  disk  of  which  is  c 
with  the  earth.  The  distance  between  the  disks  of  the  Si 
electrometer  and  the  force  required  to  faring  the  suspen 
to  its  sighted  position  being  constant,  if  we  raise  the 
of  the  condenser  till  the  secondary  electrometer  is  in  it 
position,  we  know  that  the  potential  of  the  lower  dis 
principal  electrometer  exceeds  that  of  the  earth  by  a 
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^^^^lote  diatance  makes  a  great  change  in  the  force,  since  the 

^'^ttse  varies  inversely  as  the  square  of  the  distance,  so  that  any 

^or  in  the  absolute  distance  introduces  a  large  error  in  the 

^nlt  unless  the  distance  is  large  compared  wiUi  the  limits  of 

^rior  of  the  micrometer  screw. 

The  effects  of  small  irregularities  of  form  in  the  surfaces  of  the 
disks  and  of  the  interval  between  them  diminish  according  to 
the  inverse  cube  and  higher  inverse  powers  of  the  distance,  and 
whatever  be  the  form  of  a  corrugated  surface,  the  eminences  of 
which  just  reach  a  plane  surface,  the  electrical  effect  at  any 
distance  which  is  considerable  compared  to  the  breadth  of  the 
oormgaiions,  is  the  same  as  that  of  a  plane  at  a  certain  small 
distance  behind  the  plane  of  the  tops  of  the  eminences.  See 
Arts.  197,  198. 

By  means  of  the  auxiliary  electrification,  tested  by  the  aux- 
iliary electrometer,  a  proper  interval  between  the  disks  is  secured. 

The  auxiliary  electrometer  may  be  of  a  simpler  construction, 
in  which  there  is  no  provision  for  the  determination  of  the  force 
of  attraction  in  absolute  measure,  since  all  that  is  wanted  is  to 
secure  a  constant  electrification.  Such  an  electrometer  may  be 
called  a  gauge  electrometer. 

This  method  of  using  an  auxiliary  electrification  besides  the 
electrification  to  be  measured  is  called  the  Heterostatic  method 
of  electrometry,  in  opposition  to  the  Idiostatic  method  in  which 
the  whole  effect  is  produced  by  the  electrification  to  be  measured. 

In  several  forms  of  the  attracted  disk  electrometer,  the  at- 
tracted disk  is  placed  at  one  end  of  an  arm  which  is  supported 
by  being  attached  to  a  platinum  wire  passing  through  its  centre 
of  gravity  and  kept  stretched  by  means  of  a  spring.  The  other 
end  of  the  arm  carries  the  hair  which  is  broug^ht  to  a  sighted 
position  by  altering  the  distance  between  the  disks,  and  so  ad- 
justing the  force  of  the  electric  attraction  to  a  constant  value. 
In  these  electrometers  this  force  is  not  in  general  determined  in 
absolute  measure,  but  is  known  to  be  constant,  provided  the 
torsional  elasticity  of  the  platinum  wire  does  not  change. 

The  whole  apparatus  is  placed  in  a  Leyden  jar,  of  which  the 
inner  surface  is  charged  and  connected  with  the  attracted  disk 
and  guard-ring.  The  other  disk  is  worked  by  a  micrometer 
screw,  and  is  connected  first  with  the  earth  and  then  with  the 
conductor  whose  potential  is  to  be  measured.     The  difference  of 
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readings  multiplied  by  a  constant  to  be  detemuned 
electrometer  gives  the  potential  required, 

219.]  The  electrometei-s  already  described  are  not  sc 
but  require  for  each  observation  an  adjustment  of  a  m 
screw,  or  some  other  movement  which  must  be  mad 
observer.  They  are  therefore  not  fitted  to  act  aa  &elf-rt 
instruments,  which  must  of  themselves  move  into  tb 
position.  This  condition  is  fulfilled  by  Thomson's  < 
Electiometer. 

The  electrical  principle  on  which  this  iustiiiment  ii 
may  be  thus  explained : — 

A  and  B  are  two  fixed  conductors  which  may  be  at 
or  at  different  potentials.  C  ia  a  moveable  conductor 
potential,  which  is  so  placed  that  part  of  it  is  opposi 
surface  of  A  and  part  opposite  to  that  of  B,  and  that 
portions  of  these  parts  are  altered  as  C  moves. 

For  this  purpose  it  is  most  convenient  to  make  C  i 
about  au  axis,  and  make  the  opposed  surfaces  of  A,  c 
of  0  portions  of  sur£u;es  of  revolution  about  the  same  a 

In  this  way  the  distance  between  the  surface  of  C 
opposed  surfaces  of  ^  or  of  £  remains  always  the  same 
motion  of  C  in  the  positive  direction  simply  increases 
opposed  to  B  and  diminishes  the  area  opposed  to  A. 

If  the  potentials  of  A  and  B  are  equal  tiiere  will  be 
urging  C  from  A  to  B,  but  if  the  potential  of  C  differs  fi 
of  B  more  than  from  that  of  A,  then  C  will  tend  to  mi 
a  the  area  of  ita  surface  opposed  to  B. 
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yfe  may  apply  to  this  electrometer  the  general  theory  of 
^yBtems  of  conductors  given  in  Arts.  93, 127. 

Let  A^  B^  C  denote  the  potentials  of  the  three  conductors  re- 
spectively. Let  a,  6,  c  be  their  respective  capacities,^  the  co- 
efficient of  induction  between  B  and  (7,  q  that  between  C  and  A^ 
and  r  that  between  A  and  B.  All  these  coefficients  will  in 
general  vary  with  the  position  of  (7,  and  if  C  is  so  arranged  that 
tiie  extremities  of  A  and  B  are  not  near  those  of  (7  as  long  as 
tiie  motion  of  (7  is  confined  within  certain  limits,  we  may 
ascertain  the  form  of  these  coefficients.  If  6  represents  the  de- 
flexion of  C  from  A  towards  B,  then  the  part  of  the  surface  of  A 
opposed  to  G  will  diminish  as  ^  increases.  Hence  if  ^  is  kept 
at  potential  1  while  B  and  C  are  kept  at  potential  0,  the  charge 
on  A  will  be  a  =  a^—aOy  where  a^  and  a  are  constants,  and  a  is 
the  cipacity  of  A. 

If  A  and  B  are  symmetrical,  the  capacity  of  jS  is  6  =  b^  +  ad. 

The  capacity  of  C  is  not  altered  by  the  motion,  for  the  only 
effect  of  the  motion  is  to  bring  a  different  part  of  C  opposite  to 
the  interval  between  A  and  B.    Hence  c  =  Cg. 

The  quantity  of  electricity  induced  on  G  when  B  is  raised  to 
potential  unity  is^  =  p^—aO. 

The  coefficient  of  induction  between  A  and  G  \a  q  ^  q^-\- aO. 

The  coefficient  of  induction  between  A  and  B  is  not  altered 
by  the  motion  of  C,  but  remains  r  =  ro« 

Hence  the  electrical  energy  of  the  system  is 

W^\A^a+Wb  +  \G^c  +  BGp-\-GAq^ABT, 

and  if  0  is  the  moment  of  the  force  tending  to  increase  ^, 

dW 
&  =  -y^j  -4,  -8,  G  being  supposed  constant, 

=  -iA'a+iB'a-BCa+CAa', 

or        e  =  a{A-B)  {C-i{A  +  B)}*. 

*  { ThU  oftn  alio  be  deduced  as  fbllowa :  If  the  needle  is  symmetrically  placed 
within  the  qaadrants  there  will  be  no  oonple  when  A  **  B.  Since  dW/d$  vaniihes 
in  tills  caae  for  aU  poMible  values  of  C,  we  must  have 

,  da      ,  rfb       dr 

d0      d9       ' 
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Fig.  20. 


In  the  present  form  of  Thomaon's  Quadrant  Electron 
conductors  A  and  B  are  in  the  form  of  a  cylindrical  1 
pletely  divided  into  four  q 
separately  insulated,  bat  jt 
wires  so  that  two  opposite  q 
A  and  A'  are  connected  to| 
are  also  the  two  others  B  an< 
The  conductor  C  is  suspeni 
to  be  capable  of  turning 
vertical  axis,  vid  may  cc 
two  opposite  flat  quadrantal : 
ported  by  radii  at  their  ext 
In  the  position  of  eqailibrii 
qoadruits  should  be  partly  within  A  and  partly  withi 
the  supporting  radii  should  be  near  the  middle  of  the  q 
of  the  hollow  base,  bo  that  the  divisions  of  the  box 
extremities  and  supports  of  C  may  be  as  for  &om  each 
possible. 

The  conductor  C  is  kept  permanently  at  a  high  pob 
being  connected  with  the  inner  coating  of  the  Leyden  j 
forms  the  case  of  the  instrument.  B  and  A  are  conne 
first  with  the  earth,  and  the  other  with  the  body  whose  ; 
is  to  be  measured. 

If  the  potential  of  this  body  is  zero,  and  if  the  instrt 
in  adjustment,  there  ought  to  be  no  force  tending  to 
move,  but  if  the  potential  of  jl  is  of  the  same  sign  as  t 
then  C  will  tend  to  move  from  A  to  B  with  a  nearly 
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^^"^titain  limitfi  the  deflexions  of  C  will  be  proportional  to  the 
^^«dack  i^-B)  {C^\(A^B)]. 

^y  increasing  the  potential  of  C  the  sensibility  of  the  instru- 
)&ent  may  be  increased,  and  for  small  values  of  i  (j1  +  B)  the 
deflexions  will  be  nearly  proportional  io{A-'B)  C. 

On  the  Medsurement  of  Electric  Potential. 

220.]  In  order  to  determine  large  differences  of  potential  in 
absolute  measure  we  may  employ  the  attracted  disk  electro- 
meter, and  compare  the  attraction  with  the  effect  of  a  weight. 
If  at  the  same  time  we  measure  the  difference  of  potential  of 
the  same  conductors  by  means  of  the  quadrant  electrometer,  we 
shall  ascertain  the  absolute  value  of  certain  readings  of  the  scale 
of  the  quadrant  electrometer,  and  in  this  way  we  may  deduce 
the  value  of  the  scale  readings  of  the  quadrant  electrometer  in 
terms  of  the  potential  of  the  suspended  part,  and  the  moment  of 
torsion  of  the  suspension  apparatus*. 

To  ascertain  the  potential  of  a  charged  conductor  of  finite  size 
we  may  connect  the  conductor  with  one  electrode  of  the  electro- 
meter, while  the  other  is  connected  to  earth  or  to  a  body  of 
constant  potential  The  electrometer  reading  will  give  the 
potential  of  the  conductor  after  the  division  of  its  electricity 
between  it  and  the  part  of  the  electrometer  with  which  it  is 
put  in  contact.  If  K  denote  the  capacity  of  the  conductor,  and 
K'  that  of  this  part  of  the  electrometer,  and  if  F,  V^  denote  the 
potentials  of  these  bodies  before  making  contact,  then  their 
common  potential  after  making  contact  will  be 

Hence  the  original  potential  of  the  conductor  was 

F=F+  f-^F-F). 

If  the  conductor  is  not  large  compared  with  the  electrometer, 
K^  will  be  comparable  with  K^  and  unless  we  can  ascertain  the 
values  of  K  and  K'  the  second  term  of  the  expression  will  have 
a  doubtful  value.     But  if  we  can  make  the  potential  of  the 

*  (LMg«  differeooet  of  potential  are  more  oonvenienUy  moMored  by  means  of 
Sir  wSUiaai  Thomaoa*a  new  Voltmeter. } 

Z  2 
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electrode  of  the  electrometer  very  nearly  equal  to  thi 
body  before  making  contact,  then  the  uncertainty  of  tl 
of  K  and  K'  will  be  of  little  consequence. 

If  wo  know  the  value  of  the  potential  of  the  body 
mately,  we  may  charge  the  electrode  by  means  of  a  '  rep! 
or  otherwise  to  this  approximate  potential,  and  the  nex 
ment  will  give  a  closer  approximation.  In  this  way 
measure  the  potential  of  a  conductor  whose  capacity 
compared  with  that  of  the  electrometer. 

To  Measure  the  Pdential  at  any  Poivi  in  the  Ai 

221.]  FiTst  Metliod.  Place  a  sphere,  whose  radius 
compared  with  the  distance  of  electrified  conductors, 
centre  at  the  given  point.  Connect  it  by  means  of  a  f 
with  the  earth,  then  insulate  it,  and  carry  it  to  an  elec 
and  ascertain  the  total  charge  on  the  sphere. 

Then,  if  F  be  the  potential  at  the  given  point,  an 
radius  of  the  sphere,  the  charge  on  the  sphere  will  be  - 
and  if  P  be  the  potential  of  the  sphere  as  measure 
electrometer  when  placed  in  a  room  whose  walls  are  oi 
with  the  earth,  then  Q  =  ya^ 

whence  V+  V'=  0, 

or  the  potential  of  the  air  at  the  point  whore  the  cent 
sphere  was  placed  is  equal  but  of  opposite  sign  to  the  ] 
of  the  sphere  after  being  connected  to  earth,  then  insult 
brought  into  a  room. 
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^^^  end  of  the  wire  and  made  to  touch  it*  Since  the  sphere  is 
^t)t  electrified  it  will  be  at  the  potential  of  the  air  at  the  place. 
If  the  electrode  wire  is  at  the  same  potential  it  will  not  be 
l^ected  by  the  contact,  but  if  the  electrode  is  at  a  different 
potential  it  will  by  contact  with  the  sphere  be  made  nearer  to 
that  of  the  air  than  it  was  before.  By  a  succession  of  such 
operations^  the  sphere  being  alternately  discharged  and  made 
to  touch  the  electrode,  the  potential  of  the  electrode  of  the 
electrometer  will  continually  approach  that  of  the  air  at  the 
given  point. 

222.]  To  measure  the  potential  of  a  eonductor  without  touch- 
ing it,  we  may  measure  the  potential  of  the  air  at  any  point  in 
the  neighbourhood  of  the  conductor,  and  calculate  that  of  the 
conductor  from  the  result.  K  there  be  a  hollow  nearly  sur- 
rounded by  the  conductor,  then  the  potential  at  any  point  of 
the  air  in  this  hollow  will  be  very  nearly  that  of  the  conductor. 

In  this  way  it  has  been  ascertained  by  Sir  W.  Thomson  that 
if  two  hollow  conductors,  one  of  copper  and  the  other  of  zinc, 
are  in  metallic  contact,  then  the  potential  of  the  air  in  the 
hollow  surrounded  by  zinc  is  positive  with  reference  to  that  of 
the  air  in  the  hoUow  surrounded  by  copper. 

Third  Method.  JI  by  any  means  we  can  cause  a  succession  of 
small  bodies  to  detach  themselves  from  the  end  of  the  electi'ode, 
the  potential  of  the  electrode  will  approximate  to  that  of  the  sur- 
rounding air.  This  may  be  done  by  causing  shot,  filings,  sand, 
or  water  to  drop  out  of  a  funnel  or  pipe  connected  with  the 
electrode.  The  point  at  which  the  potential  is  measured  is  that 
nA  which  the  stream  ceases  to  be  continuous  and  breaks  into 
separate  parts  or  drops. 

Another  convenient  method  is  to  fasten  a  slow  match  to  the 
electrode.  The  potential  is  very  soon  made  equal  to  that  of  the 
air  at  the  burning  end  of  the  match.  Even  a  fine  metallic  point 
is  sufficient  to  create  a  discharge  by  means  of  the  particles  of 
the  air  {or  dust?}  when  the  difference  of  potentials  is  consider- 
able, but  if  we  wish  to  reduce  this  difference  to  zero,  we  must 
use  one  of  the  methods  stated  above. 

If  we  only  wish  to  ascertain  the  sign  of  the  difference  of  the 
potentials  at  two  places,  and  not  its  numerical  value,  we  may 
cause  drops  or  filings  to  be  discharged  at  one  of  the  places  from 
a  nozzle  connected  with  the  other  place,  and  catch  the  drops  or 
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filings  in  an  insulated  vesseL  Each  drop  as  it  falls  is 
with  a  certain  amount  of  elecbicity,  and  it  is  oomple 
charged  into  the  Teasel.  The  charge  of  the  vessel  the 
continually  accumulating,  and  after  a  sufficient  number 
have  fallen,  the  charge  of  the  vessel  may  he  tested 
roughest  methods,  lie  sign  of  the  charge  is  poutiv 
potential  of  the  place  connected  to  the  nozzle  is  poaita 
tively  to  that  of  the  other  place. 


HEASUBEHENT  OF  SURFAOE-DGNSITT  OF  ELBOTBIFICA' 

Theory  of  the  Proof  Plane. 

223.]  In  testing  the  results  of  the  mathematical  theoi 
distribution  of  electricity  on  the  surface  of  conductc 
necessary  to  he  able  to  measure  the  surface-density  at 
points  of  the  conductor.  For  this  purpose  Coulomb  em 
small  disk  of  gilt  paper  fastened  to  an  insulating  stem 
lac  He  applied  this  disk  to  varioas  points  of  the  cond 
placing  it  so  as  to  coincide  as  nearly  as  possible  with  thi 
of  the  conductor.  He  then  removed  it  by  means  of 
Bulating  stem,  and  measured  the  charge  of  the  disk  b 
of  his  electrometer. 

Since  the  surface  of  the  disk,  when  applied  to  the  eo 
nearly  coincided  with  that  of  the  conductor,  he  condut 
the  surfaoe-deoedty  on  the  outer  surface  of  the  disk  wi 
equal  to  that  on  the  surface  of  the  conductor  at  that  pi 
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MQnaity  idiich  existed  at  the  point  of  contact  before  the  small 
V)dj  was  placed  there. 

We  shaU  suppose  that  all  the  dimensions  of  the  small  body, 
and  especially  its  dimension  in  the  direction  of  the  normal  at  the 
point  of  contact,  are  small  compared  with  either  of  the  radii  of 
curvature  of  the  conductor  at  the  point  of  contact.  Hence  the 
▼ariation  of  the  resultant  force  due  to  the  conductoi*  supposed 
rigidly  electrified  within  the  space  occupied  by  the  small  body 
may  be  neglected,  and  we  may  treat  the  surface  of  the  conductor 
near  the  small  body  as  a  plane  surface. 

Now  the  charge  which  the  small  body  will  take  by  contact 
with  a  plane  surface  will  be  proportional  to  the  resultant  force 
normal  to  the  surface,  that  is,  to  the  surface-density.  We  shall 
ascertain  the  amount  of  the  charge  for  particular  forms  of  the  body. 
We  have  next  to  shew  that  when  the  small  body  is  removed 
no  spark  will  pass  between  it  and  the  conductor,  so  that  it  will 
carry  its  charge  with  it.  This  is  evident,  because  when  the 
bodies  are  in  contact  their  potentials  are  the  same,  and  therefore 
the  density  on  the  parts  nearest  to  the  point  of  contact  is  ex- 
tremely smalL  When  the  small  body  is  removed  to  a  very  short 
distance  from  the  conductor,  which  we  shall  suppose  to  be  elec- 
trified positively,  then  the  electrification  at  the  point  nearest  to 
the  small  body  is  no  longer  zero  but  positive,  but,  since  the 
charge  of  the  small  body  is  positive,  the  positive  electrification 
dose  to  the  small  body  will  be  less  than  at  other  neighbouring 
points  of  the  surface.  Now  the  passage  of  a  spark  depends  in 
general  on  the  magnitude  of  the  resultant  force,  and  this  on  the 
surface-density.  Hence,  since  we  suppose  that  the  conductor  is 
not  so  highly  electrified  as  to  be  discharging  electricity  from  the 
other  parts  of  its  surface,  it  will  not  discharge  a  spark  to  the 
small  body  from  a  part  of  its  surface  which  we  have  shewn  to 
have  a  smaller  surface-density. 

224.]  We  shall  now  consider  various  forms  of  the  small  body. 
Suppose  it  to  be  a  small  hemisphere  applied  to  the  conductor 
so  as  to  touch  it  at  the  centre  of  its  flat  side. 

Let  the  conductor  be  a  large  sphere,  and  let  us  modify  the 
form  of  the  hemisphere  so  that  its  surfieu^e  is  a  little  more  than  a 
hemisphere,  and  meets  the  surface  of  the  sphere  at  right  angles. 
Then  we  have  a  case  of  which  we  have  already  obtained  the 
exact  solution.    See  Art.  168. 
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Li  A  and  S  be  the  cenirea  of  the  two  spheres  cutting 
HOT  at  right  angles,  Dlf  a  diameter  of  the  circle  of  intersei 
id  C  the  centre  of  that  circle,  then  if  F  is  the  potential 
onductor  whose  outer  surface  coincides  with  that  of  th< 
,pbereB,  the  quantity  of  electricity  on  the  exposed  sur&oe  ( 
sphere  A  is  WiAD+BD  +  AC-CD-BC), 
and  that  on  the  exposed  surface  of  the  sphere  S  ia 

iV(AD  +  BD  +  BC-CD~AC), 
the  total  charge  being  the  sum  of  these,  or 
ViAD  +  BD-CD). 
If  a  and  fi  are  the  radii  of  the  spheres,  then,  when  a  ia 
compared  with  fi,  the  charge  on  £  is  to  that  on  ^  in  the  ra 

Mow  let  0-  be  the  uniform  euriace-denfiity  on  A  when 
removed,  then  the  charge  on  jl  is 

and  therefore  tiie  charge  on  B  ia 

3n/9V(l  +  ^^+&c). 

or,  when  /3  is  veiy  small  compared  with  a,  the  charge  oi 
hemiapbere  B  is  equal  to  three  times  that  due  to  a  surface-df 
<r  extending  over  an  area  equal  to  that  of  the  oLreular  base  • 
hemisphere. 

It  appears  from  Art.  176  that  if  a  small  sphere  is  ma 

eli.ctriiifd   body,  and  ia  then  removed  to  a  dia 

3-density  on  the  sphere  is  to  the  su. 

"contact  as  E-   ia  to 
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The  potential  due  to  this  electrification  will  be 

Kow  let  two  disks  of  radius  a  be  rigidly  electrified  with 
^^ftce-densities  —  o*^  and  +</•  Let  the  first  of  these  be  placed 
^^  the  plane  of  xy  with  its  centre  at  the  origin,  and  the  second 
l^allel  to  it  at  the  very  small  distance  c. 

Then  it  may  be  shewn,  as  we  shall  see  in  the  theory  of  mag- 
netism, that  the  potential  of  the  two  disks  at  any  point  is  a>  <r  c, 
^l^ere  o>  is  the  solid  angle  subtended  by  the  edge  of  either  disk 
*t  "the  point.    Hence  the  potential  of  the  whole  system  will  be 

Fs=  —  4  71  O- «  +  O-'C  CO. 

TThe  forms  of  the  equipotential  suifaces  and  lines  of  induction 
^•^^"^  given  on  the  left-hand  side  of  Fig.  XX,  at  the  end  of  Vol.  IL 

Let  us  trace  the  form  of  the  surface  for  which  F=  0.  This 
^"^rface  is  indicated  by  the  dotted  line. 

Putting  the  distance  of  any  point  from  the  axis  of  0  =  r,  then, 
"V^hen  r  is  much  less  than  a,  and  z  is  small,  we  find 

0)  =  27r  —  27r--h&C. 

a 

Hence,  for  values  of  r  considerably  less  than  a,  the  equation 

of  the  zero  equipotential  surface  is 

z  c 
0  =-.47r(r0o-h2ii(r'c— 27r<r'-^  +&C.; 


cr'c 


or     Zq  = 


2<r  +  (r'- 
a 


Hence  this  equipotential  surface  near  the  axis  is  nearly  fiat. 

Outside  the  disk,  where  r  is  greater  than  a,  a>  is  zero  when 
z  is  zero,  so  that  the  plane  of  o^  is  part  of  the  equipotential 
surface. 

To  find  where  these  two  parts  of  the  surface  meet,  let  us  find 

(IV 
at  what  point  of  this  plane  -^  =  0. 

When  r  is  very  nearly  equal  to  a,  the  solid  angle  a>  becomes 
approximately  a  lune  of  the  sphere  of  unit  radius  whose  angle 
is  tan""^{0-r-(r— a)},  that  is,  co  is  2tan""^  {«-i-(r— a)},  so  that 

when  z  =  O-r—  =  —  47r(r+ ,  approximately. 

CCZ  T  •"Ctf 


dz  ^ 


i/e  «„  , 

r„  =  a+  T —  =  a+  -^,  nearly. 


The  equipotential  surface  V=  0  is  therefore  composed  of  a  disk- 
like  figure  of  radius  r^,  and  nearly  uniform  thickness  z^,  and  of 
the  part  of  the  infinite  plane  of  xy  which  lies  heyond  this  figure. 

The  surface -integral  over  the  whole  diak  gives  the  charge  of 
electricity  on  it.  It  may  be  found,  as  in  the  theory  of  a  circular 
current  in  Part  IV,  Art.  704,  to  be 

Q  =  4nair'c{log— ^ 21+irffro'. 

The  charge  on  an  equal  area  of  the  plane  surface  is  ittrr^^ 
hence  the  charge  on  the  disk  exceeds  that  on  an  equal  area  c^f 
the  plane  very  nearly  in  the  ratio  of 


1  +  8  —  log ^  to  unity, 


where  s^  is  the  thickness  and  r^  the  radius  of  the  disk,  i 
supposed  small  compared  with  r^. 


On  Electi-ic  AccumulatoTB  and  the  Measurement  of  Capacity, 

236.]  An  Accumulator  or  Condenser  is  an  apparatus  coosistiiig 
of  two  conducting  surfaces  separated  by  an  insulating  dielectric 
medium. 

A  Leyden  jar  is  an  accumulator  in  which  an  inside  coating  of 
tinfoil  is  separated  from  the  outside  coating  by  the  glass  of  which 
the  jar  is  made.  The  original  Leyden  phial  was  a  glass  vessel 
containing  water  which  was  separated  by  the  glass  from  the 
^and  which  held  it. 

jjiirface  of  any   insulated  conductor  may  be  con- 

C.  an  accumulator,  the  other  being 

nUced,  and  the 
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^^8t  have  the  dimensions  of  a  line.  Hence  electrostatic  capacity 
^  a  linear  quantity,  or  we  may  measure  it  in  feet  or  metres 
^thout  ambiguity. 

In  electrical  researches  accumulators  are  used  for  two  principal 

P^uposes,  for  receiving  and  retaining  large  quantities  of  electricity 

^  as  small  a  compass  as  possible,  and  for  measuring  definite 

Quantities  of  electricity  by  means  of  the  potential  to  which  they 

^^^ise  the  accumulator. 

^or  the  retention  of  electrical  charges  nothing  has  been  devised 
^^'^  perfect  than  the  Leyden  jar.  The  principal  part  of  the  loss 
^^oes  from  the  electricity  creeping  along  the  damp  uncoated 
^^^face  of  the  glass  from  the  one  coating  to  the  other.  This 
^^^y  be  checked  in  a  great  degree  by  artificially  drying  the  air 
^^thin  the  jar,  and  by  varnishing  the  surface  of  the  glass  where 
'^  is  expos^  to  the  atmosphere.  In  Sir  W.  Thomson's  electro- 
^^^pes  there  is  a  very  small  percentage  of  loss  from  day  to  day, 
^nd  I  believe  that  none  of  this  loss  can  be  traced  to  direct  con- 
duction either  through  air  or  through  glass  when  the  glass  is 
good,  but  that  it  arises  chiefly  from  superficial  conduction  along 
the  various  insulating  stems  and  glass  surfaces  of  the  instru- 
ment. 

In  fact,  the  same  electrician  has  communicated  a  charge  to 
sulphuric  acid  in  a  large  bulb  with  a  long  neck,  and  has  then 
hermetically  sealed  the  neck  by  fusing  it,  so  that  the  charge  was 
completely  surrounded  by  glass,  and  after  some  years  the  charge 
was  found  still  to  be  retained. 

It  is  only,  however,  when  cold,  that  glass  insulates  in  this 
way,  for  the  charge  escapes  at  once  if  the  glass  is  heated  to  a 
temperature  below  1 00*^0. 

When  it  is  desired  to  obtain  great  capacity  in  small  compass, 
accumulators  in  which  the  dielectric  is  sheet  caoutchouc,  mica, 
or  paper  impregnated  with  paraffin  are  convenient. 

227.]  For  accumulators  of  the  second  class,  intended  for  the 
measurement  of  quantities  of  electricity,  all  solid  dielectrics  must 
be  employed  with  great  caution  on  account  of  the  property  which 
they  possess  called  Electric  Absorption. 

The  only  safe  dielectric  for  such  accumulators  is  air,  which 
has  this  inconvenience,  that  if  any  dust  or  dirt  gets  into  the 
narrow  space  between  the  opposed  surfaces,  which  ought  to  be 
occupied  only  by  air,  it  not  only  alters  the  thickness  of  the 
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jfatum  of  air,  but  may  establish  a  connexion  betwee 
'pposed  surEacea,  in  whicb  case  the  accumulator  will  not 
diaige. 

To  determine  in  absolute  measure,  that  is  to  say  in  i 
metres,  the  capacity  of  an  accumulator,  we  must  ettbe: 
ascertain  its  form  and  size,  and  then  solve  the  problem 
distribution  of  electricity  on  its  opposed  surfaces,  or  we 
compare  its  capacity  with  that  of  another  accumulator,  for 
this  problem  has  been  solved. 

As  the  problem  is  a  very  difficult  one,  it  Is  best  to  begii 
an  accumulator  constructed  of  a  fona  for  which  the  solu< 
known.  Thus  the  capacity  of  an  insulated  sphere  in  an  ani 
space  is  known  to  be  measured  by  the  radius  of  the  sphere 

A  sphere  suspended  in  a  room  was  actually   used    by 
Kolilrausch  and  Weber,  as  an   absolute   standard  with 
they  compared  the  capacity  of  other  accumulators. 

The  capacity,  however,  of  a  sphere  of  moderate  size  is  so 
when  compared  with  the  capacities  of  the  accnmulati 
common  use  that  the  sphere  is  not  a  convenient  at* 
measure. 

Its  capacity  might  be  greatly  increased  by  surroandii 
sphere  with  a  hollow  concentric  spherical  surface  of  som 
greater  radius.  The  capacity  of  the  inner  surface  is  t 
fouiih  proportional  to  the  thickness  of  the  stratum  of  aj 
the  radii  of  the  two  surfaces. 

Sir  W.  Thomson  has  employed  this  arrangement  as  a  sta 
of  capacity.    |it  has  also  been  used  by  Prof.  Rowland  ai 
Ltbi'ir  (Icti'Tiinimtioiis  of  tlie  riitio  of  tbe  dt^ctroma 
^if  electricity.  J'lili.   Mag.    Btr, 
T  the  surfaces 
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iWes  must  necessarily  be  bounded,  and  that  the  distribution  of 

Electricity  near  the  boundaries  of  the  planes  has  not  been  rigidly 

^ulated.    It  is  true  that  if  we  make  them  equal  circular  disks, 

^ose  radius  is  large  compared  with  the  distance  between  them, 

^6  may  treat  the  edges  of  the  disks  as  if  they  were  straight 

^^068,  and  calculate  the  distribution  of  electricity  by  the  method 

dtie  to  Helmholtz,  and  described  in  Art,  202.     But  it  will  be 

^tioed  that  in  this  case  part  of  the  electricity  is  distributed  on 

^o  back  of  each  disk,  and  that  in  the  calculation  it  has  been 

'^t^poeed  that  there  are  no  conductors  in  the  neighbourhood, 

^«^ch  is  not  and  cannot  be  the  case  with  a  small  instrument. 

S28.]  We  therefore  prefer  the  following  arrangement,  due  to 
^^*  W.  Thomson,  which  we  may  call  the  Guard-ring  arrange- 
■^^nt,  by  means  of  which  the  quantity  of  electricity  on  an 
^^^ulated  disk  may  be  exactly  determined  in  terms  of  its 
EH)tential. 

The  Guard-ring  Accumulator. 

Bb  is  A  cylindrical  vessel  of  conducting  material  of  which  the 
outer  surface  of  the  upper  face  is  accurately  plane.  This  upper 
surface  consists  of  two  parts, 
a  disk  il,  and  a  broad  ring 
BB  surrounding  the  disk, 
separated  from  it  by  a  very  ^^ 
small  interval  all  round,  just 
sufficient  to  prevent  sparks  Q— 
passing.  The  upper  surface  /^ 
of  the  disk  is  accurately  in  Q- 
the  same  plane  with  that  of  P    2i. 

the  guard-ring.     The  disk  is 

supported  by  pillars  of  insulating  material  (?(?.  C  is  a  metal 
disk,  the  under  surface  of  which  is  accurately  plane  and  parallel 
to  BB.  The  disk  C  is  considerably  larger  than  A.  Its  distance 
from  A  is  adjusted  and  measured  by  means  of  a  micrometer 
screw,  which  is  not  given  in  the  figure. 

This  accumulator  is   used  as    a    measuring  instrument   as 
follows : — 

Suppose  C  to  be  at  potential  zero,  and  the  disk  A  and  vessel 
Bh  boUi  at  potential  V,    Then  there  will  be  no  electrification  on 


a(y. 


2Z 
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he  back  of  the  disk  because  the  vessel  is  nearly  closed  and  is 
ill  at  the  same  potential.  There  will  be  very  little  electrification 
on  the  edges  of  the  disk  because  BB  ie  at  the  same  potential 
with  the  disk.  On  the  face  of  the  disk  the  electrification  will 
be  nearly  uniform,  and  therefore  the  whole  charge  on  the  disk 
will  be  almost  exactly  represented  by  its  area  multiplied  by  the 
surface-density  on  a  plane,  as  given  in  Aai.  124. 

Id  fact,  we  learn  from  the  investigation  in  Art.  201  that  the 
a  the  disk  is 


'\'8~A~ 


8A 


&^- 


where  Jt  is  the  radius  of  the  disk,  if  that  of  the  hole  in  tl^« 
guard-ring,  A  the  distance  between  A  and  C,  and  a  a  quantJt^^ 

which  cannot  exceed  {R'—R)    ^'   ■ 

If  the  interval  between  the  disk  and  the  guard-ring  ia  smaU 
oomp&red  with  the  distance  between  A  and  G,  the  seeond  term 
will  be  very  small,  and  the  charge  on  the  disk  will  be  ooariy 

jrR'  +  R'' 

'      8A      ' 

(This  is  very  nearly  the  same  as  the  charge  on  a  disk  oni- 

formly  electriiied  with  th*  surface-density  V/i  vA,  whose  radius 

ia  the  arithmetic  mean  between  those  of  ttie  original  disk  and 

the  hole.; 

Now  let  the  vessel  Bh  be  pnt  in  connexion  with  the  earth. 
The  char^  ou  the  disk  A  will  no  kmger  be  oniformly  diB- 
the  same  in  quantity,  and  if  we 
obtain   a   quantity  of  electricity, 
terms   of   V,   the   original 
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^'iber  hand,  has  three  independent  conducting  portions  which 
^U8t  be  charged  and  discharged  in  a  certain  order.  Hence  it  is 
^^diaUe  to  be  able  to  compare  the  capacities  of  two  accumu- 
'^rs  by  an  electrical  process,  so  as  to  test  accumulators  which 
^7  afterwards  serve  as  secondary  standards. 

I  shall  first  shew  how  to  test  the  equality  of  the  capacity  of 
^o  guard-ling  accumulators. 
Xtfrt  A  be  the  disk,  B  the  guard-ring  with  the  rest  of  the  con- 
aafsting  vessel  attached  to  it,  and  C  the  large  disk  of  one  of 
^^oe  accumulators,  and  let  A\  B\  and  (T  be  the  corresponding 
of  the  other. 
^  either  of  these  accumulators  is  of  the  more  simple  kind, 
ndng  only  two  conductors,  we  have  only  to  suppress  B  or  JB', 
to  suppose  J.  to  be  the  inner  and  C  the  outer  conducting 
^^^^rfiuse,  O  in  this  case  being  understood  to  surround  A, 
Let  the  following  connexions  be  made. 

Let  B  be  kept  always  connected  with  (7,  and  ff  with  (7,  that 
U,  let  each  guard-ring  be  coimected  with  the  large  disk  of  the 
other  condenser. 

(1)  L^t  A  be  connected  with  B  and  (^  and  with  </,  the  elec- 
trode of  a  Leyden  jar  with  a  positive  charge,  and  let  A'  be 
connected  with  R  and  C  and  with  the  earth. 

(2)  Let  A,  B,  and  (T  be  insulated  from  J. 

(3)  Let  A  be  insulated  fix>m  B  and  (7,  and  A^  from  R  and  C. 

(4)  L^  B  and  C  be  connected  with  R  and  C  and  with  the 
earth. 

(6)  Let  A  be  connected  with  A\ 

(6)  Let  A  and  A'  be  connected  with  an  electroscope  E. 

We  may  express  these  connexions  as  foUows: — 

(1)  0  =  (7  =  jB'  =  il'  I  A  =  B  =  Cr=J. 

(2)0=C=^  =  il'  I  A:=B  =  Cr\J. 

(3)  0  =  (7  =  jB'  I  il'  I  A  \  S:=cr. 

(4)  0  =  (7  =  jB'  I  il'  I  A\B  =  cr  =  o. 

(6)  O^C^R  \  A'    =     A  \  B  =  C  =  0. 
(6)  0  =  C  =  R  I  A'^E^A  I  £=(7  =  0. 

Here  the  sign  of  equality  expresses  electrical  connexion,  and 
the  vertical  stroke  expresses  insulation. 

Li  (1)  the  two  accumulators  are  charged  oppositely,  so  that  A 
18  positive  and  A'  negative,  the  charges  on  A  and  A'  being 
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iniformly  distributed  on  the  upper  sur&ce  opposed  to  th< 
iisk  of  each  accumulator. 

In  (2)  the  jar  is  removed,  and  in  (3)  the  charges  on  A  i 
are  insulated. 

In  (4)  the  guard-rings  are  connected  with  the  large  di 
that  the  charges  on  A  and  A',  though  tmaltered  in  magi 
are  now  distributed  over  their  whole  suHaces. 

In  (5)  A  is  connected  with  A'.  If  the  charges  are  eqn 
of  opposite  signs,  the  electrification  will  be  entirely  dest 
and  in  (6)  this  is  tested  by  means  of  the  electroscope  E. 

The  electroscope  E  will  indicate  positive  or  n^ative  t 
fioation  according  as  il  or  il'  has  the  greater  capacity. 

By  means  of  a  key  of  proper  construotion*,  the  whole  o: 
operations  can  be  performed  in  due  succession  in  a  veiy 
fraction  of  a  second,  and  the  capacities  adjusted  till  no  c 
fication  can  be  detected  by  the  electroscope,  and  in  this  w 
capacity  of  an  accumulator  may  be  adjusted  to  be  equal  i 
of  any  other,  or  to  the  sum  of  the  capacities  of  several  ac 
lators,  so  that  a  system  of  accumulators  may  be  formed,  ( 
which  has  its  capacity  determined  in  absolute  measure, 
feet  or  in  metres,  while  at  the  same  time  it  is  of  the  consti 
most  suitable  for  electrical  experiments. 

This  method  of  comparison  will  probably  be  found  usi 
determining  the  specific  capacity  for  electrostatic  induct 
different  dielectrics  in  the  form  of  plates  or  disks.  If  a  c 
the  dielectric  is  interposed  between  A  and  C,  the  disk 
confliderably  larger  thuTi  A ,  then  the  capacity  of  the  aconn 
nil  inado  O'jiial  to  that  of  the  same  accun 
[cther.  II"  the  accumulator  wi 
i  of  tht 
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Opacity  may  be  increased  or  diminished  by  measurable  quan- 
tities. 

The  experiments  of  MM.  Gibson  and  Barclay  with  this  ap- 

P*iutas  are  described  in  the  Proceedings  of  the  Royal  Society, 

^'eb.  2,  1871,  andPAiZ.  TraTia,,  1871,  p.  673.     They  found  the 

specific  inductive  capacity  of  solid  paraffin  to  be   1.975,  that 

^^  air  being  unity. 
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ELECTROKINEMATICa 


CHAPTER    I. 

THE   BLBCTBIC  CUBBENT. 


230.]  We  have  seen,  in  Art.  45,  that  when  a  condai 
electrical  equilibrium  the  potential  at  every  point  of 
ductor  most  be  the  same. 

If  two  conductors  A  and  B  are  charged  with  elec 
that  the  potential  of  A  is  higher  than  that  of  B,  thei 
are  put  in  communication  by  means  of  a  metallit 
touching  both  of  them,  part  of  the  charge  of  A  will 
ferred  to  B,  and  the  potentials  of  A  and  B  will  bee 
very  short  time  equalized. 

231.]   During  this  process  certain  phenomena   are 
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Whatever  therefore  may  be  our  opinion  of  the  nature  of  elec- 
^'city,  we  must  admit  that  the  process  which  we  have  described 
^^<>Q8titute8  a  current  of  electricity.     This  current  may  be  de- 
scribed as  a  current  of  positive  electricity  from  il  to  £,  or  a 
^rrent  of  negative  electricity  from  £  to  il,  or  as  a  combination 
^^  these  two  currents. 

<^ccording  to  Fechner's  and  Weber's  theory  it  is  a  combination 
^*  ^  current  of  positive  electricity  with  an  exactly  equal  current 
Negative  electricity  in  the  opposite  direction  through  the  same 
'^  Vwtance.  It  is  necessary  to  remember  this  exceedingly  artificial 
'^^'pothesis  regarding  the  constitution  of  the  current  in  order  to 
^^derstand  the  statement  of  some  of  Weber's  most  valuable  ex- 
f^^rimental  results. 

If,  as  in  Art.  36,  we  suppose  P  units  of  positive  electricity 

^^^ansferred  from  il  to  jB,  and  N  units  of  negative  electricity 

^^tmsferred  from  £  to  il  in  unit   of  time,  then,  according  to 

Weber's  theory,  P  =  N,  and  P  or  iV  is  to  be  taken  as  the 

Numerical  measure  of  the  current. 

We,  on  the  contrary,  make  no  assumption  as  to  the  relation 
between  P  and  N,  but  attend  only  to  the  result  of  the  current, 
namely,  the  transference  of  P  +  N  units  of  positive  electrification 
from  A  to  B,  and  we  shall  consider  P  +  N  the  true  measure 
of  the  current  The  current,  therefore,  which  Weber  would  call 
1  we  shall  call  2. 

On  Steady  Currents. 

232.]  In  the  case  of  the  current  between  two  insulated  con- 
ductors at  difierent  potentials  the  operation  is  soon  brought  to 
an  end  by  the  equalization  of  the  potentials  of  the  two  bodies, 
and  the  current  is  therefore  essentially  a  Transient  Current. 

But  there  ai-e  methods  by  which  the  difference  of  potentials  of 
the  conductors  may  be  maintained  constant,  in  which  case  the 
current  will  continue  to  fiow  with  uniform  strength  as  a  Steady 
Current. 

The  Voltaic  Battery. 

The  most  convenient  method  of  producing  a  steady  current  is 
by  means  of  the  Voltaic  Battery. 

For  the  sake  of  distinctness  we  shall  describe  Daniell's  Con- 
Btant  Battery : — 

A  solution  of  sulphate  of  zinc  is  placed  in  a  cell  of  porous 

A  a  2 
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earthenware,  and  this  cell  is  placed  in  a  vessel  coni 
saturated  solution  of  sulphate  of  copper.  A  piece  o 
dipped  into  the  sulphate  of  zinc,  and  a  piece  of  copper 
into  the  sulphate  of  copper.  Wires  are  soldered  to  the  a 
the  copper  above  the  surfaces  of  the  liquids.  This  coc 
is  called  a  cell  or  element  of  Daniell's  battery.     See  Ar 

233.]  If  the  cell  is  insulated  by  being  placed  on  a 
ducting  stand,  and  if  the  wire  connected  with  the  cop] 
in  contact  with  an  insulated  conductor  A,  and  the  t 
nected  with  the  zinc  is  put  in  contact  with  B,  another 
conductor  of  the  same  metal  as  A,  then  it  may  be  s 
means  of  a  delicate  electrometer  that  the  potenUal  of  J 
that  of  jB  by  a  certain  quantity.  This  difference  of  pot 
called  the  Electromotive  Force  of  the  Daniell's  Cell. 

If  A  and  B  are  now  disconnected  from  the  cell  an 
communication  by  means  of  a  wire,  a  transient  curre: 
through  the  wire  from  A  to  B,  and  the  potentials  of  . 
become  equaL  A  and  B  may  then  be  chai^d  again  bj 
and  the  process  repeated  as  long  as  the  cell  will  work 
A  and  B  be  connected  by  means  of  the  wire  C,  and  at 
time  connected  with  the  battery  as  before,  then  the 
mwitain  a  constant  current  through  C,  and  also  a 
difference  of  potentials  between  A  and  B.  This  differ 
not,  as  we  shall  see,  be  equal  to  the  whole  electromotive 
the  cell,  for  part  of  this  force  is  spent  in  maintaining  th 
through  the  cell  itself. 

A  number  of  cells  placed  in  series  so  that  the  zinc  ol 
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^^  Titreously  electrified,  and  the  zinc  end  will  be  negatively  or 
^^Bainoudy  electrified. 

Let  the  two  ends  of  the  battery  be  now  connected  by  means 
^f  a  wire.    An  electric  current  will  commence,  and  will  in  a 
Very  short  time  attain  a  constant  value.     It  is  then  said  to  be 
•  Steady  Current. 

Properties  of  the  Current. 

235.]  The  current  forms  a  closed  circuit  in  the  direction  from 
*^^^pper  to  zinc  through  the  wires,  and  from  zinc  to  copper 
^^  rough  the  solutions. 

If  the  circuit  be  broken  by  cutting  any  of  the  wires  which 

^^nnect  the  copper  of  one  cell  with  the  zinc  of  the  next  in  order, 

^lie  current  will  be  stopped,  and  the  potential  of  the  end  of 

tie  wire  in  connexion  with  the  copper  will  be  found  to  exceed 

that  of  the  end  of  the  wire  in  connexion  with  the  zinc  by  a 

constant  quantity,  namely^  the  total  electromotive  force  of  the 

circuit. 

Electrolytic  Action  of  the  Current. 

236.]  As  long  as  the  circuit  is  broken  no  chemical  action  goes 
on  in  the  cells,  but  as  soon  as  the  circuit  is  completed,  zinc  is 
dissolved  from  the  zinc  in  each  of  the  Daniell*s  cells,  and  copper 
is  deposited  on  the  copper. 

The  quantity  of  sulphate  of  zinc  increases,  and  the  quantity 
of  sulphate  of  copper  diminishes  unless  more  is  constantly 
supplied. 

The  quantity  of  zinc  dissolved,  and  also  that  of  copper  de- 
posited, is  the  same  in  each  of  the  DanielFs  cells  throughout  the 
circuit,  whatever  the  size  of  the  plates  of  the  cell,  and  if  any  one 
of  the  cells  be  of  a  difierent  construction,  the  amount  of  chemical 
action  in  it  bears  a  constant  proportion  to  the  action  in  the 
Darnell's  cell.  For  instance,  if  one  of  the  cells  consists  of  two 
platinum  plates  dipped  into  sulphuric  acid  diluted  with  water, 
oxygen  will  be  given  ofi*  at  the  surface  of  the  plate  where 
the  current  enters  the  liquid,  namely,  the  plate  in  metallic 
connexion  with  the  copper  of  DanielFs  cell,  and  hydrogen 
at  the  surface  of  the  plate  where  the  current  leaves  the  liquid, 
namely,  the  plate  connected  with  the  zinc  of  Daniell's  cell. 

The  volume  of  the  hydrogen  is  exactly  twice  the  volume  of 
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the  oxygen  given  off  in  the  same  time,  ajid  the  weigh 
oxygen  is  exactly  eight  times  the  weight  of  the  bydrogei 

In  every  ceU  of  the  circuit  the  weight  of  each  s\ 
dissolved,  deposited,  or  decomposed  is  equal  to  a  certain  < 
called  the  electrochemical  equivalent  of  that  substano 
plied  by  the  strength  of  the  current  and  by  the  timi 
which  it  has  been  flowing. 

For  the  experiments  which  established  this  principle 
seventh  and  eighth  series  of  Faraday's  Experiviental  Ra 
and  for  an  investigation  of  the  apparent  exceptions  to 
see  Miller's  Chemical  PhysicB  and  Wiedemann's  Oalvan; 

287.]  Substances  which  are  decomposed  in  this  way  a 
Electrolytes.  The  process  is  called  Electrolysis.  Th 
where  the  current  enters  and  leaves  the  electrolyte  ai 
Electrodes.  Of  these  the  electrode  by  which  the  ourrei 
is  called  the  Anode,  and  that  by  which  it  leaves  the  el 
is  called  the  Cathode.  The  components  into  which  the  el 
is  resolved  are  called  Ions :  that  which  appears  at  the 
called  the  Anion,  and  that  which  appears  at  the  cathode 
the  Cation. 

Of  these  terms,  which  were,  I  believe,  invented  by 
with  the  help  of  Dr.  Whewell,  the  first  three,  namely,  ( 
electrolysis,  and  electrolyte  have  been  generally  adop 
the  mode  of  conduction  of  the  current  in  which  this 
decomposition  and  transfer  of  the  components  takes 
called  Electrolytic  Conduction. 

If  a  homogeneous  electrolyte  is  placed  in  a  tube  of 
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"Qie  strength  of  the  current  may  therefore  be  meaaured  by  the 
^ount  of  electrolysis  in  a  given  time.  An  instrument  by 
Wluoh  the  quantity  of  the  electrolytic  products  can  be  readily 
'Measured  is  called  a  Voltametei*. 

The  strength  of  the  current,  as  thus  measured,  is  the  same 
^   every  part  of  the  circuit,  and  the  total  quantity  of  the  elec- 
^'X^lytic  products  in  the  voltameter  after  any  given  time  is  pro- 
portional to  the  amount  of  electricity  which  passes  any  section 
the  same  time. 

238.]  If  we  introduce  a  voltameter  at  one  part  of  the  circuit 
a  voltaic  battery,  and  break  the  circuit  at  another  part,  we 
suppose  the  measurement  of  the  current  to*  be  conducted 
^^lius.    Let  the  ends  of  the  broken  cii*cuit  be  A  and  By  and  let  A 
Vie  the  anode  and  B  the  cathode.     Let  an  insulated  ball  be  made 
V>  touch  A  and  B  alternately,  it  will  carry  from  il  to  jB  a  certain 
measurable  quantity  of  electricity  at  each  journey.     This  quan- 
tity may  be  measured  by  an  electrometer,  or  it  may  be  calculated 
by  multiplying  the  electromotive  force  of  the  circuit  by  the 
electrostatic  capacity  of  the  ball.     Electricity  is  thus  carried 
from  il  to  jB  on  the   insulated  ball  by  a  process  which  may 
be  called  Convection.    At  the  same  time  electrolysis  goes  on  in 
the  voltameter  and  in  the  cells  of  the  battery,  and  the  amount  of 
electrolysis  in  each  cell  may  be  compared  with  the  amount 
of  electricity  carried  across  by  the  insulated  balL     The  quantity 
of  a  substance  which  is  electrolysed  by  one  unit  of  electricity 
is  called  an  Electrochemical  equivalent  of  that  substance. 

This  experiment  would  be  an  extremely  tedious  and  trouble- 
some one  if  conducted  in  this  way  with  a  ball  of  ordinar}'- 
magnitude  and  a  manageable  battery,  for  an  enormous  number 
of  journeys  would  have  to  be  made  before  an  appreciable 
quantity  of  the  electrolyte  was  decomposed.  The  experiment 
must  therefore  be  considered  as  a  mere  illustration,  the  actual 
measurements  of  electrochemical  equivalents  being  conducted 
in  a  different  way.  But  the  experiment  may  be  considered 
as  an  illustration  of  the  process  of  electrolysis  itself,  for  if  we 
regard  electrolytic  conduction  as  a  species  of  convection  in 
which  an  electrochemical  equivalent  of  the  anion  travels  with 
negative  electricity  in  the  direction  of  the  anode,  while  an 
equivalent  of  the  cation  travels  with  positive  electricity  in 
the  direction  of  the  cathode,  the  whole  amount  of  transfer  of 
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electricity  being  one  unit,  we  shall  have  an  idea  of  the 
of  electrolysis,  which,  so  far  as  I  know,  is  not  inconsiatf 
known  &ctB,  though,  on  account  of  our  ignorance  of  thi 
of  electricity  and  of  chemical  compounds,  it  may  be 
imperfect  representation  of  what  really  takes  place. 

Magnetic  Action  of  tlie  Current. 

239.]  Oersted  discovered  that  a  magnet  placed  near  a 
electric  current  tends  to  place  itself  at  right  angles  to  t 
passing  through  the  magnet  and  the  current.     See  Art.  i 

If  a  man  were  to  place  his  body  in  the  line  of  the  ct 
that  the  current  from  copper  through  the  wire  to  zini 
flow  from  his  head  to  bis  feet,  and  if  he  were  to  direct 
towards  the  centre  of  the  magnet,  then  that  end  of  the 
which  tends  to  point  to  the  north  would,  when  the  curre: 
tend  to  point  towards  the  man's  light  hand. 

The  nature  and  laws  of  this  electromagnetic  action 
disouBsed  when  we  come  to  the  fourth  part  of  this 
What  we  are  concerned  with  at  present  is  the  fact 
eleotrio  current  has  a  magnetic  action  which  is  exerted 
the  current,  and  by  which  its  existence  can  be  ascertai 
its  intensity  measured  without  breaking  the  circuit  c 
ducing  anything  into  the  current  itself 

The  amount  of  the  magnetic  action  has  been  ascertain 
strictly  proportional  to  the  strength  of  the  current  as  c 
by  the  prodaots  of  electrolysis  in  the  voltameter,  and  to 
independent  of  the  nature  of  the  conductor  in  which  the 
3  flowing,  -whether  it  be  a  metal  or  an  electrolyte. 
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^e  eartti  being  similar  to  that  end  of  the  compass  needle  which 
I>oint8  south. 

The   galvanometer  is   the  most   convenient  instrument  for 

Measuring  the  strength  of  electric  currents.     We  shall  therefore 

•    aasume    the    possibility    of   constructing   such   an   instrument 

^  studying  the  laws  of  these  currents,  reserving  the  discussion 

of  the  principles  of  the  instrument  for  our  fourth  part.     When 

^Qdefore  we  say  that  an  electric  current  is  of  a  certain  strength 

^^  suppose  that  the  measurement  is  effected  by  the  galvano- 

*^eter. 


CHAPTER  II. 


CONDDOTION   AND   EB8I8TANCB, 


S41.]  If  by  means  of  an  electrometer  we  determine 
trie  potential  at  different  points  of  a  circuit  in  which  a 
electric  current  is  maintained,  we  shall  find  that  in  an; 
of  the  circuit  consisting  of  a  single  metal  of  uniform  ten 
throughout,  the  potential  at  any  point  exceeds  that  at  t 
point  farther  on  in  the  direction  of  the  current  by  a 
depending  on  the  strength  of  the  cun'ent  and  on  the  ni 
dimensions  of  the  intervening  portion  of  the  circuit, 
ference  of  the  potentials  at  the  extremities  of  this  portii 
circuit  is  called  the  External  electromotive  force  actii 
If  the  portion  of  the  circuit  under  consideration  is  U' 
geneous,  but  contains  transitions  from  one  substance  tc 
from  metals  to  electrolytes,  or  from  hotter  to  colder  pa 
may  be,  besides  the  external  electromotive  force,  Intel 
tromotive  forces  which  must  be  taken  into  account. 

The   relations   bt^tween    ElectromotivB   Force,    Curr 


24^*]  OOMPABISON  WITH   PHENOMENA  OF  HEAT.  363 

the  strengtii  of  the  oiirrent  which  it  produces.  The  introduction 
of  this  term  would  have  been  of  no  scientific  value  unless. Ohm 
bad  shewn,  as  he  did  experimentally,  that  it  corresponds  to  a 
real*  physical  quantity,  that  is,  that  it  has  a  definite  value  which 
is  altered  only  when  the  nature  of  the  conductor  is  altered. 

In  the  first  place,  then,  the  resistance  of  a  conductor  is  inde- 
pendent of  the  strength  of  the  current  flowing  through  it. 

In  the  second  place  the  resistance  is  independent  of  the 
electric  potential  at  which  the  conductor  is  maintained,  and  of 
the  density  of  the  distribution  of  electricity  on  the  surface  of 
the  conductor. 

It  depends  entirely  on  the  nature  of  the  material  of  which  the 
conductor  is  composed,  the  state  of  aggregation  of  its  parts,  and 
itB  temperature. 

The  resistance  of  a  conductor  may  be  measured  to  within  one 
ten  thousandth  or  even  one  hundred  thousandth  part  of  its 
value,  and  so  many  conductors  have  been  tested  that  our  as- 
surance of  the  truth  of  Ohm*s  Law  is  now  very  high*.  In  the 
sixth  chapter  we  shall  trace  its  applications  and  consequences. 

Generation  of  Heat  by  the  Current. 

242.]  We  have  seen  that  when  an  electromotive  force  causes 
a  current  to  flow  through  a  conductor,  electricity  is*  transferred 
from  a  place  of  higher  to  a  place  of  lower  potential.  If  the 
transfer  had  been  made  by  convection,  that  is,  by  carrying 
successive  charges  on  a  ball  from  the  one  place  to  the  other, 
work  would  have  been  done  by  the  electrical  forces  on  the  ball, 
and  this  might  have  been  turned  to  account.  It  is  actually 
turned  to  account  in  a  partial  manner  in  those  dry  pile  circuits 
where  the  electrodes  have  the  fonn  of  bells,  and  the  canier  ball 
is  made  to  swing  like  a  pendulum  between  the  two  bells  and 
strike  them  alternately.  In  this  way  the  electrical  action  is 
made  to  keep  up  the  swinging  of  the  pendulum  and  to  propagate 
the  sound  of  the  bells  to  a  distance.  In  the  case  of  the  con- 
ducting wire  we  have  the  same  transfer  of  electricity  from  a 
place  of  high  to  a  place  of  low  potential  without  any  external 
work  being  done.    The  principle  of  the  Conservation  of  Energy 

*  (For  the  Yerification  of  Ohm*8  Law  for  metAlIic  conductors  see  Chrystal,  B.  A. 
Report  1866,  p.  86,  who  shews  that  the  resistance  of  a  wire  for  InBnitely  weak  oarrents 
doee  not  differ  firom  its  resistance  for  very  strong  ones  by  10"^*  per  cent. ;  for  the  verifi- 
caiion  of  the  law  for  electrolytes  see  Fitzgerald  and  Trouton,  B.  A.  Report,  1886.} 
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therefore  leads  ua  to  look  for  internal  -work  in  the  oc 
In  an  electrolyte  this  internal  work  couBists  partly  of  th 
tion  of  its  componentB.  In  other  conductors  it  is  enti 
verted  into  heat. 

The  energy  converted  into  heat  is  in  this  case  the  p 
the  electromotive  force  into  the  quantity  of  electncit 
pasaefl.  But  the  electromotive  force  is  the  product  of  th 
into  the  resistance,  and  the  quantity  of  electricity  is  tin 
of  the  current  into  the  time.  Hence  the  quantity  of  he 
plied  by  the  mechanical  equivalent  of  unit  of  heat  is 
the  square  of  the  strength  of  the  current  multiplied 
resistance  and  into  the  time. 

The  heat  developed  by  electric  currents  in  overcoi 
resistance  of  conductors  has  been  determined  by  Dr.  Jt 
first  established  that  the  heat  produced  in  a  given  tin 
portional  to  th©  square  of  the  current,  and  afterwards  b 
absolute  measurements  of  all  the  quantities  concerned 
the  equation  JH=C^Rt, 

where  /  is  Joule's  dynamical  equivalent  of  heat,  H  the 
of  units  of  heat,  C  the  strength  of  the  current,  B.  the  i 
of  the  conductor,  ami  t  the  time  during  which  the  cum 
These  relations  between  electromotive  force,  work,  f 
were  first  fully  explained  hy  Sir.  W.  Thomson  in  a  pap 
application  of  the  principle  of  mechanical  effect  to  the 
ment  of  electromotive  forces*. 

243.]  The  analogy  between  the  theory  of  the  condi 
electricity  and  that  of  the  conduction  of  heat  is  at  £ 
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places  of  low  potential,  exactly  as  heat  tends  to  flow  from  places 
of  high  to  places  of  low  temperature. 

244.]  The  theory  of  electric  potential  and  that  of  temperature 
may  therefore  be  made  to  illustrate  one  another;  there  is, 
however,  one  remarkable  difference  between  the  phenomena  of 
electricity  and  those  of  heat. 

Suspend  a  conducting  body  within  a  closed  conducting  vessel 
by  a  silk  thread,  and  charge  the  vessel  with  electricity*  The 
potential  of  the  vessel  and  of  all  within  it  will  be  instantly 
raised,  but  however  long  and  however  powerfully  the  vessel  be 
electrified,  and  whether  the  body  within  be  allowed  to  come  in 
contact  with  the  vessel  or  not,  no  signs  of  electrification  will 
appear  within  the  vessel,  nor  will  the  body  within  shew  any 
electrical  effect  when  taken  out. 

But  if  the  vessel  is  raised  to  a  high  temperature,  the  body 
within  will  rise  to  the  same  temperature,  but  only  after  a  con- 
siderable time,  and  if  it  is  then  taken  out  it  will  be  found  hot, 
and  will  remain  so  till  it  has  continued  to  emit  heat  for  some 
time. 

The  difference  between  the  phenomena  consists  in  the  fact 
that  bodies  are  capable  of  absorbing  and  emitting  heat,  whereas 
they  have  no  corresponding  property  with  respect  to  electricity. 
A  body  cannot  be  made  hot  without  a  certain  amount  of  heat 
being  supplied  to  it,  depending  on  the  mass  and  specific  heat  of 
the  body,  but  the  electric  potential  of  a  body  may  be  raised  to 
any  extent  in  the  way  already  described  without  communicating 
any  electricity  to  the  body. 

245.]  Again,  suppose  a  body  first  heated  and  then  placed 
inside  the  closed  vessel.  The  outside  of  the  vessel  will  be  at 
first  at  the  temperature  of  surrounding  bodies,  but  it  will  soon 
get  hot,  and  will  remain  hot  till  the  heat  of  the  interior  body 
has  escaped. 

It  is  impossible  to  perform  a  corresponding  electrical  experi- 
ment. It  is  impossible  so  to  electrify  a  body,  and  so  to  place  it 
in  a  hollow  vessel,  that  the  outside  of  the  vessel  shall  at  first 
shew  no  signs  of  electrification  but  shall  afterwards  become 
electrified.  It  was  for  some  phenomenon  of  this  kind  that 
Faraday  sought  in  vain  under  the  name  of  an  absolute  charge 
of  electricity. 

Heat  may  be  hidden  in  the  interior  of  a  body  so  as  to  have  no 
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external  action,  but  it  is  iropoBsible  to  isolate  a  quantit; 
tricity  so  as  to  prevent  it  from  being  constantly  in  : 
relation  with  an  equal  quantity  of  electricity  of  the 
kind. 

There  is  nothing  therefore  among  electric  phenomei 
corresponds  to  the  capacity  of  a  body  for  heat.  This  i 
once  from  the  doctrine  which  is  asserted  in  this  trea 
electricity  obeys  the  same  condition  of  continuity  as  a 
pressible  fluid.  It  is  therefore  impossible  to  give  a  bodi 
of  electricity  to  any  substaoce  by  forcing  an  additional 
of  electricity  into  it.     See  Arts.  61,  111,  329,  334. 


CHAPTER  III. 


ELECTROMOTIVE  FORCE  BETWEEN  BODIES  IN  CONTACT. 

The  Potentials  of  Different  Substances  in  Conidd. 

246.]  If  we  define  the  potential  of  a  hollow  conducting  vessel 
as  the  potential  of  the  air  inside  the  vessel,  we  may  ascer- 
tain this  potential  by  means  of  an  electrometer  as  described  in 
Part  I,  Art.  221. 

If  we  now  take  two  hoUow  vessels  of  different  metals,  say 
copper  and  zinc,  and  put  them  in  metallic  contact  with  each 
other,  and  then  test  the  potential  of  the  air  inside  each  vessel, 
the  potential  of  the  air  inside  the  zinc  vessel  will  be  positive  as 
compared  with  that  inside  the  copper  vessel.  The  difference  of 
potentials  depends  on  the  nature  of  the  surface  of  the  insides  of 
the  vessels,  being  greatest  when  the  zinc  is  bright  and  when  the 
copper  is  coated  with  oxide. 

It  appears  from  this  that  when  two  different  metals  are  in 
contact  there  is  in  general  an  electromotive  force  acting  from 
the  one  to  the  other,  so  as  to  make  the  potential  of  the  one 
exceed  that  of  the  other  by  a  certain  quantity.  This  is  Volta's 
theory  of  Contact  Electricity. 

If  we  take  a  certain  metal,  say  copper,  as  the  standard,  then 
if  the  potential  of  iron  in  contact  with  copper  at  the  zero 
potential  is  J,  and  that  of  zinc  in  contact  with  copper  at  zero  is 
Z,  then  the  potential  of  zinc  in  contact  with  iron  at  zero  will  be 
Z—I^  if  the  medium  surrounding  the  metals  remains  the  same. 

It  appears  from  this  result,  which  is  true  of  any  three  metals, 
that  the  difference  of  potential  of  any  two  metals  at  the  same 
temperature  in  contact  is  equal  to  the  difference  of  their 
potentials  when  in  contact  with  a  third  metal,  so  that  if  a 
circuit  be  formed  of  any  number  of  metals  at  the  same  tempera- 
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ture  there  will  be  electrical  equilibrium  as  soon  as  t] 
acquired  their  proper  potentials,  aod  there  will  be  no 
kept  up  in  the  circuit, 

247.]  If,  however,  the  circuit  consist  of  two  metals 
electrolyte,  the  electrolyte,  according  to  Volta'a  theory, 
reduce  the  potontiala  of  the  metala  in  contact  with  it  to  < 
80  that  the  electromotive  force  at  the  metallic  Junotic 
longer  balanced,  and  a  continuous  current  is  kept  n 
energy  of  this  current  is  supplied  by  the  chemical  aoti< 
takes  place  between  the  electrolyte  and  the  metals. 

248.]  The  electric  effect  may,  however,  be  produced 
chemical  action  if  by  any  other  means  we  can  pro 
equalization  of  the  potentials  of  two  metals  in  contact 
in  an  experiment  due  to  Sir  W.  Thomson*,  a  copper  t 
placed  in  contact  with  a  vertical  zinc  cylinder,  so  tb 
copper  filings  are  allowed  to  pass  throagh  the  funx 
separate  from  each  other  and  from  the  funnel  near  thi 
of  the  zinc  cylinder,  and  then  fall  into  an  insulated 
placed  below.  The  receiver  is  then  found  to  be 
negatively,  and  the  charge  increaaea  as  the  filings  ' 
to  pour  into  it.  At  the  same  time  the  zinc  cylinc 
the  copper  funnel  in  it  becomes  charged  more  and  m< 
tively. 

If  now  the  zinc  cylinder  were  connected  with  the  rec 
a  -wire,  there  would  be  a  positive  current  in  the  wire  i 
cylinder  to  the  receiver.  The  stream  of  copper  filin 
filing  charged  n^atively  by  induction,  constitutes  a  : 
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jimotion  18  heated  when  the  current  is  in  one  direction,  and 
oooled  when  it  is  in  the  other  direction.  It  must  be  remem- 
bered that  a  current  in  its  passage  through  a  metal  always 
produces  heat,  because  it  meets  with  resistance,  so  that  the 
cooling  effect  on  the  whole  conductor  must  always  be  less  than 
the  heating  effect.  We  must  therefore  distinguish  between  the 
generation  of  heat  in  each  metal,  due  to  ordinary  resistance, 
and  the  generation  or  absorption  of  heat  at  the  junction  of  two 
metals.  We  shall  call  the  first  the  frictional  generation  of  heat 
by  the  current,  and,  as  we  have  seen,  it  is  proportional  to  the 
aqoaie  of  the  current,  and  is  the  same  whether  the  current  be 
in  the  positive  or  the  negative  direction.  The  second  we  may 
call  the  Peltier  effect,  which  changes  its  sign  with  that  of  the 
current. 

The  total  heat  generated  in  a  portion  of  a  compound  conductor 
ccmsisting  of  two  metals  may  be  expressed  by 

where  H  is  the  quantity  of  heat,  /  the  mechanical  equivalent  of 
unit  of  heat,  R  the  resistance  of  the  conductor,  C  the  current,  and 
t  the  time ;  11  being  the  coefficient  of  the  Peltier  effect,  that  is,  the 
heat  absorbed  at  the  junction  by  unit  of  current  in  unit  of  time. 
Now  the  heat  generated  is  mechanically  equivalent  to  the 
work  done  against  electrical  forces  in  the  conductor,  that  is,  it  is 
equal  to  the  product  of  the  current  into  the  electromotive  force 
producing  it.  Qence,  it  E  ib  the  external  electromotive  force 
which  causes  the  current  to  flow  through  the  conductor, 

JH^CEt  =  RC^t-^JUCt, 

whence  E-RC-JU. 

It  appears  from  this  equation  that  the  external  electromotive 
force  required  to  drive  the  current  through  the  compound 
conductor  is  less  than  that  due  to  its  resistance  alone  by  the 
electromotive  force  JTI.  Hence  J  VI  represents  the  electromotive 
contact  force  at  the  junction  acting  in  the  positive  direction. 

This  application,  due  to  Sir  W.  Thomson^,  of  the  dynamical 
theory  of  heat  to  the  determination  of  a  local  electromotive  force 
is  of  great  scientific  importance,  since  the  ordinary  method  of 
connecting  two  points  of  the  compound  conductor  with  the 

*  Proe.  R.  S.  Edin,,  Deo.  15,  1851 ;  and  Trans,  R.  S,  EdtH,,  1854. 
VOL.  L  B  b 
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electrodes  of  a  galvanometer  or  electroscope  by  wireB  ' 
useless,  owing  to  the  contact  forces  at  the  Junctions  of 
villi  the  materials  of  Hie  compound  conductor.  In  thi 
method,  on  the  other  hand,  we  know  that  the  only  i 
energy  is  the  current  of  electricity,  and  that  no  worl 
by  the  current  in  a  certain  portion  of  the  circuit  c 
heating  that  portion  of  the  conductor.  If,  therefore, 
measure  the  amount  of  the  current  and  the  amount 
produced  or  absorbed,  we  can  determine  the  electromoi 
required  to  urge  the  current  through  that  portion  of 
ductor,  and  this  measurement  is  entirely  independen 
effect  of  contact  forces  in  other  parte  of  the  circuit. 

The  electromotive  force  at  the  junction  of  two  n 
determined  by  this  method,  does  not  account  for  Volta'i 
motive  force  as  described  in  Art.  246.  The  latter  is  ii 
far  greater  than  that  of  this  Article,  and  is  sometimes  of 
sign.  Hence  the  assumption  that  the  potential  of  a 
to  be  measured  by  that  of  the  air  in  contact  with  it 
erroneous,  and  the  greater  part  of  Volta's  electromot 
must  be  sought  for,  not  at  the  junction  of  the  two  mt 
at  one  or  both  of  the  surfaces  which  separate  the  met 
the  air  or  other  medium  which  forms  the  third  elemei 
circuit. 

250.]  The  discovery  by  Seebeck  of  theimoelectric  cu: 
circuits  of  different  metals  with  their  junctions  at  diffei 
pei-atures,  shews  that  these  contact  forces  do  not  alwayt 
each  other  in  a  complete  circuit.     It  is  manifest,  howe 
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It  follows  from  this  equation  that  the  three  Peltier  effects  are 
not  independent,  but  that  one  of  them  can  be  deduced  from  the 
other  two.  For  instance,  if  we  suppose  c  to  be  a  standard  metal, 
and  if  we  write  P^  =  JU^c  and  J2=  J^Ui  then 

The  quantity  ^  is  a  function  of  the  temperature,  and  depends 
on  the  nature  of  the  metal  a. 

251.]  It  has  also  been  shewn  by  Magnus  that  if  a  circuit  is 
formed  of  a  single  metal  no  current  will  be  formed  in  it,  however 
the  section  of  the  conductor  and  the  temperature  may  vary  in 
different  parts*. 

Since  in  this  case  there  is  conduction  of  heat  and  consequent 
dissipation  of  energy,  we  cannot,  as  in  the  former  case,  consider 
this  result  as  self-evident.  The  electromotive  force,  for  instance, 
between  two  portions  of  a  circuit  might  have  depended  on 
whether  the  current  was  passing  from  a  thick  portion  of  the 
eonductor  to  a  thin  one,  or  the  revei*s6,  as  well  as  on  its  passing 
rapidly  or  slowly  from  a  hot  portion  to  a  cold  one,  or  the  reverse, 
and  this  would  have  made  a  current  possible  in  an  unequally 
heated  circuit  of  one  metal. 

Hence,  by  the  same  reasoning  as  in  the  case  of  Peltier's 
phenomenon,  we  find  that  if  the  passage  of  a  current  through 
a  conductor  of  one  metal  produces  any  thermal  effect  which  is 
reversed  when  the  current  is  reversed,  this  can  only  take  place 
when  the  current  flows  from  places  of  high  to  places  of  low  tem- 
perature, or  the  reverse,  and  if  the  heat  generated  in  a  conductor 
of  one  metal  in  flowing  from  a  place  where  the  temperature  is  x 
to  a  place  where  it  is  y,  is  H,  then 

and  the  electromotive  force  tending  to  maintain  the  current  will 
be  Sfgg. 

IS  Xf  y^  z  he  the  temperatures  at  three  points  of  a  homo* 
geneous  circuit,  we  must  have 

according  to  the  result  of  Magnus.    Hence,  if  we  suppose  0  to  be 
the  zero  temperature,  and  if  we  put 

0.=S,.  and  0,=5,., 

*  {Le  Roaz  has  shewn  that  this  does  not  hold  when  there  are  each  sadden  changes 
in  the  section  that  the  temperature  changes  by  a  finite  amoont  in  a  distance  00m- 
parmble  with  molecnlar  distances. } 

Bb  2 
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■wefind  S^t  =  Qw—Qf> 

where  Q,  is  a  function  of  the  temperatare  x,  the  foi 

function  depending  on  the  nature  of  the  metaL 

If  we  now  consider  a  circuit  of  two  metals  a  and  b 
the  temperature  ia  x  where  the  current  passes  from  a 
y  where  it  passes  from  6  to  a,  the  electromotive  force  w 

f=«.-f..+QH-e.,+-R,-fl,+«,-e.. 

where  i^  signifies  the  value  of  P  for  the  metal  a  at  the 
ture  X,  or 

F=P..-Q.-(P.,-QJ-(P^-Q^)+F^-Q>, 

Since  in  unequally  heated  circuits  of  diiferent  metaJa 
in  general  thermoelectric  currents,  it  follows  that  P  t 
in  general  different  for  the  same  metal  and  same  tempa 

252].  The  existence  of  Mie  quantity  Q  was  first  dem 
hy  Sir.  W.  Thomson,  in  the  memoir  we  have  referred 
deduction  from  the  phenomenon  of  thermoelectric  inve 
covered  hy  Gumming*,  who  found  that  the  order  ( 
metals  in  tlie  thermoelectric  scale  is  difierent  at  high  s 
temperatures,  so  that  for  a  certain  temperature  two  mt 
be  neutral  to  each  other.  Thus,  in  a  circoit  of  copper 
if  one  junction  be  kept  at  the  ordinary  temperature  ^ 
temperature  of  tlie  other  is  raised,  a  current  seta  from 
iron  through  the  hot  junction,  and  the  electromotive  i 
tinues  to  increase  till  the  hot  junction  has  reached  a  tet 
T,  whidi,  according  to  Thomson,  ia  about  284°C.  ^ 
temperature  of  the  hot  junction  ia  raised  still  furtiier 
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The  emrent  may  be  made  to  work  an  engine  or  to  generate  beat 
iB  a  wire,  and  tbis  expenditure  of  energy  must  be  kept  up  by 
the  transformation  of  beat  into  electric  energy,  tbat  is  to  say, 
heat  most  disappear  somewhere  in  the  circuit.  Now  at  the 
temperature  T  iron  and  copper  are  neutral  to  each  other,  so  tbat 
no  reversible  thermal  effect  is  produced  at  the  hot  junction,  and 
at  the  oold  junction  there  is,  by  Peltier's  principle,  an  evolution 
of  heat  by  the  current.  Hence  the  only  place  where  the  heat 
can  disappear  is  in  the  copper  or  iron  portions  of  the  circuit,  so 
that  either  a  current  in  iron  from  hot  to  cold  must  cool  the  iron, 
ox  a  current  in  copper  from  cold  to  hot  must  cool  the  copper,  or 
both  these  effects  may  take  place.  {This  reasoning  assumes  that 
the  thermoelectric  junction  acts  merely  as  a  beat  engine,  and 
that  there  is  no  alteration  (such  as  would  occur  in  a  battery)  in 
the  energy  of  the  substance  forming  the  junction  when  electricity 
paases  across  it.}  By  an  elaborate  series  of  ingenious  experi- 
ments Thomson  succeeded  in  detecting  the  reversible  thermal 
aotion  of  the  current  in  passing  between  parts  of  different 
temperatures,  and  he  found  that  the  current  produced  opposite 
effects  in  copper  and  in  iron*. 

When  a  stream  of  a  material  fluid  passes  along  a  tube  from 
a  hot  part  to  a  cold  part  it  heats  the  tube,  and  when  it  passes 
from  cold  to  hot  it  cools  the  tube,  and  these  effects  depend  on 
the  specific  capacity  for  heat  of  the  fluid.  K  we  supposed  elec- 
tricity, whether  positive  or  negative,  to  be  a  material  fluid,  we 
might  measure  its  specific  heat  by  the  thermal  effect  on  an  un- 
equally heated  conductor.  Now  Thomson's  experiments  shew 
that  positive  electricity  in  copper  and  negative  electricity  in 
iron  carry  heat  with  them  from  hot  to  cold.  Hence,  if  we 
supposed  either  positive  or  negative  electricity  to  be  a  fluid, 
capable  of  being  heated  and  cooled,  and  of  communicating  heat 
to  other  bodies,  we  should  find  the  supposition  contradicted  by 
iron  for  positive  electricity  and  by  copper  for  negative  electricity, 
so  that  we  should  have  to  abandon  both  hypotheses. 

This  scientific  prediction  of  the  reversible  effect  of  an  electric 
enrrent  upon  an  unequally  heated  conductor  of  one  metal  is 
another  instructive  example  of  the  application  of  the  theory  of 
Conservation  of  Energy  to  indicate  new  directions  of  scientific 
research.   Thomson  has  also  applied  the  Second  Law  of  Thermo- 

^  « On  Ibe  EUcftrodjrnamic  QtuOiUes  of  MeUk.'    PkiL  Tram,,  Part  UI,  1866. 
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dynamioB  to  indicate  relations  between  the  quantities  ¥ 
have  denoted  by  P  and  Q,  and  haa  investigated  the 
tbermoelectrio  properties  of  bodies  whose  structure  is 
in  different  directions.  He  haa  also  investigated  ezperii 
the  conditions  under  which  these  properties  are  devel 
pressure,  magnetization,  &o. 

264.]  Frofeeeor  Tait*  has  recently  investigated  the 
motive  force  of  thermoelectric  circuits  of  different  metali 
their  junctions  at   different  temperatures.     He  finds 
electromotive   force  of  a  circuit   may    be   expressed  ^ 
curately  by  the  formula 

«  =  »(<i-«K-i(li+<,)], 
where  fj  is  the  absolute  temperature  of  the  hot  junction 
of  the  cold  junction,  and  t,,  the  temperature  at  whic^ 
metals  are  neutral  to  each  other.  The  factor  a  ia  a  e 
depending  on  the  nature  of  the  two  met^s  composing  th 
This  law  has  been  verified  through  considerable  rangee 
perature  by  Professor  Tait  and  his  students,  and  he 
make  the  thermoelectric  circuit  available  as  a  then 
instrument  in  his  experiments  on  the  conduction  <^  hea 
other  cases  in  which  the  mercurii^  thermometer  is  not  oo 
or  has  not  a  snfiicient  range. 

Accoi-ding  to  Tait's  theory,  the  quantity  which  Thon 
the  speafic  heat  of  electricity  is  proportional  to  the 
temperature  in  each  pure  metal,  though  its  magnitude  i 
its  sign  vary  in  different  metals.  From  this  he  has  de< 
thermodynamic  principles  the  following  results.     Let  k, 


CHAPTER    IV. 


ELECTROLYSIS. 

Electrolytic  Conduction. 

255.]  I  HAVE  already  stated  that  when  an  electric  current  in 
any  part  of  its  circuit  passes  through  certain  compound  sub- 
stances called  Electrolytes,  the  passage  of  the  current  is  accom- 
panied by  a  certain  chemical  process  called  Electrolysis,  in 
which  the  substance  is  resolved  into  two  components  called  IonS| 
of  which  one,  called  the  Anion,  or  the  electronegative  component, 
appears  at  the  Anode,  or  place  where  the  current  entera  the 
electrolyte,  and  the  other,  called  the  Cation,  appears  at  the 
Cathode,  or  the  place  where  the  current  leaves  the  electrolyte. 

The  complete  investigation  of  Electrolysis  belongs  quite  as 
much  to  Chemistry  as  to  Electricity.  We  shall  consider  it  from 
an  electrical  point  of  view,  without  discussing  its  application  to 
the  theory  of  the  constitution  of  chemical  compounds. 

Of  all  electrical  phenomena  electrolysis  appears  the  most 
likely  to  furnish  us  with  a  real  insight  into  the  true  nature  of 
the  electric  current,  because  we  find  currents  of  ordinary  matter 
and  currents  of  electricity  forming  essential  pai*ts  of  the  same 
phenomenon.     . 

It  is  probably  for  this  very  reason  that,  in  the  present  imper- 
fectly formed  state  of  our  ideas  about  electricity,  the  theories  of 
electrolysis  are  so  unsatisfactory. 

The  fundamental  law  of  electrolysis,  which  was  established  by 
Faraday,  and  confirmed  by  the  experiments  of  Beetz,  Hittorf, 
and  others  down  to  the  present  time,  is  as  follows : — 

The  number  of  electrochemical  equivalents  of  an  electrolyte 
which  are  decomposed  by  the  passage  of  an  electric  current 
during  a  given  time  is  equal  to  the  number  of  units  of  electricity 
which  are  transferred  by  the  current  in  the  same  time. 
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The  electrochemical  equivalent  of  a  substance  is  Uiat  q 
of  the  substance  which  is  electrolysed  by  a  unit  current 
through  the  substance  for  a  unit  of  time,  or,  in  other  wi 
the  passage  of  a  unit  of  electricity.  When  the  unit  of  eit 
is  defined  in  absolute  measure  the  absolute  value  of  the 
chemical  equivalent  of  each  substance  <;an  be  determ 
gruns  or  in  grammes. 

The  electrochemical  equivalents  of  different  subaiai 
propoiiional  to  their  ordinary  chemical  equivalent! 
ordinary  chemical  equivalents,  however,  are  the  mere  m 
ratios  in  which  the  substances  combine,  whereas  the 
chemical  equivalents  are  quuitities  of  matter  of  a  dete 
magnitude,  depending  on  the  definition  of  the  unit  of  ele 

Every  electrolyte  consists  of  two  components,  which, 
the  electrolysis,  appear  where  the  current  enten  and  le 
electrolyte,  and  nowhere  else.  Hence,  if  we  conceive  a 
described  within  the  subst&nce  of  the  electrolyte,  the  an 
electrolysis  which  takes  place  through  this  surface,  as  n 
by  the  electrochemical  equivalents  of  the  components  tra 
across  it  in  opposite  directions,  will  be  jtroportional  to  i 
electrio  cnrrent  through  the  surface. 

The  aotual  transfer  of  the  ions  through  the  substanc 
electrolyte  in  opposite  directions  is  therefore  part  of  thi 
menou  of  the  conduction  of  an  electrio  current  thn 
electrolyte.  At  every  point  of  the  electrolyte  througl 
an  electric  current  is  passing  there  are  also  two  opposite 
currents  of  the  anion  and  tiie  cation,  which  have  the  sa: 
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ttiat^  in  diffusion,  ihe  different  substances  are  only  mixed 
V>geiher  and  the  mixture  is  not  homogeneous,  whereas  in 
deetrolysis  they  are  chemically  combined  and  the  electrolyte 
^  homogeneous.  In  diffusion  the  determining  cause  of  the 
ifiotion  of  a  substance  in  a  given  direction  is  a  diminution  of 
tte  quantity  of  that  substance  per  unit  of  volume  in  that 
direction,  whereas  in  electrolysis  the  motion  of  each  ion  is  due 
te  the  electromotive  force  acting  on  the  charged  molecules. 

266.]  Clausius  ^,  who  has  bestowed  much  study  on  the  theory 
^^the  molecular  agitation  of  bodies,  supposes  that  the  molecules 
^^all  bodies  are  in  a  state  of  constant  agitation,  but  that  in  solid 
^^•odies  each  molecule  never  passes  beyond  a  certain  distance  from 
^^  (original  position,  whereas  in  fluids  a  molecule,  after  moving 
^  certain  distance  from  its  original  position^  is  just  as  likely  to 
teove  still  farther  from  it  as  to  move  back  again.  Hence  the 
^molecules  of  a  fluid  apparently  at  rest  are  continually  changing 
their  positions,  and  passing  irregularly  from  one  part  of  the  fluid 
to  another.  In  a  compound  fluid  he  supposes  that  not  only  do 
the  compound  molecules  travel  about  in  this  way,  but  that,  in 
the  collisions  which  occur  between  the  compound  molecules,  the 
molecules  of  which  they  are  composed  are  often  separated  and 
change  partners,  so  that  the  same  individual  atom  is  at  one  time 
associated  with  one  atom  of  the  opposite  kind,  and  at  another 
time  with  another.  This  process  Clausius  supposes  to  go  on  in 
the  liquid  at  all  times,  but  when  an  electi'omotive  force  acts  on 
the  liquid  the  motions  of  the  molecules,  which  before  were 
indifferently  in  all  directions,  are  now  influenced  by  the  electro- 
motive force,  so  that  the  positively  charged  molecules  have  a 
greater  tendency  towards  the  cathode  than  towards  the  anode, 
and  the  negatively  charged  molecules  have  a  greater  tendency 
to  move  in  the  opposite  direction.  Hence  the  molecules  of  the 
cation  will  during  their  intervals  of  freedom  struggle  towards 
the  cathode,  but  will  continually  be  checked  in  their  course  by 
pairing  for  a  time  with  molecules  of  the  anion,  which  are  also 
struggling  through  the  crowd,  but  in  the  opposite  direction. 

257.]  This  theory  of  Clausius  enables  us  to  understand  how 
it  is,  that  whereas  the  actual  decomposition  of  an  electrolyte 
requires  an  electromotive  force  of  finite  magnitude,  the  con- 
duction of  the  current  in  the  electrolyte  obeys  the  law  of  Ohm, 

•  Pogg.  iljifi.  oi.  p.  888  (1857). 
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BO  that  every  electromotive  force  within  the  electrolyte, 
feeblest,  produces  a  current  of  proportionate  magnitude. 

According  to  the  theory  of  Clausius,  the  decomposi 
rccomposition  of  the  electrolyte  is  continually  going 
when  there  ia  no  current,  and  the  very  feeblest  el«ot 
force  is  sufficient  to  give  this  process  a  certain  degree  oft 
and  so  to  produce  the  currents  of  the  ions  and  the 
current,  which  is  part  of  the  same  phenomenon.  Wi 
electrolyte,  however,  the  ions  are  never  set  free  i 
quantity,  and  it  is  this  liberation  of  the  ions  which 
a  finite  electromotive  force.  At  the  electrodes  the  ions 
late,  for  the  successive  portions  of  the  ions,  as  they  airi' 
electrodes,  instead  of  finding  molecules  of  the  opposite  i 
to  combine  with  them,  are  forced  into  company  with  t 
of  their  own  kind,  with  which  they  cannot  combii 
electromotive  force  required  to  produce  this  effect  is 
m^nitude,  and  forms  an  opposing  electromoUve  for< 
produces  a  reversed  current  when  other  electromotive  t 
removed.  When  this  revelled  electromotive  force,  owii 
accumulation  of  the  ions  at  the  eleotrode,  is  obset 
electrodes  are  said  to  be  Polarized. 

258.]  One  of  the  best  methods  of  determining  vbethe 
is  or  is  not  an  electrolyte  is  to  place  it  between  ] 
electrodes  and  to  pass  a  current  through  it  for  some  t 
then,  disengaging  the  electrodes  from  the  volttuc  batt 
connecting  them  with  a  galvanometer,  to  observe  w 
reverse  current,  due   to  polarization  of  the  electrodei 
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which  oonducts  in  the  liquid  state  is  a  non-conductor  when 
solidified,  for  unless  the  molecules  can  pass  from  one  part  to 
another  no  electrolytic  conduction  can  take  place,  so  that  the 
aubstance  must  be  in  a  liquid  state,  either  by  fusion  or  by 
solution,  in  order  to  be  a  conductor. 

But  if  we  go  on,  and  assume  that  the  molecules  of  the  ions 
within  the  electrolyte  are  actually  charged  with  certain  definite 
quantities  of  electricity,  positive  and  negative,  so  that  the  elec- 
trolytic current  is  simply  a  current  of  convection,  we  find  that 
this  tempting  hypothesis  leads  us  into  very  difficult  ground. 

In  ihe  first  place,  we  must  assume  that  in  every  electrolyte 
each  molecule  of  the  cation,  as  it  is  liberated  at  the  cathode, 
communicates  to  the  cathode  a  chai-ge  of  positive  electricity,  the 
amount  of  which  is  the  same  for  every  molecule,  not  only  of 
that  cation  but  of  all  other  catious.  In  the  same  way  each 
molecule  of  the  anion  when  liberated,  communicates  to  the 
anode  a  chaige  of  negative  electricity,  the  numerical  magnitude 
of  which  is  the  same  as  that  of  the  positive  charge  due  to  a 
molecule  of  a  cation,  but  with  sign  reversed. 

If^  instead  of  a  single  molecule,  we  consider  an  assemblage  of 
molecules  constituting  an  electrochemical  equivalent  of  the  ion, 
then  the  total  charge  of  all  the  molecules  is,  as  we  have  seen, 
one  unit  of  electricity,  positive  or  negative. 

260.]  We  do  not  as  yet  know  how  many  molecules  there  are 
in  an  electrochemical  equivalent  of  any  substance,  but  the  mole- 
cular theory  of  chemistry,  which  is  corroborated  by  many 
physical  considerations,  supposes  that  the  number  of  molecules 
in  an  electrochemical  equivalent  is  the  same  for  all  substances. 
We  may  therefore,  in  molecular  speculations,  assume  that  the 
number  of  molecules  in  an  electrochemical  equivalent  is  N,  a 
number  unknown  at  present,  but  which  we  may  hereafter  find 
means  to  determine  *. 

Each  molecule,  therefore,  on  being  liberated  from  the  state  of 

combination,  parts  with  a  charge  whose  magnitude  is  -^»  and  is 

positive  for  the  cation  and  negative  for  the  anion.     This  definite 
quantity  of  electricity  we  shall  call  the  molecular  charge.     If  it 
were  known  it  would  be  the  most  natural  unit  of  electricity. 
Hitherto  we  have  only  increased  the  precision  of  our  ideas  by 

*  See  note  to  Art.  5. 
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exeroiaing  oar  imagination  in  tradng  the  electrification 
,  culee  and  the  discharge  of  that  electrification. 

The  liberation  of  the  ions  and  the  passage  of  positi 
tricity  from  the  anode  and  into  the  cathode  are  Bimc 
facts.  The  ions,  when  liberated,  are  not  charged  wi 
tricity,  hence,  when  tii€y  are  in  combination,  they  1 
molecular  chaises  as  above  described. 

The  electrification  of  a  molecule,  however,  thong 
spoken  of,  is  not  bo  easily  conceived. 

We  know  that  if  two  metals  are  brought  into  contat 
point,  the  rest  of  their  surfaces  will  be  electrified,  ai 
metals  are  in  the  form  of  two  plates  separated  by  a 
interval  of  air,  the  charge  on  each*  plate  may  become 
siderable  magnitude.  Something  like  this  may  be  snp 
occur  when  the  two  components  of  an  electrolyte  are  i 
nation.  Each  pair  of  molecules  may  be  supposed  to 
one  point,  and  to  have  the  rest  of  their  surface  chat^ 
electricity  due  to  the  electromotive  force  of  contact. 

Sut  to  explain  the  phenomenon,  we  ought  to  shew 
charge  thus  produced  on  each  molecule  is  of  a  fixed 
and  why,  when  a  molecule  of  chlorine  is  combined 
molecule  of  zinc,  the  molecular  charges  are  the  same 
a  molecule  of  chlorine  is  oombined  with  a  moleoule  ol 
although  the  electromotive  force  between  chlorine  an< 
much  greater  than  that  between  chlorine  and  copper, 
charging  of  the  molecules  is  the  effect  of  the  electromoti 
of  contact,  why  should  electromotive  forces  of  difierent  ix 
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bodies.    A  moleoule  of  the  anion  and  a  molecule  of  the  cation 
oombined  together  form  one  molecule  of  the  electrolyte. 

In  order  to  act  as  an  anion  in  an  electrolyte,  the  molecule 
'vliich  BO  acts  must  be  chai*ged  with  what  we  have  called  one 
i^oleoole  of  negative  electricity,  and  in  order  to  act  as  a  cation  the 
i^oleoole  must  be  charged  with  one  molecule  of  positive  electricity. 

These  charges  are  connected  with  the  molecules  only  when 
hey  are  combined  as  anion  and  cation  in  the  electrolyte. 

When  the  molecules  are  electrolysed,  they  part  with  their 
diaigee  to  the  electrodes,  and  appear  as  unelectrified  bodies 
irhen  set  free  from  combination. 

If  the  same  molecule  is  capable  of  acting  as  a  cation  in  one 
dleetrolyte  and  as  an  anion  in  another,  and  also  of  entering  into 
compound  bodies  which  are  not  electrolytes,  then  we  must 
suppose  that  it  receives  a  positive  charge  of  electricity  when  it 
lets  as  a  cation,  a  negative  chaige  when  it  acts  as  an  anion,  and 
khat  it  is  without  charge  when  it  is  not  in  an  electrolyte. 

Iodine,  for  instance,  acts  as  an  anion  in  the  iodides  of  the 
DQetals  and  in  hydriodic  acid,  but  is  said  to  act  as  a  cation  in 
the  bromide  of  iodine. 

This  theory  of  molecular  charges  may  serve  as  a  method  by 
which  we  may  remember  a  good  many  facts  about  electrolysis. 
[t  is  extremely  improbable  however  that  when  we  come  to  under- 
stand the  true  nature  of  electrolysis  we  shall  retain  in  any  form 
the  theory  of  molecular  charges,  for  then  we  shall  have  obtained 
ft  secure  basis  on  which  to  form  a  true  theory  of  electric  currents, 
und  so  become  independent  of  these  provisional  theories. 

261.]  One  of  the  most  important  steps  in  our  knowledge  of 
olectrolysis  has  been  the  recognition  of  the  secondary  chemical 
processes  which  arise  from  the  evolution  of  the  ions  at  the  elec- 
trodes. 

In  many  cases  the  substances  which  are  found  at  the  elec- 
trodes are  not  the  actual  ions  of  the  electrolysis,  but  the  pro- 
ducts of  the  action  of  these  ions  on  the  electrolyte. 

Thus,  when  a  solution,  of  sulphate  of  soda  is  electrolysed  by  a 
current  which  also  passes  through  dilute  sulphuric  acid,  equal 
quantities  of  oxygen  are  given  off  at  the  anodes,  both  in  the 
sulphate  of  soda  and  in  the  dilute  acid,  and  equal  quantities  of 
hydrogen  at  the  cathodes. 

But  if  the  electrolysis  is  conducted  in  suitable  vessels,  such  as 
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U-sbaped  tubes  or  vessela  vitb  a  porous  diaphragm,  bo  t 
substance  surrounding  each  electrode  can  be  examine* 
rately,  it  ia  found  that  at  the  anode  of  the  sulphate  < 
there  ia  an  equivalent  of  aulphuric  acid  as  well  as  an  eqi 
of  oxygen,  and  at  the  cathode  there  ia  an  equivalent  of 
well  aa  an  equivalent  of  hydrogen. 

It  would  at  first  sight  seem  ao  if,  according  to  the  old 
of  the  constitution  of  salts,  the  sulphate  of  aoda  wei 
trolysod  into  its  constituents  sulphuric  acid  and  aoda 
the  water  of  the  solution  ia  electrolysed  at  the  same  tii 
oxygon  and  hydrogen.  But  this  explanation  would  invo 
admission  that  the  same  current  which  passing  througt 
eulphurio  acid  electrolyses  one  equivalent  of  water,  ^ 
passes  through  a  solution  of  sulphate  of  soda  electrolyi 
equivalent  of  the  salt  as  well  aa  one  equivalent  of  the  wal 
this  would  ho  contrary  to  the  law  of  electrochemical  equi' 

But  if  we  suppose  that  the  componenta  of  sulphate  of  s 
not  SOj  and  Na^O  but  SO^  and  Na,, — not  sulphuric  at 
soda  but  sulphion  and  sodium — then  the  sulphion  travels 
anode  and  is  set  free,  but  being  unable  to  exist  in  a  fn 
it  breaks  up  into  sulphuric  acid  and  oxygen,  one  equivi 
each.  At  the  same  time  the  sodium  is  set  free  at  the  c 
and  there  decomposes  the  water  of  the  solution,  formi 
equivalent  of  soda  and  one  of  hydrogen. 

In  the  dilate  sulphuric  acid  the  gases  collected  at  tb 
trodes  are  the  oonatituents  of  water,  namely  one  volt 
oxyifen  and  two  volumes  of  hydrogen.  There  is  also 
Bcid  at  the  anode,  but   its  amount 
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Ab  long  as  water  was  considered  an  electrolyte,  and  was, 
indeed,  td^en  as  the  type  of  electrolytes,  there  was  a  strong 
i^ason  for  maintaining  that  it  is  a  binary  compound,  and  that 
'Wo  volumes  of  hydrogen  are  chemically  equivalent  to  one 
Volume  of  oxygen.  If,  however,  we  admit  that  water  is  not  an 
electrolyte,  we  are  free  to  suppose  that  equal  volumes  of  oxygen 
kud  of  hydrogen  are  chemically  equivalent. 

The  dynamical  theory  of  gases  leads  us  to  suppose  that  in 
perfect  gases  equal  volumes  always  contain  an  equal  number  of 
molecules,  and  that  the  principal  part  of  the  specific  heat,  that, 
aamely,  which  depends  on  the  motion  of  agitation  of  the  mole- 
cules among  each  other,  is  the  same  for  equal  numbers  of 
molecules  of  all  gases.  Hence  we  are  led  to  prefer  a  chemical 
system  in  which  equal  volumes  of  oxygen  and  of  hydrogen  are 
regarded  as  equivalent,  and  in  which  water  is  regarded  as  a 
compound  of  two  equivalents  of  hydrogen  and  one  of  oxygen, 
uid  therefore  probably  not  capable  of  direct  electrolysis. 

While  electrolysis  fully  establishes  the  close  relationship  be- 
tween electrical  phenomena  and  those  of  chemical  combination, 
the  fact  that  every  chemical  compound  is  not  an  electrolyte 
shews  that  chemical  combination  is  a  process  of  a  higher  order 
o(  complexity  than  any  purely  electrical  phenomenon.  Thus  the 
combinations  of  the  metals  with  each  other,  though  they  are 
good  conductors,  and  their  components  stand  at  different  points 
of  the  scale  of  electrification  by  contact,  are  not,  even  when  in  a 
Quid  state,  decomposed  by  the  current  *.  Most  of  the  combina- 
tions of  the  substances  which  act  as  anions  are  not  conductors, 
and  therefore  are  not  electrolytes.  Besides  these  we  have  many 
compounds,  containing  the  same  components  as  electrolytes,  but 
not  in  equivalent  proportions,  and  these  are  also  non-conductors^ 
emd  therefore  not  electrolytes. 

On  the  Conservation  of  Energy  in  Electrolysis, 

262.]  Consider  any  voltaic  circuit  consisting  partly  of  a 
battery,  partly  of  a  wire,  and  partly  of  an  electrolytic  cell. 

During  the  passage  of  unit  of  electricity  through  any  section 
of  the  circuit,  one  electrochemical  equivalent  of  each  of  the 
substances  in  the  cells,  whether  voltaic  or  electrolytic,  is  elec- 
trolysed. 

^  {See  Bobertt-Autieii,  B.  A.  Report,  1887.} 
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The  amount  of  mechanical  energy  equivalent  to  tat} 
chemical  process  can  be  ascertained  by  converting  the 
energy  due  to  the  process  into  heat,  and  then  expreasi 
heat  in  dynamical  measure  by  multiplying  the  nam 
thermal  units  by  Joule's  mechanical  equivalent  of  heat. 

Where  this  direct  method  is  not  applicable,  if  we  can  e 
the  heat  given  out  by  the  substances  taken  first  in  th 
before  the  proceBB  and  then  in  the  state  after  the  prooeas 
their  reduction  to  a  final  state,  which  is  the  same  in  bofJ 
then  the  thermal  equivalent  of  the  process  is  the  differ 
the  two  quantities  of  beat. 

In  the  case  in  which  the  chemical  action  Tnaint^AJng  a 
urcuit,  Joule  found  that  the  heat  developed  in  the  volta 
is  less  than  that  due  to  the  chemical  process  within  the  o 
that  the  remainder  of  the  heat  is  developed  in  (he  con 
wire,  or,  when  there  is  an  electromagnetic  engine  in  the 
part  of  the  heat  may  be  accounted  for  by  the  mechanic! 
of  the  engine. 

For  instance,  if  the  electrodes  of  the  voltaic  cell  are  fit 
nected  by  a  short  thick  wire,  and  afterwards  by  a  loi 
wire,  the  heat  developed  in  the  cell  for  each  grain  < 
dissolved  is  greater  in  the  first  case  than  in  the  second, 
heat  developed  in  the  wire  is  greater  in  the  second  case 
ihe  firsts  The  sum  of  the  heat  developed  in  the  cell  anc 
wire  for  each  grain  of  zinc  dissolved  is  the  same  in  both 
This  has  been  establiabed  by  Joule  by  direct  experiment. 

The  ratio  of  the  heat  greneratcd  in  the  cell  to  that  gei 

f  the  ruBistance  of  the  cull  to  that  of  tl 

cieut  resistance  nea 
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ihroagh  the  wire.  Hence,  the  heat  developed  by  the  passage  of 
one  unit  of  electricity  is  in  this  case  measured  by  the  electro- 
motive force.  But  this  heat  is  that  which  one  electrochemical 
equivalent  of  the  substance  generates,  whether  in  the  cell  or  in 
ttie  wire,  while  undergoing  the  given  chemical  process. 

Hence  the  following  important  theorem,  first  proved  by  Thom- 
lon  (Pha.  Mag.t  Dec.  1851)  :— 

'  The  electromotive  force  of  an  electrochemical  apparatus  is 
in  absolute  measure  equal  to  the  mechanical  equivalent  of  the 
chemical  action  on  one  electrochemical  equivalent  of  the  sub-^ 
itanoe*/ 

The  thermal  equivalents  of  many  chemical  actions  have  been 
determined  by  Andrews,  Hess,  Favre  and  Silbermann,  Thomsen, 
bo.,  and  from  these  their  mechanical  equivalents  can  be  deduced 
by  multiplication  by  the  mechanical  equivalent  of  heat. 

This  theorem  not  only  enables  us  to  calculate  from  purely 
thermal  data  the  electromotive  forces  of  difierent  voltaic  arrange- 
ments, and  the  electromotive  forces  required  to  effect  electrolysis 
in  different  cases,  but  affords  the  means  of  actually  measuring 
chemical  affinity. 

It  has  long  been  known  that  chemical  affinity,  or  the  tendency 
which  exists  towards  the  going  on  of  a  certain  chemical  change, 
IB  stronger  in  some  cases  than  in  others,  but  no  proper  measure 
of  this  tendency  could  be  made  till  it  was  shewn  that  this 
tendency  in  certain  cases  is  exactly  equivalent  to  a  certain 
electromotive  force,  and  can  therefore  be  measured  according  to 
the  very  same  principles  used  in  the  measurement  of  electro- 
motive forces^ 

Chemical  affinity  being  therefore,  in  certain  cases,  reduced  to 
the  form  of  a  measurable  quantity,  the  whole  theory  of  chemical 
processes,  of  the  rate  at  which  they  go  on,  of  the  displacement  of 
one  substance  by  another,  &c.,  becomes  much  more  intelligible 
than  when  chemical  affinity  was  regarded  as  a  quality  8ui  generiSi 
and  irreducible  to  numerical  measurement. 

*  {Thk  theorem  only  Applies  when  there  are  no  reyerrible  thermal  effecte  in 
the  oeU;  when  theee  exist  the  relation  between  the  electromotive  force  p  and  the 
mechanical  equivalent  of  the  chemical  action,  a;,  is  expressed  by  the  relation 

where  0  i»  the  absolute  temperature  of  the  celL     t.  Helmholtz, '  Die  Thermodynamik 
chemisehcr  VofgiUige.*     Wtsienteka/tliehe  Abhandlunyenf  ii.  p.  958.} 

VOL.  I.  C  C 
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When  the  volume  of  the  products  of  electroljus  is  gr 
that  of  the  electrolyte,  work  is  done  during  the  elect 
OTercoming  the  pressure.  If  the  volume  of  an  electr 
equivalent  of  the  electrolyte  U  increased  by  s  volun 
electrolysed  tmder  a  pressure  p,  then  the  work  done  d 
passage  of  a  unit  of  elecbicity  in  overcoming  pressure 
the  electromotive  force  required  for  electrolysis  must 
part  equal  to  vp,  which  is  spent  in  performing  this  a 
work. 

If  the  products  of  electrolysis  are  gases  which,  like  os 
hydrogen,  are  much  rarer  than  the  electrolyte,  and  fall 
law  very  exactly,  vp  will  be  very  nearly  constant  for 
temperature,  and  the  electromotive  force  required  for  el 
will  not  depend  in  any  sensible  degree  on  the  pressure  * 
it  has  been  found  impossible  to  check  the  electrolyti 
position  of  dilute  sulphuric  acid  by  confining  the  de 
gases  in  a  small  space. 

When  the  products  of  eleotrolysis  are  liquid  or 
quantity  vp  will  increase  as  the  pressure  increases,  so 
is  positive  an  increase  of  pressure  will  increase  the  eleol 
force  required  for  electrolysis. 

In  the  same  way,  any  other  kind  of  work  done  durinj 
lysis  wiU  have  an  effect  on  the  value  of  the  electromot 
as,  for  instance,  if  a  vertical  current  passes  between 
electrodes  in  a  solution  of  sulphate  of  zinc  a  greater  elec 
force  will  be  required  when  the  current  in  the  solut 
upwards  than  when  it  flows  downwards,  for,  in  the  fir 
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264.]  When  an  electric  current  is  passed  through  an  electro- 
lyte bounded  by  metal  electrodes,  the  accumulation  of  the  ions 
at  the  electrodes  produces  the  phenomenon  called  Polarization, 
which  consists  in  an  electromotive  force  acting  in  the  opposite 
direetion  to  the  current,  and  producing  an  apparent  increase  of 
the  resistance. 

When  a  continuous  current  is  employed,  the  resistance  appears 
to  increase  rapidly  from  the  commencement  of  the  current,  and 
at  last  reaches  a  value  nearly  constant.  If  the  form  of  the  vessel 
in  which  the  electrolyte  is  contained  is  changed,  the  resistance  is 
altered  in  the  same  way  as  a  similar  change  of  form  of  a  metaUic 
conductor  would  alter  its  resistance,  but  an  additional  apparent 
resistance,  depending  on  the  nature  of  the  electrodes,  has  fJways 
to  be  added  to  the  true  resistance  of  the  electrolyte. 

266.]  These  phenomena  have  led  some  to  suppose  that  there  is 
a  finite  electromotive  force  required  for  a  current  to  pass  through 
an  electrolyte.  It  has  been  shewn,  however,  by  the  researches  of 
Lenz,  Neumann,  Beetz,  Wiedemann  ^,  Paalzow  f ,  and  recently  by 
those  of  MM.  F.  Kohlrausch  and  W.  A.  Nippoldt  1 1  Fitzgerald 
and  Trouton  §,  that  the  conduction  in  the  electrolyte  itself  obeys 
Ohm's  Law  with  the  same  precision  as  in  metallic  conductors, 
and  that  the  apparent  resistance  at  the  bounding  surface  of  the 
electrolyte  and  the  electrodes  is  entirely  due  to  polarization. 

266.]  The  phenomenon  called  polarization  manifests  itself  in 
the  case  of  a  continuous  current  by  a  diminution  in  the  current, 
indicating  a  force  opposed  to  the  current.     Resistance  is  also 

*  EtoktrioitiU,  i.  568,  bd.  i.        '  t  Berlin.  MonaUherichi,  July,  1868. 

X  Pogg.  An:  bcL  cxzxriii.  s.  286  (October,  1869).  f  B.  A.  K«port,  1887. 
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perceived  as  a  force  opposed  to  the  current,  bat  we  can 
guiah  between  the  two  phenomena  by  instant&neouBly  n 
or  reversing  the  electromotive  force. 

The  resisting  force  is  always  opposite  in  direction 
current,  and  the  external  electromotive  force  reqaired  i 
come  it  is  proportional  to  the  strength  of  the  cuire 
changes  its  direction  when  the  direction  of  the  oui 
changed.  If  the  external  electromotive  force  becomes  i 
current  simply  stops. 

The  electromotive  force  due  to  polarization,  on  the  oth« 
is  in  a  fixed  direction,  opposed  to  the  Current  which  p: 
it.  If  the  electromotive  force  which  produced  the  civ 
removed,  the  polarization  produces  a  current  in  the  < 
direction. 

The  difference  between  the  two  phenomena  may  be  oo 
with  the  difference  between  forcing  a  current  of  water  i 
a  long  capillary  tube,  and  forcing  water  through  a  i 
moderate  bore  up  into  a  cistern.  In  the  first  case 
remove  the  pressure  which  produces  the  flow  the  cnrre 
simply  stop.  In  the  second  case,  if  we  remove  the  press 
water  will  begin  to  flow  down  again  from  the  cistern. 

To  make  the  mechanical  illustration  more  complete,  v 
only  to  suppose  that  the  cistern  is  of  moderate  depth, 
when  a  certain  amount  of  water  ia  raised  into  it,  it  be 
overflow.  This  will  represent  the  Eact  that  the  total 
motive  force  dae  to  polarization  has  a  maximum  limit. 

267.]  The  cause  of  polarization  appears  to  be  the  exist 
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This  deposit  of  the  ion  is  constantlj  tending  to  become  free, 
and  either  to  diffuse  into  the  liquid,  to  escape  as  a  gas,  or  to  be 
precipitated  as  a  solid. 

The  rate  of  this  dissipation  of  the  polarization  is  exceedingly 
small  for  slight  degrees  of  polarization,  and  exceedingly  rapid 
near  the  limiting  value  of  polarization. 

268.]  We  have  seen,  Art.  262,  that  the  electromotive  force 
acting  in  any  electrolytic  process  is  numerically  equal  to  the 
mechanical  equivalent  of  the  result  of  that  process  on  one 
electrochemical  equivalent  of  the  substance.  If  the  process 
involves  a  diminution  of  the  intrinsic  energy  of  the  substances 
which  take  part  in  it,  as  in  the  voltaic  cell,  then  the  electro- 
motive force  is  in  the  direction  of  the  current.  If  the  process 
involves  an  increase  of  the  intrinsic  energy  of  the  substances, 
as  in  the  case  of  the  electrolytic  cell,  the  electromotive  force  is  in 
the  direction  opposite  to  that  of  the  current,  and  this  electro- 
motive force  is  called  polarization. 

In  the  case  of  a  steady  current  in  which  electrolysis  goes  on 
continuously,  and  the  ions  are  separated  in  a  free  state  at  the 
electrodes,  we  have  only  by  a  suitable  process  to  measure  the 
intrinsic  energy  of  the  separated  ions,  and  compare  it  with  that 
of  the  electrolyte  in  order  to  calculate  the  electromotive  force 
required  for  the  electrolysis.  This  will  give  the  maximum 
polarization. 

But  during  the  first  instants  of  the  process  of  electrolysis  the 
ions  when  deposited  at  the  electrodes  are  not  in  a  free  state,  and 
their  intrinsic  energy  is  less  than  their  energy  in  a  free  state, 
though  greater  than  their  energy  when  combined  in  the  electro- 
lyte. In  fact,  the  ion  in  contact  with  the  electrode  is  in  a  state 
which  when  the  deposit  is  very  thin  may  be  compared  with  that 
of  chemical  combination  with  the  electrode,  but  as  the  deposit 
increases  in  density,  the  succeeding  portions  are  no  longer  so 
intimately  combined  with  the  electrode,  but  simply  adhere  to  it, 
and  at  last  the  deposit,  if  gaseous,  escapes  in  bubbles,  if  liquid, 
diffuses  through  the  electrolyte,  and  if  solid,  forms  a  precipitate. 

In  studying  polarization  we  have  therefore  to  consider 

(1)  The  superficial  density  of  the  deposit,  which  we  may  call 
(T.  This  quantity  a  riepresents  the  number  of  electrochemical 
equivalents  of  the  ion  deposited  on  unit  of  area.  Since  each 
electrochemical  equivalent  deposited  corresponds  to  one  unit  of 


390  ELEOTBOLTTIO  POLABIZATION. 

electridty  tranamitted  by  the  carrent,  we   maj  consid 
representing  either  a  eurface-densit;  of  matter  or  a 
density  of  electricity. 

(2)  The  electromotiye  force  of  polarization,  which  1 
call  -p.  Thia  quantity  p  is  the  difference  between  the 
potentials  of  the  two  electrodes  when  tiie  eurreat  thro 
electrolyte  is  so  feeble  that  the  proper  resistance  of  the 
lyte  makes  no  sensible  difference  between  these  potential 

The  electromotive  force  p  at  any  instant  is  namerioal 
to  the  mechanical  equivalent  of  the  electrolytic  procec 
on  at  that  instant  which  corresponds  to  one  electroc 
equivalent  of  the  electrolyte.  This  electrolytic  process, 
be  remembered,  consists  in  the  deposit  of  the  ions  on  t 
trodes,  and  the  state  in  which  they  are  deposited  dep 
the  actual  state  of  the  sorfacee  of  the  electrodes,  i^oh 
modified  by  previous  deposits. 

Hence  the  electromotive  force  at  any  instant  dependt 
previous  histoiy  of  the  electrodes.  It  is,  speaking  very  : 
a  function  of  v,  the  density  of  the  deposit,  such  that  p  = 
ir  =  0,  but  p  approaches  a  limiting  value  much  sooner 
does.  The  statement,  however,  that  p  is  a  function  of  « 
be  considered  accurate.  It  would  be  more  correct  to  sa; 
is  a  function  of  the  chemical  state  of  the  superficial  layi 
deposit,  and  that  this  state  depends  on  the  density  of  the 
according  to  some  law  involving  the  time. 

269.]  (3)  The  third  thing  we  must  take  into  accotin 
dissipation  of  the  polarization.    The  polarization  whei 
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g^  instead  of  contributing  to  increase  the    density  of   the 
depoeii,  escapes  in  babbles  as  fast  as  it  is  formed. 

270|,]  There  is  therefore  a  great  difference  between  the  state 
of  polafication  of  the  electrodes  of  an  electrolytic  cell  when  the 
polarisation  is  feeble,  and  when  it  is  at  its  maximum  value. 
For  iDstanoe,  if  a  number  of  electrolytic  cells  of  dilute  sulphuric 
acid  with  platinum  electrodes  are  arranged  in  series,  and  if  a 
small  electromotive  force,  such  as  that  of  one  Daniell's  cell,  be 
made  to  aet  on  the  circuit,  the  electromotive  force  will  produce 
a  eonent  of  exceedingly  short  duration,  for  after  a  very  short 
time  the  electromotive  force  arising  from  the  polarization  of  the 
eells  will  balance  that  of  the  Daniell's  cell. 

The  dissipation  will  be  very  small  in  the  case  of  so  feeble  a 
state  of  polarization,  and  it  will  take  place  by  a  very  slow 
absorption  of  the  gases  and  diffusion  through  the  liquid.  The 
rate  of  this  dissipation  is  indicated  by  the  exceedingly  feeble 
current  which  still  continues  to  flow  without  any  visible  separa- 
tion of  gases. 

If  we  neglect  this  dissipation  for  the  short  time  during  which 
the  state  of  polarization  is  set  up,  and  if  we  call  Q  the  total 
quantity  of  electricity  which  is  transmitted  by  the  current 
daring  this  time,  then  if  ^  is  the  area  of  one  of  the  electrodes, 
and  cr  the  density  of  the  deposit,  supposed  uniform, 

Q  =  A<r. 

If  we  now  disconnect  the  electrodes  of  the  electrolytic  ap- 
paratus from  the  Daniell's  cell,  and  connect  them  with  a 
galvanometer  capable  of  measuring  the  whole  discharge  through 
it,  a  quantity  of  electricity  nearly  equal  to  Q  will  be  discharged 
as  the  polarization  disappears. 

271.]  Hence  we  may  compare  the  action  of  this  apparatus, 
which  is  a  form  of  Bitter's  Secondary  Pile,  with  that  of  a 
Leyden  jar. 

Both  the  secondary  pile  and  the  Leyden  jar  are  capable  of 
being  charged  with  a  certain  amount  of  electricity,  and  of  being 
afterwards  discharged.  During  the  discharge  a  quantity  of 
electricity  nearly  equal  to  the  charge  passes  in  the  opposite 
direction.  The  difference  between  the  charge  and  the  discharge 
arises  partly  from  dissipation,  a  process  which  in  the  case  of 
small  charges  is  very  slow,  but  which,  when  the  charge  exceeds 
a  certain  limit,  becomes  exceedingly  rapid.    Another  part  of  the 
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diflerenoe  between  the  charge  and  the  discharge  arises  t 
fact  that  after  the  electrodes  have  been  connected  foi 
BufEcient  to  produce  an  apparently  complete  diacharge, 
the  current  has  completely  disappeared,  if  we  sepui 
electrodes  for  s  time,  and  afterwards  connect  them,  wc 
a  second  discharge  in  the  same  direction  as  the  origu 
charge.  This  is  called  the  residual  discharge,  and  is  a 
menon  of  the  Leyden  jar  as  well  as  of  the  secondary  pile 

The  secondary  pile  may  therefore  be  compared  in 
respects  to  a  Leyden  jar.  There  are,  however,  certain  ic 
diSerencee.  The  chai^  of  a  Leyden  jar  is  very  ezae 
portional  to  the  electromotive  force  of  tb6  charge,  that  ii 
difference  of  potentials  of  the  two  surfaces,  and  the 
corresponding  to  unit  of  electromotive  force  is  cal 
capacity  of  the  jar,  a  constant  quantity.  The  oorrea 
quantity,  which  may  be  called  the  capacity  of  the  se 
pile,  increases  when  the  electromotive  force  increases. 

The  capacity  of  the  jar  depends  on  the  area  of  the 
surfaces,  on  the  distance  between  them,  and  on  the  natui 
substance  between  them,  hut  not  on  the  nature  of  the 
surfaces  themselves.  The  capacity  of  the  secondary  pile 
on  the  area  of  the  surfaces  of  the  electrodes,  but  not 
distance  between  them,  and  it  depends  on  the  natu^ 
surface  of  the  electrodes,  as  well  as  on  that  of  the  fiuld 
them.  The  maximum  difference  of  the  potentials  of  i 
trodes  in  each  element  of  a  secondary  pile  is  very  smi 
pared  with  the  maximum  difference  of  the  potentials  of 
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iDi&oes,  a  state  which  I  have  already  described  under  the  name 
of  electric  polarization,  pointing  out  those  phenomena  attending 
this  state  which  are  at  present  known,  and  indicating  the  im- 
perfect state  of  our  knowledge  of  what  really  takes  place.    See 
Arts.  62,  111. 

The  form  in  which  the  energy  of  the  secondary  pile  is  stored 
up  is  the  chemical  condition  of  the  material  stratum  at  the 
surface  of  the  electrodes,  consisting  of  the  ions  of  the  electrolyte 
and  the  substance  of  the  electrodes  in  a  relation  varying  from 
chemical  combination  to  superficial  condensation,  mechanical  ad- 
herence, or  simple  juxtaposition. 

The  seat  of  this  energy  is  close  to  the  surfaces  of  the  elec- 
trodes^  and  not  throughout  the  substance  of  the  electi*olyte,  and  the 
form  in  which  it  exists  may  be  called  electrolytic  polarization. 

After  studying  the  secondary  pile  in  connexion  with  the 
Leyden  jar,  the  student  should  again  compare  the  voltaic  battery 
with  some  form  of  the  electrical  machine,  such  as  that  described 
in  Art  211. 

Mr.  Varley  has  lately  *  found  that  the  capacity  of  one  square 
inch  is  from  175  to  542  microfarads  and  upwards  for  platinum 
plates  in  dilute  sulphuric  acid,  and  that  the  capacity  increases 
with  the  electromotive  force,  being  about  175  for  0.02  of  a 
Darnell's  cell,  and  542  for  1.6  Darnell's  cells. 

But  the  comparison  between  the  Leyden  jar  and  the  secondary 
pile  may  be  carried  still  farther,  as  in  the  following  experiment, 
due  to  Buff  f .  It  is  only  when  the  glass  of  the  jar  is  cold  that 
it  is  capable  of  retaining  a  charge.  At  a  temperature  below 
lOO^C  the  glass  becomes  a  conductor.  If  a  test-tube  containing 
mercury  is  placed  in  a  vessel  of  mercury,  and  if  a  pair  of  elec- 
trodes are  connected,  one  with  the  inner  and  the  other  with  the 
outer  portion  of  mercury,  the  arrangement  constitutes  a  Leyden 
jar  which  will  hold  a  charge  at  ordinary  temperatures.  If  the 
electrodes  are  connected  with  those  of  a  voltaic  battery,  no 
current  will  pass  as  long  as  the  glass  is  cold,  but  if  the  apparatus 
is  gradually  heated  a  current  will  begin  to  pass,  and  will  increase 
rapidly  in  intensity  as  the  temperature  rises,  though  the  glass 
remains  apparently  as  hard  as  ever. 

*  Proc.  R,  S.t  Jad.  12,  1871.     For  an  aooount  of  other  invetUgationi  on  this 
■nbfeot,  Me  WiedemAnni  JSUktricitdi,  bd.  ii.  pp.  744-771. 
t  Amuilem  der  CkemU  und  Pharmaeie,  bd.  xo.  257  (1854). 
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This  current  is  manifestly  electrolytic,  for  if  the  electi 
disconnected  from  the  battery,  and  connected  with  a  { 
meter,  a  considerable  reverse  current  passes,  due  to  poll 
of  the  surfaces  of  the  glass. 

If,  while  the  battery  is  in  action  the  apparatus  la  oo 
current  is  stopped  by  the  cold  glass  as  before,  but  Hu 
zation  of  the  surface  remains.  The  mercury  may  be  i 
the  surfaces  may  be  washed  with  nitric  acid  and  with  wi 
fresh  mercury  introduced.  If  the  apparatus  is  then  hei 
current  of  polarization  appears  as  soon  as  the  glass  is  suj 
warm  to  conduct  it. 

We  may  therefore  regard  glass  at  lOO'C,  though  apps 
solid  body,  as  an  electrolyte,  and  there  is  consideraU 
to  believe  that  in  most  instances  in  which  a  dielectr 
slight  degree  of  conductivity  the  conduction  is  electrolyt 
existence  of  polaiization  may  be  regarded  as  conclusive  ' 
of  electrolysis,  and  if  the  conductivity  of  a  substance  inci 
the  temperature  rises,  we  have  good  grounds  for  gasped 
the  conduction  is  electrolytic. 

On  CoTietant  Voltaic  Elementa. 
272.]  When  a  series  of  experiments  ia  made  with  ■ 
battery  in  which  polarization  occurs,  the  poIariEatioD  di 
during  the  time  the  current  is  not  flowing,  so  that 
begins  to  flow  agun  the  current  is  stronger  than  aAe 
flowed  for  some  time.  If,  on  the  other  hand,  the  resia 
the  circuit  is  diminished  by  allowing  the  current  to  flow 
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it  18  seen  to  become  covered  with  bubbles  of  hydrogen  gas, 
ariBing  from  the  electrolytic  decomposition  of  the  fluid.  Of 
eoorae  these  bubbles,  by  preventing  the  fluid  from  touching 
the  metal,  diminish  the  surface  of  contact  and  increase  the 
rafiistanGe  of  the  circuit.  But  besides  the  visible  bubbles  it  is 
eertain  that  there  is  a  thin  coating  of  hydrogen,  probably  not 
in  a  free  state^  adhering  to  the  metal,  and  as  we  have  seen  that 
this  coating  is  able  to  produce  an  electromotive  force  in  the 
reverse  direction,  it  must  necessarily  diminish  the  electromotive 
force  of  the  battery. 

Various  plans  have  been  adopted  to  get  rid  of  this  coating  of 
hydrogen.  It  may  be  diminished  to  some  extent  by  mechanical 
mean%  such  as  stirring  the  liquid,  or  rubbing  the  surface  of 
the  negative  plate.  In  Smee's  batteiy  the  negative  plates  are 
vertical,  and  covered  with  finely  divided  platinum  from  which 
the  bubbles  of  hydrogen  easily  escape,  and  in  their  ascent 
produce  a  current  of  liquid  which  helps  to  brush  off  other 
babbles  as  they  are  formed. 

A  £Eur  more  efficacious  method,  however,  is  to  employ  chemical 
means.  These  are  of  two  kinds.  In  the  batteries  of  Grove  and 
Bunsen  the  negative  plate  is  immersed  in  a  fluid  rich  in  oxygen, 
and  the  hydrogen,  instead  of  forming  a  coating  on  the  plate, 
combines  with  this  substance.  In  Grove's  battery  the  plate  is 
of  platinum  immersed  in  strong  nitric  acid.  In  Bunsen's  first 
battery  it  is  of  carbon  in  the  same  acid.  Chromic  acid  is  also 
used  for  the  same  pui^se,  and  has  the  advantage  of  being  free 
fit>m  the  acid  fumes  produced  by  the  reduction  of  nitric  acid. 

A  different  mode  of  getting  rid  of  the  hydrogen  is  by  using 
copper  as  the  negative  metal,  and  covering  the  surface  with  a 
coat  of  oxide.  This,  however,  rapidly  disappears  when  it  is  used 
as  the  negative  electrode.  Totrenew  it  Joule  has  proposed  to 
make  the  copper  plates  in  the  form  of  disks,  half  immersed  in  the 
liquid,  and  to  rotate  them  slowly,  so  that  the  air  may  act  on  the 
parts  exposed  to  it  in  turn. 

The  other  method  is  by  using  as  the  liquid  an  electrolyte,  the 
cation  of  which  is  a  metal  highly  negative  to  zinc. 

In  DanielFs  battery  a  copper  plate  is  immersed  in  a  saturated 
solution  of  sulphate  of  copper.  When  the  current  flows  through 
the  solution  from  the  zinc  to  the  copper  no  hydrogen  appears 
on  the  copper  plate,  but  copper  is  deposited  on  it.    When  the 
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solution  is  saturated,  and  the  cttrrent  is  not  too  stn 
copper  appears  to  act  as  a  true  cation,  the  anion  SO^  ti 
towards  the  zinc. 

When  these  conditions  are  not  fulfilled  hydrogen  is 
at  the  cathode,  but  immediately  acts  on  the  solution,  t 
down  copper,  and  uniting  with  SO^  to  form  oil  of  vitriol 
this  is  the  case,  the  sulphate  of  copper  next  the  copper 
replaced  by  oil  of  vitriol,  the  liquid  becomes  colour) 
polaiization  by  hydrogen  gas  again  takes  place.  Th 
deposited  in  this  way  is  of  a  looser  and  more  &iable  i 
than  that  deposited  by  true  electrolysis. 

To  ensure  that  the  liquid  in  contact  with  the  cop] 
be  saturated  with  sulphate  of  copper,  crystals  of  this  s 
must  be  placed  in  the  liquid  close  to  the  copper,  so  th 
the  solution  is  made  weak  by  the  deposition  of  the  oop{ 
of  the  crystals  may  be  dissolved. 

We  have  seen  that  it  is  necessary  that  the  liquid 
copper  should  be  saturated  with  sulphate  of  copper.  1 
more  neceesary  that  the  liquid  in  which  the  zinc  is  i 
should  be  free  from  sulphate  of  copper.  If  any  of 
makes  its  way  to  the  surface  of  the  zinc  it  is  reduced,  an 
is  deposited  on  the  zinc.  The  zinc,  copper,  and  fluid  t: 
a  little  circuit  in  which  rapid  electrolytic  action  goes 
the  zinc  is  eaten  away  by  an  action  which  contributec 
to  the  useful  eSect  of  the  battery. 

To  prevent  this,  the  zinc  is  imma«ed  either  in  dilute  i 
acid  or  in  a  solution  of  sulphate  of  zinc,  and  to  pre 
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]>WB  of  which  have  the  same  form  ^  those  of  diffasion,  and 
vhatover  interfereB  with  one  must  interfere  equally  with  the   . 
other.    The  only  difference  is  that  difiusion  is  always  going  on, 
whereas  the  cairent  flows  only  when  the  battery  is  in  action. 

la  all  forma  of  Daniell's  hatteiy  the  final  result  is  that  the 
•olphate  of  copper  finds  its  way  to  the  zinc  and  spoils  the 
hatteiy.  To  retard  this  result  indefinitely,  Sir  W.  Thomson  * 
has  eonetracted  Daniell's  battery  In  the  following  form. 


Tig.n. 


In  each  cell  the  copper  plate  is  placed  horizontally  at  the 
bottom  and  a  saturated  solution  of  sulphate  of  zinc  is  poured 
over  it.  The  zinc  ia  in  the  form  of  a  grating  and  is  placed  bori- 
lontally  near  the  surface  of  the  solution.  A  glass  tube  is  placed 
vertically  in  the  solution  with  its  lower  end  just  above  the 
surface  of  the  copper  plate.  Crystals  of  sulphate  of  copper  are 
dropped  down  this  tube,  and,  dissolving  in  the  liquid,  form  a 
solution  of  greater  density  than  that  of  sulphate  of  zinc  alone, 
■o  that  it  cannot  get  to  the  zinc  except  by  diffusion.  To  retard 
this  process  of  diffusion,  a  siphon,  consisting  of  a  glass  tube 
stuffed  with  cotton  wick,  is  placed  with  one  extremity  midway 
between  the  zinc  and  copper,  and  the  other  in  a  vessel  outside 
the  cell,  so  that  the  liquid  is  very  slowly  drawn  off  near  the 
middle  of  its  depth.  To  supply  its  place,  water,  or  a  weak 
eolation  of  sulphate  of  zinc,  is  added  above  when  required.  In 
thin  way  the  greater  part  of  the  sulphate  of  copper  rising  through 
the  liquid  by  diffusion  is  drawn  off  by  the  siphon  before  it 
r«aohes  the  zinc,  and  the  zinc  is  surrounded  by  liquid  nearly  freo 

•  rroe.  R.  S.,  Jan.  19, 18/1. 
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from  Bulphate  of  copper^  ancl  having  a  veiy  slow  • 
motion  in  the  oeU,  which  still  farther  retards  the  np'wa 
of  the  sulphate  of  copper.  Daring  the  action  of  tl 
copper  is  deposited  on  the  copper  plate,  and  SO^  trav 
through  the  liquid  to  the  zinc  with  which  it  combine 
sulphate  of  zinc.  Thus  the  liquid  at  the  bottom  be4 
dense  by  the  deposition  of  the  copper,  and  the  liquid 
becomes  more  dense  by  the  addition  of  the  zinc.  T 
this  action  from  changing  the  order  of  density  of  the  t 
80  producing  instability  and  visible  currents  in  the  v 
must  be  taken  to  keep  the  tube  well  supplied  with  < 
sulphate  of  copper,  and  to  feed  the  cell  above  with  a  i 
sulphate  of  zinc  sufficiently  dilute  to  be  lighter  than 
stratum  of  the  liquid  in  the  cell 

Daniell's  battery  is  by  no  means  the  most  powerful  h 
use.  The  electromotive  force  of  Grove's  cell  is  192,C 
Daniell's  107,900,000  and  that  of  Bunsen's  188,000,000 

The  resistance  of  Daniell's  cell  is  in  general  greater 
of  Grove's  or  Bunsen's  of  the  same  size. 

These  defects,  however,  are  more  than  counterhalan 
cases  where  exact  measurements  are  required,  by  the 
Daniell's  cell  exceeds  every  other  known  arrangemei 
stancy  of  electromotive  force*'.  It  has  also  the  adv 
continuing  in  working  order  for  a  long  time,  and  oi 
no  gas. 

*   j  When  &  ituid>rd  EleetromotiTe  foice  ii  raqDlical  »  Clwk'*  cell 

fre-juently  used.     For  the  |.recftutionB  which  muit  he  taken  in  the  c 
of  »geh  cellt.  BPa  I>.rd  RtvleiEh'»  paiar  on  "Tha  Cltik  Cell  » 


CHAPTER   VI. 

LINEAR  ELEOTBIC  CURRENTS. 

On  Systems  of  Linear  Conductors, 

278.]  Akt  conductor  may  be  treated  as  a  linear  conductor  if  it 
18  arranged  so  that  the  current  must  always  pass  in  the  same 
maimer  between  two  portions  of  its  surface  which  are  called  its 
electrodes.  For  instance,  a  mass  of  metal  of  any  form  the  surface 
of  which  is  entirely  covered  with  insulating  material  except  at 
two  places,  at  which  the  exposed  surface  of  the  conductor  is  in 
metallic  contact  with  electrodes  formed  of  a  perfectly  conducting 
material,  may  be  treated  as  a  linear  conductor.  For  if  the 
current  be  made  to  enter  at  one  of  these  electrodes  and  escape  at 
the  other  the  lines  of  flow  wiU  be  determinate,  and  the  relation 
between  electromotive  force,  current  and  resistance  will  be  ex- 
pressed by  Ohm's  Law,  for  the  current  in  every  part  of  the  mass 
will  be  a  linear  function  of  E.  But  if  there  be  more  possible 
electrodes  than  two^  the  conductor  may  have  more  than  one 
independent  current  through  it,  and  these  may  not  be  conjugate 
to  each  other.     See  Arts.  282  a  and  282  b. 

Ohm's  Law, 

274.]  Let  E  be  the  electromotive  force  in  a  linear  conductor 
from  the  electrode  A^  to  the  electrode  A^.  (See  Art.  69.)  Let 
C  be  the  strength  of  the  electric  current  along  the  conductor,  that 
is  to  say^  let  C  units  of  electricity  pass  across  every  section  in 
the  direction  J  ^  ilj  in  unit  of  time,  and  let  R  be  the  resistance  of 
the  conductor,  then  the  expression  of  Ohm's  Law  is 

E=CR.  (1) 

Linear  Conductors  arranged  in  Series. 

275.]  Let  A^^  A^he  the  electrodes  of  the  first  conductor  and 
let  the  second  conductor  be  placed  with  one  of  its  electrodes  in 
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contact  with  A^,  eo  that  the  second  conductor  has  for 
trodes  Aj,  A^.  The  electrodes  of  the  third  condaotor 
denoted  by  A^  and  Af . 

Let  the  electromotive  forces  along  these  oonducton  be 
by  £,3,  Ei3,  Ef^,  and  so  on  for  the  other  conductors. 

Let  the  resistances  of  the  conductors  be 
A]2,      Hjit     ^^1  &c- 

Then,  since  the  conductors  are  arranged  in  series  so  : 
same  current  G  flows  through  each,  we  have  by  Ohm's  I 
11  ^  '^"i2>    ^is  ^  GR^,    E^  ^  CR^,  Sec. 
If  £  is  the  resultant  electromotive  force,  and  R  the  i 
resistance  of  the  system,  we  must  have  by  Ohm's  Law, 
E  =  CIt. 
Now        E=Ejj  +  Ejg  +  E^  +  &c., 

the  sum  of  the  separate  electromotiv 
=  C  (iijj  +  if  J,  +  ii„  +  &c.)  by  equations  (2) 
Comparing  this  result  with  (3),  we  find 

R^R^  +  B.j:^+R„  +  &c. 
Or,  tlie  reaiBtance  of  a  aeriea  of  conductors  is  the  attr 
reaistaitcea  of  the  conductors  taken  eeparatdy. 

Potential  at  any  Point  of  the  Series. 

Let  A  and  C  be  the  electrodes  of  the  series,  B  a  point 

them,  a,  c,  and  b  the  potentials  of  these  points  respective 

iii  be  the  resistance  of  the  part  from  A  bo  B,R^  that  of 

from  B  to  C.  and  R  that  of  the  whole  from  A  to  C.  the 
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Let  the  resistances  of  these  conduotors  be  iZj,  iZ^,  iZ,  respect- 
iveljy  and  the  currents  C^,  Cj,  C/s*  and  let  the  resistance  of  the 
moltiple  conductor  be  22,  and  the  total  current  C.  Then,  since 
the  potentials  at  A  and  Z  are  the  same  for  all  the  conductors, 
they  have  the  same  differonce,  which  we  may  call  E.    We  then 

whence  p  =  p"  +  »"  +  p  '  ^^^ 

Or,  the  reciprocal  of  the  resistance  of  a  multiple  conductor  is  the 
mm  of  the  reciprocals  of  the  component  conductors. 

U  we  call  the  reciprocal  of  the  resistance  of  a  conductor  the 
conductivity  of  the  conductor,  then  we  may  say  that  the  con- 
dudivUy  of  a  multiple  conductor  is  the  sum  of  the  conductivities 
ef  the  compoTient  conductors^ 

Current  in  any  Branch  of  a  Multiple  Conductor. 

From  the  equations  of  the  preceding  article,  it  appears  that  if 
C|  is  the  current  in  any  branch  of  the  multiple  conductor,  and 
i2i  the  resistance  of  that  branch, 

C.  =  c|.  (8) 

where  C  is  the  total  current,  and  R  is  the  resistance  of  the 
multiple  conductor  as  previously  determined. 

Longitudinal  Resistance  of  Conductors  of  Uniform  Section. 

277.]  Let  the  resistance  of  a  cube  of  a  given  material  to  a 
current  parallel  to  one  of  its  edges  be  />,  the  side  of  the  cube 
being  unit  of  length,  p  is  called  the  *  specific  resistance  of  that 
material  for  unit  of  volume/ 

Consider  next  a  prismatic  conductor  of  the  same  material 
whose  length  is  Z,  and  whose  section  is  unity.  This  is  equi- 
valent to  I  cubes  arranged  in  series.  The  resistance  of  the 
conductor  is  therefore  Ip. 

Finally,  consider  a  conductor  of  length  I  and  uniform  section  s. 
This  is  equivalent  to  s  conductors  similar  to  the  last  arranged  in 
multiple  arc.    The  resistance  of  this  conductor  is  therefore 


s 
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When  we  know  the  resistance  of  a  aniform  wire  we  0 
mine  the  specific  reeistance  of  the  material  of  vhich  ii 
if  we  can  measure  its  length  and  its  eectios. 

The  sectional  area  of  small  wires  is  most  accuraU 
mined  by  calculation  from  the  length,  weight,  and 
gravity  of  the  specimen.  The  determination  of  tb( 
gravity  is  sometimes  inconvenient,  and  in  such  cases  tl 
ance  of  a  wire  of  unit  length  and  unit  mass  is  ust 
'specific  resistance  per  unit  of  weight.' 

If  r  is  this  resistance,  I  the  length,  and  m  the  mass  i 
then  ii~ 

R  =  —- 
m 

On  the  Dimensions  of  the  Quantiiies  involved  in 
Equations. 

278.]  The  resistance  of  a  conductor  is  the  ratio  of  th( 
motive  force  acting  on  it  to  the  current  produced, 
ductivity  of  the  conductor  is  the  reciprocal  of  this  qui 
in  other  words,  the  ratio  of  the  current  to  the  elect 
force  producing  it. 

Now  we  know  that  in  the  electrostatic  system  of  meai 
the  ratio  of  a  quantity  of  electricity  to  the  potential  of 
ductor  on  which  it  is  spread  is  the  capacity  of  the  « 
and  is  measured  by  a  line.  If  the  conductor  is  a  sphei 
In  an  unlimited  field,  this  line  is  the  radius  of  the  sphe 
ratio  of  a  quantity  of  electricity  to  an  electromotive 
therefore  a  line,  but  the  ratio  of  a  quantity  of  elect 
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Wie  current  ia  — -57  F,  and  the  electromotive  force  through  the 

at 

conductor  is  V, 
Tlie  conductivity  of  the  conductor  is  the  ratio  of  the  current 

w  the  electromotive  force,  or  —  -7^-  >  that  is,  the  velocity  with 

wKieh  the  radius  of  the  sphere  must  diminish  in  order  to  main- 
^^^  the  potential  constant  when  the  charge  is  allowed  to  pass 
^  earth  through  the  conductor. 

In  the  electrostatic  system,  therefore,  the  conductivity  of  a 
inductor  is  a  velocity,  and  so  of  the  dimensions  [ZT"^], 

The  resistance  of  the  conductor  is  therefore  of  the  dimensions 

The  specific  resistance  per  unit  of  volume  is  of  the  dimension 
of  [T],  and  the  specific  conductivity  per  unit  of  volume  is  of  the 
dimension  of  [7"^]. 

The  numerical  magnitude  of  these  coefficients  depends  only  on 
the  unit  of  time,  which  is  the  same  in  different  countries. 

The  specific  resistance  per  unit  of  weight  is  of  the  dimensions 

279.]  We  shall  afterwards  find  that  in  the  electromagnetic 
system  of  measurement  the  resistance  of  a  conductor  is  expressed 
by  a  velocity,  so  that  in  this  system  the  dimensions  of  the  resist- 
ance of  a  conductor  are  [ZT"*]. 

The  conductivity  of  the  conductor  is  of  course  the  reciprocal 
of  this. 

The  specific  resistance  per  unit  of  volume  in  this  system  is  of 
the  dimensions  [L^T~^],  and  the  specific  resistance  per  unit 
of  weight  is  of  the  dimensions  [L'^T'^M]. 

On  Linear  Systems  of  Conductors  in  genei^al. 

280.]  The  most  general  case  of  a  linear  system  is  that  of 
n  points,  A^,  il2,...-4«,  connected  together  in  pairs  by  in{n~~  1) 
linear  conductors.  Let  the  conductivity  (or  reciprocal  of  the  re- 
sistance) of  that  conductor  which  connects  any  pair  of  points, 
say  A,  and  A^,  be  called  K^^y  and  let  the  current  from  A^to  A^ 
be  C^,  Let  i^  and  ^  be  the  electric  potentials  at  the  points  A^ 
and  A^  respectively,  and  let  the  internal  electromotive  force, 
if  there  be  any,  along  the  conductor  from  il^  to  il^  be  E,^ . 

Dd  2 
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The  current  from  Ap  to  A^  is,  by  Ohm's  Lav, 
C„  =  I!:„{P,-P,  +  E„). 

Among  these  quantities  we  have  the  following  se 
l&tionB : 

The  «oiidnotiTity  of  a  conductor  is  the  same  in  eitl 
tion,  or  K^  =  K„. 

The  electromotiTe  force  and  the  current  are  directed  <\ 
80  that  E„  =  ~E„,   and    C^=~G„. 

Let  P,,  Jl,...P^he  the  potentiaU  at  Aj,  A,,...A^  res] 
fuid  let  Qi,  Qs,...Q^  be  the  quantities  of  electricity  wli 
the  system  in  unit  of  time  at  each  of  these  pointa  res 
These  are  necessarily  sulgect  to  the  condition  of '  contii 

since  electriuty  can  neither  be  indefinitely  accumulated 
duced  within  the  system. 

The  oondition  of '  continuity '  at  any  point  A,  is 
e,  =  (7„  +  C„  +  &c.  +  C?^. 

Substitating  the  values  of  the  currents  in  terms  of 
(1),  this  becomes 
Q,  =  (Kpi  +  K^  +  &c.  +  IC,,)P,-(KpiP^  +  K„Pt  +  &c.  +  I 

The  symbol  K„  does  not  occur  in  this  equation, 
therefore  give  it  the  valne 

that  is,  let  K„  be  a  quantity  equal  and  opposite  to  tl 

all  the  comiuctivitiea  of  tho  condtK 
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If  we  denote  by  D  the  determinant 

^21>  •^22»       '^2(»-.l)»  (9) 

-^(•-1)1'  '^(•-l)2> 'K'(^_i)(_in). 

Mid  by  2)^,  the  minor  of  K^,  we  find  for  the  value  of  -^— i;, 

+  (ir,iJ5;,  +  &c.  +  ir^^^-(2,)i>^  +  &c.      (10) 

In  the  same  way  the  excess  of  the  potential  of  any  other  point, 
tey  il^y  over  that  of  A^  may  be  determined.  We  may  then  de- 
termine the  current  between  Ap  and  A^  from  equation  (1),  and 
10  solve  the  problem  completely. 

281.]  We  shall  now  demonstrate  a  reciprocal  property  of  any 
two  conductors  of  the  system,  answering  to  the  reciprocal 
property  we  have  already  demonstrated  for  statical  electricity 
in  Art.  86.- 

The  coefficient  of  Q^  in  the  expression  for  -^  is -^  •      That 

D 
of  Qp  in  the  expression  for  ^  is  — -^  • 

Now  Dp^  differs  from  D^p  only  by  the  substitution  of  the 
symbols  such  as  K^,  for  Kp^,  But  by  equation  (2),  these  two 
symbols  are  equal,  since  the  conductivity  of  a  conductor  is  the 
same  both  ways.     Hence  Dp^^D^p.  (11) 

It  follows  from  this  that  the  part  of  the  potential  at  Ap  arising 
from  the  introduction  of  a  unit  current  at  A^  is  equal  to  the 
part  of  the  potential  at  il,  arising  from  the  introduction  of  a 
unit  current  at  Ap. 

We  may  deduce  from  this  a  proposition  of  a  more  practical 
form. 

Let  il,  JSy  (7,  D  be  any  four  points  of  the  system,  and  let  the 
effect  of  a  current  Q,  made  to  enter  the  system  at  A  and  leave 
it  at  £,  be  to  make  the  potential  at  C  exceed  that  at  D  by  P. 
Then,  if  an  equal  current  Q  be  made  to  enter  the  system  at  C 
and  leave^it  at  D,  the  potential  at  A  will  exceed  that  at  B  by 
the  same  quantity  P. 

If  an  electromotive  force  E  be  introduced,  acting  in  the  con- 
dactor  from  A  to  B,  and  if  this  causes  a  current  C  from  X  to  F^ 
then  the  same  electromotive  force  E  introduced  into  the  con- 
ductor from  JT  to  y  will  cause  an  equal  current  C  from  AU>  B. 
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The  electromotive  force  E  may  be  that  of  a  voltaic 
introduced  between  the  points  named,  care  being  taken 
resistance  of  the  conductor  is  the  same  before  and  a 
introduction  of  the  battery. 

282  a.]  If  an  electromotive  ibrce  £^„  act  along  the  et 
ApA^,  the  current  produced  along  another  condactoi 
system  A^A.is  easily  found  to  be 

There  will  be  no  current  if 

But,  by  (11),  the  same  equation  holds  if,  when  the  elect] 
force  acts  along  A,A„  there  is  no  current  in  A^A^.  On 
of  this  reciprocal  relation  the  two  oonduotors  refeired  to 
to  be  conjugate. 

The  theory  of  conjugate  conductors  has  been  inveetif 
KirchboS*,  who  bos  stated  the  conditions  of  a  linear  s; 
the  following  manner,  in  which  the  consideration  of  the  ] 
is  avoided. 

(1)  (Condition  of  'continuity.')  At  any  point  of  the 
the  sum  of  all  the  cnrrente  which  flow  towards  that 
zero. 

(2)  In  any  complete  circuit  formed  by  the  conductors 
of  the  electromotive  forces  taken  round  the  circuit  is 
the  sum  of  the  products  of  the  current  in  each  conducto 
plied  by  the  resistance  of  that  conductor. 

We  obtain  this  result  by  adding  equations  of  the  fon 
the  complete  circuit,  when  the  poteutiala  necessarily  disi 
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^oh  have  threads  in  common  with  that  in  which  x  circulates, 
^e  resistances  of  those  parts  being  8,t,...;  then 

Rx^sy-'tz—ko.  =  E. 
Xo  illustrate  the  use  of  this  rule  we  will  take  the  arrangement 
^own  as  Wheatstone's  Bridge,  adopting  the  figure  and  notation 
^^  -Art.  347.  We  have  then  the  three  following  equations  repre- 
sdT^ting  the  application  of  the  rule  in  the  case  of  the  three 
^^^^tjuits  OBC,  OCA,  OAB  in  which  the  currents  a:,  y,  z  respect- 
^'V'^ly  circulate,  viz. 

(a  +  ^  +  y)a:  -yy  —pz-E, 

— ya;  +  (6  +  y  +  a)y  — a^=  0, 

From  these  equations  we  may  now  determine  the  value  of 
z^y  the  galvanometer  current  in  the  branch  OA,  but  the  reader 
is  referred  to  Art.  347  et  seq.  where  this  and  other  questions 
connected  with  Wheatstone'q  Bridge  are  discussed. 

Heat  Generated  in  tlie  System. 

288.]  The  mechanical  equivalent  of  the  quantity  of  heat 
generated  in  a  conductor  whose  resistance  is  JB  by  a  current  C 
in  unit  of  time  is,  by  Art  242, 

JH=RC^.  (13) 

We  have  therefore  to  determine  the  sum  of  such  quantities  as 
RC^  for  all  the  conductors  of  the  system. 

For  the  conductor  from  Aj,  to  A^  the  conductivity  is  iTp,, 
and  the  resistance  Rpg,  where 

K^.li„=l.  (14) 

The  current  in  this  conductor  is,  according  to  Ohm's  Law, 

C„^K,,(P,-Il).  (16) 

We  shall  suppose,  however,  that  the  value  of  the  current  is 
not  that  given  by  Ohm's  Law,  but  Xp^,  where 

X^  =  C,,  +  Y„.  (16) 

To  determine  the  heat  generated  in  the  system  we  have  to 
find  the  sum  of  all  the  quantities  of  the  form 

or        JH=S  {i?^C*„  +  2iJ^C„ y,,  +  R„ y'^} .  (17) 

Giving  Cpg  its  value,  and  remembering  the  relation  between 
Kp^  and  i2^,  this  becomes 

2  [(P,-P,)(C„  +  2Fp,)+je„P„].  (18) 
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Now  aince  both  C  and  X  amak  satisfy  the  oond! 
continuity  at  A,,  wo  have 

therefore  <>  =  ^  +  ^  +&c-  +  5^.- 

Adding  together  therefore  all  the  terms  of  (18),  we  find 

Now  since  R  is  always  positive  and  F*  is  essentially  ] 
the  laet  term  of  this  equation  must  be  essentially  { 
Hence  the  first  term  ie  a  minimum  when  Y  is  zero  L 
conductor,  that  ia,  when  the  current  in  every  condnctoi 
given  by  Ohm's  Law  ♦. 

Hence  the  following  theorem : 

284.]  In  any  system  of  conductors  in  which  there 
internal  electromotive  forces  the  heat  generated  by  < 
distributed  in  accordance  with  Ohm's  Law  is  less  thai 
currents  had  been  distributed  in  any  other  manner  co 
with  the  actual  oonditions  of  supply  and  outflow  of  the  c 

The  heat  actually  generated  when  Ohm's  Law  is  ful 
mechanically  equivalent  to  £i^Qp,  that  is,  to  the  sun 
produobs  of  the  quantities  of  electricity  supplied  at  the  i 
external  electi'odes,  each  multiplied  by  the  potential  at ' 
is  supplied. 

*  I  We  OKU  prove  in  a  liniiliu  w»j  thmt  when  tbera  ore  eleotromotive  foi 
diffarent  bruchea  the  currecU  kdJuU  theouelieg id tlut ^RC-2tEC  ii a 
where  S  is  the  eleotntniotiTe  force  in  the  br&nch  wheo  the  eurreat  ie  C.  It 
thii  qoantity,  which  we  ehall  obU  F,  in  terme  of  the  indepan  ' 

11 -■>,  the  dlstribatifin  ofounent  *  "  •       -"i-"™". 
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lawB  of  the  distribution  of  currents  which  are  investigated  in 
^^.  280  may  be  expressed  by  the  following  rules,  which  are  easily 
'^^embered. 

Let  us  take  the  potential  of  one  of  the  points,  say  A^,  as  the  zero 
potential,  then  if  a  quantity  of  electricity  Q,  flows  into  A,  the  potential 
of  a  point  ApiB  shewn  in  the  text  to  be 

The  quantities  D  and  D^  may  be  got  by  the  following  rules. — D  is  the 
0am  of  the  products  of  the  conductivities  taken  (n—  1)  at  a  time,  omitting 
all  those  terms  which  eontain  the  products  of  the  conductivities  of 
branches  which  form  closed  circuits.  D^  is  the  sum  of  the  products  of 
the  conductivities  taken  (n— 2)  at  a  time,  omitting  all  those  terms  which 
contain  the  conductivities  of  the  branches  Ap  A^  or  A,  A^y  or  which 
contain  products  of  conductivities  of  branches  which  form  closed 
circuits  either  by  themselves  or  with  the  aid  oi  Ap  A^or  A^  A^, 

We  see  from  equation  (10)  that  the  effect  of  an  electromotive  force 
E^  acting  in  the  branch  A^  A^\%  the  same  as  the  effect  due  to  a  sink 
of  strength  K^  E^^  at  Q  and  a  source  of  the  same  strength  at  R,  so  that 
the  preceding  rule  will  include  this  case.  The  result  of  the  application 
of  this  rule  can  however  be  stated  more  simply  as  follows.  If  an  electro- 
motive force  Ep^  act  along  the  conductor  Ap  A^^  the  current  produced 
along  another  conductor  A^  A^i& 

where  D  is  got  by  the  rule  given  above,  and  A  =  Aj  —  A,.  Where  Aj  is  got 
by  selecting  from  the  sum  of  the  products  of  the  conductivities  taken 
(n— 2)  at  a  time  those  products  which  contain  the  conductivities  of  both 
Ap  Ar  (or  the  product  of  the  conductivities  of  branches  making 
a  closed  circuit  with  Ap  A^)  and  Ag  A^  (or  the  product  of  the  con- 
ductivities of  branches  making  a  closed  circuit  with  A^  Ag)y  omitting 
from  the  terms  thus  selected  all  those  which  contain  the  conductivities 
of  Af,  Af,  or  Ap  Ag,  or  the  product  of  the  conductivities  of  branches 
making  closed  circuits  by  themselves  or  with  the  help  of  A^  A,  oit 
Ap  Ag\  A,  corresponds  to  Aj,  the  branches  Ap  A^^  A^  A^  being  taken 
instead  oi  Ap  A^  and  A^  A^  respectively. 

If  a  current  enters  at  P  and  leaves  at  Q,  the  ratio  of  the  current  to 

the  difference  of  potential  between  Ap  and  Ag\%—,' 
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Where  A'  is  the  sum  of  the  products  of  the  eonductivitiea  taken  n-^* 
tit  a  time,  omitting  fill  those  terms  which  contain  the  conductivit;  e^f 
ApA^  or  the  products  of  the  eonductivitiea  of  brancheB  forming  a  doaa-^ 
circuit  with  it. 

Ill  these  expresBioiiB  all  the  terms  which  contain  the  product  of  f^g 
conductivities  of  Lrauchee  lomiing  a  closed  circuit  are  omitted. 

We  may  illustrate  these  rules  hy  applying  them  let  a  very  importEh^t    , 
cose,  that  of  4  poiute  connected  hy  G  conductors.     Let  us  call  the  poLob 
1,  2,  3,  4. 

Then  D  =  the  sum  of  the  product  of  the  conductivities  taken  3  si « 
time,  leaving  out,  however,  the  4  products  ff,;  A",,  K„,  A",,  S^  K„, 
A'l,  A,j  A',|,  A'^  A„  A'„;  as  these  corresirond  to  the  four  closed  circnitj 
(123).  (124),  (134),  (234). 

Thus 

D  =  ( A'„  +  A„  +  ff„)(/.',jA'„  +  K,^K„  +  A'„A'„)  +  A^.A",,  (A',,  +  A„) 
+  A„A',.  (A'l,  +  A'„)  +  A'„  A^„  (A'„+  A'l,)  +  A'„A'„A'„. 

Let  us  suppose  that  au  electromotive  force  E  acts  along  (23),  the  currsut 
through  the  hraueh  (14) 

A,  ^  A'l,  K^  (by  defiuition), 

A,  =  A„je„. 

Hence  if  do  current  passes  through  (14).  AjjA"^— A',,A',j=0,  this  is  the 
oondilioo  that  (23)  and  (14)  may  be  conjugate. 
Thecur)«ut  through  (13) 

_  A-„<A:,.  +  A\+A-,.)+A-..f„    „„    „ 
Ji ■  KK^K^ 

The  coudnctiTity  of  the  net  work  when  a  curwut  eaters  at  (2)  atid 
leavps  at  (3) 

i> 
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Notation  of  Electric  Currents, 

285.]  At  any  point  let  an  element  of  area  dS  be  taken  normal 
to  the  axis  of  x,  and  let  Q  units  of  electricity  pass  across  this 
area  from  the  negative  to  the  positive  side  in  unit  of  time, 

then,  if -^  becomes  ultimately  equal  to  u  when  dS  is  indefinitely 

diminished,  u  is  said  to  be  the  Component  of  the  electric  current 
in  the  direction  of  x  at  the  given  point. 

In  the  same  way  we  may  determine  v  and  u\  the  components 
of  the  current  in  the  directions  of  y  and  z  respectively. 

286.]  To  determine  the  component  of  the  current  in  any  other 

direction  OR  through  the  given  point  0,  let  Z,  m,  n  be  the 

direction-cosines  of  OR ;    then  if  we  cut  off  from  the  axes  of 

x^  y^  z  portions  equal  to 

r       r  J     ''* 

-r  >      —  >     and    — 
f        m  n 

respectively  at  A,  B  and  C,  the  triangle  ABC  will  be  normal 
to  OR.  « 

The  area  of  this  triangle  ABC  will  be  c 

d8=ij^. 
Imn 

and  by  diminishing  r  this  area  may  be  di- 
minished without  limit.  Fig.  23. 

The  quantity  of  electricity  which  leaves  the  tetrahedron  ABCO 
by  the  triangle  ABC  must  be  equal  to  that  which  enters  it 
through  the  three  triangles  OBC,  OCA,  and  OAB. 

The  area  of  the  triangle  OBC  is  i >  and  the  component  of 
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the  current  normal  to  its  plane  is  u,  so  that  the  quuitit 

enters  through  this  triangle  in  unit  time  a  \  t^ 

The  quantities  which  enter  through  the  tiiaugles  0 
OAB  respectively  in  unit  time  ore 

\7^  —,,    and  -Ir*  ;—  ■ 

If  y  is  the  component  of  the  current  in  the  direction  i 
the  quantity  which  leaves  the  tetrahedron  in  unit  tjme 
ABC  IB 

Since  this  is  equal  to  the  quantity  which  enters  thrc 
three  other  triangles. 


2lm.n 


mil     111     imj 


multiplying  by  - 

y  =  Zu  +  inv  +  711*1. 

Ifweput  «*  +  tJ*  +  'u;*  =  r*, 

and  make  I',  m',  n'  such  that 

tt  =  I'T,    V  =  m'r,    and    w  =  n'T ; 
then  y=  T^ll'  +  mm'  +  nn'). 

Hence,  if  we  de&ne  the  resultant  current  as  a  vect4 
magnitude  is  r,  and  whose  direction-cosines  are  V,  m',  : 
y  denotes  the  current  resolved  id  a  direction  making  ai 
with  that  of  the  resultant  current,  then 
y=rcostf; 


f 
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Hence,  if  y  is  the  component  of  tKe  current  normal  to  the 
surface.  „{    d\        d\        d\} 

If  y  =  0  ibere  will  be  no  current  through  the  surface,  and 
^e  Borfaoe  may  be  called  a  Surface  of  Flow,  because  the  lines  of 
flow  are  in  the  surface. 

288.]  The  equation  of  a  surface  of  flow  is  therefore 


dk         d\         d\ 
dx         dy  dz 


(8) 


If  this  equation  is  true  for  all  values  of  A,  all  the  surfaces  of  the 
family  will  be  surfaces  of  flow, 

289.]  Let  there  be  another  family  of  surfaces,  whoso  parameter 
is  \\  then,  if  these  are  also  surfaces  of  flow,  we  shall  have 


d\'        dK'        dK' 
dx         dy  dz 


(9) 


If  there  is  a  third  family  of  surfaces  of  flow,  whose  parameter 
is  A",  then  d\"       dK"        dK"     „ 

If  we  eliminate  u,  v,  and  w  between  these  three  equations, 
we  find 


dK 

dK 

dK 

dx 

dy 

dz 

dK' 

dK' 

dK' 

dx 

dy 

dz 

dK" 

dK'' 

dK" 

dx 


dy 


dz 


=  0; 


(H) 


(12) 


or   A''  =  <^(A,  A'); 

that  is,  A'^  is  some  function  of  A  and  A^ 

290.]  Now  consider  the  four  surfaces  whose  parameters  are  A, 
X+8A,  A',  and  A'  +  8A'.  These  four  surfaces  enclose  a  quadri- 
lateral tube,  which  we  may  call  the  tube  ^A.^A^  Since  this 
tube  is  bounded  by  surfaces  across  which  there  is  no  flow,  we 
may  call  it  a  Tube  of  Flow.  If  we  take  any  two  sections  across 
the  tube,  the  quantity  which  enters  the  tube  at  one  section  must 
be  equal  to  the  quantity  which  leaves  it  at  the  other,  and  since 
this  quantity  is  therefore  the  same  for  every  section  of  the  tube, 
let  us  call  it  X  d  A .  d  A^,  where  X  is  a  function  of  A  and  A^  the 
parameters  which  determine  the  particular  tube. 
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291.]  If  8iS  denotes  t£e  Beotion  of  a  tube  of  flow  by 
normal  to  a;,  we  have  by  the  theory  of  the  change  of  tl 
pendent  vaxiahlea, 

S».JA'=8S(^i^'-^^'), 
^dy  dz      dzdy  ' 

and  by  the  de6nition  of  the  components  of  the  current 

ud8~Llk.hk'. 

„  r  /dK  dK'      dKdK\    \ 

Hence  ii  =  Lf  5—  -j -j-  T~  ) '  I 

^dy  dz       dz  dy  ' 

„.    .,    ,  ,  fdk  d\'    d\  d\\ 

_  ■  rdX  dk'  d\  d\  \  I 
~  ^dx  dy  dy  dx '  1 
292.]  It  is  always  possible  when  one  of  the  fuDctloni 
is  known,  to  determine  the  other  so  that  L  may  be  < 
unity.  For  instance,  let  us  take  the  plane  of  yz,  and  dn 
it  a  series  of  equidistant  lines  parallel  to  j/,  to  repree 
sections  of  the  family  A'  by  this  plane.  In  other  wordf 
function  A'  be  determined  by  the  condition  that  whei 
A.'  =  2.    If  we  then  make  L=\,  and  therefore  (when  x  ■■ 


\  =  /  v.dy. 


then  in  the  plane  {x  =  0)  the  amount  of  electricity  whid 
through  any  portion  will  be 

Ijudydz  =  ff  dKd\'. 

The  nature  of  the  sections  of  the  surfaces  of  flow  by 
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Amount  of  minuteness.  Then  if  any  surface  be  drawn  cutting 
the  system  of  tubes,  the  quantity  of  the  current  which  passes 
tbrough  this  surface  will  be  expressed  by  the  nuniber  of  tubes 
which  cut  it,  since  each  tube  carries  a  unit  current. 

The  actual  intersections  of  the  surfaces  may  be  called  Lines  of 
'low.  When  the  unit  is  taken  sufficiently  small,  the  number  of 
^es  of  flow  which  cut  a  surface  is  approximately  equal  to  the 
"dumber  of  tubes  of  flow  which  cut  it,  so  that  we  may  consider 
the  lines  of  flow  as  expressing  not  only  the  direction  of  the 
^^Urent  but  also  its  strength,  since  each  line  of  flow  through  a 
S^ven  section  corresponds  to  a  unit  current. 

On  Current-Sheets  and  Current-Functions. 

294.]  A  stratum  of  a  conductor  contained  between  two  con- 
secutive surfaces  of  flow  of  one  system,  say  that  of  k\  is  called 
a  Current-Sheet.  The  tubes  of  flow  within  this  sheet  are  deter- 
mined by  the  function  X.  If  \a  and  \p  denote  the  values  of  X 
at  the  points  A  and  P  respectively,  then  the  current  from  right 
to  left  across  any  line  drawn  on  the  sheet  from  jl  to  P  is  \p—\a  *• 
If  AP  he  aji  element,  ds,  of  a  curve  drawn  on  the  sheet,  the 
current  which  crosses  this  element  from  right  to  left  is 

d\  , 

—j-ds. 

ds 

This  function  A,  from  which  the  distribution  of  the  current  in 
the  sheet  can  be  completely  determined,  is  called  the  Current- 
Function. 

Any  thin  sheet  of  metal  or  conducting  matter  bounded  on 
both  sides  by  air  or  some  other  non-conducting  medium  may  be 
treated  as  a  current-sheet,  in  which  the  distribution  of  the 
current  may  be  expressed  by  means  of  a  current-function.  See 
Art  647. 

Equation  of  *  Continuity' 

295.]  If  we  differentiate  the  three  equations  (15)  with  respect 
to  X,  y^  z  respectively,  remembering  that  Z  is  a  function  of 
A  and  A',  we  find  du      dv      ^^  ^  ^  /j^x 

dx      dy      dz         ' 

*  {Bt  the  'current  acrosa  AP*  in  meant  the  current  through  the  tube  of  flow 
Iwtuided  by  th«  suriAoetf  A^,  A, ,  \'  and  X'  + 1.} 
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The  corresponding  equation  in  Hydrodynainics  is  o 
Equation  of  '  Continuity.'  The  continuity  which  it  exj 
the  continuity  of  existence,  that  is,  the  fact  that  a  mate 
stance  cannot  leave  one  part  of  space  and  arrive  at 
without  going  through  the  space  hetween.  It  oanno 
vanish  in  the  one  place  and  appear  in  the  other,  bat 
travel  along  a  continuous  path,  so  that  if  a  dosed  si 
drawn,  including  the  one  place  and  excluding  the 
material  substance  in  passing  from  the  one  place  to  i 
must  go  through  the  dosed  surface.  The  most  genera 
the  equation  in  hydrodynamics  is 

d(pu)  ^   d (pv)  _^  d(pw)  _^  il^Q. 
dx  dy  dz  dt         ' 

where  p  signifies  the  ratio  of  the  quantity  of  the  sub 
the  volupie  it  occupies,  that  volume  being  in  this 
differential  element  of  volume,  and  {pu},  {pv),  and  (pv 
the  ratio  of  the  quantity  of  the  substance  which  cr 
element  of  area  in  unit  of  time  to  that  area,  these  an 
normal  to  the  azeB  of  x,  y,  and  z  respectively.  Thus  un 
the  equation  is  applicable  to  any  material  substance, 
fluid,  whether  the  motion  be  continuous  or  discontinu 
vided  the  existence  of  the  parts  of  that  substance  is  coi 
If  anything,  though  not  a  substance,  is  subject  to  the  i 
of  continuous  existence  in  time  and  space,  the  eqna 
express  this  condition.  In  other  parts  of  Physical  Sc 
for  instance,  in  the  theory  of  electric  and  magnetic  q 
equations  of  a  similar  form  occur.     We  shall  call  such  i 
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enow  the  velocity  with  which  the  electricity  passes  through  the 
Kxly,  or  even  whether  it  moves  in  the  positive  or  the  negative 
lirection  of  the  current.  All  that  we  know  is  the  algebraical 
alae  of  the  quantity  which  crosses  unit  of  area  in  unit  of  time, 
quantity  corresponding  to  (pu)  in  the  equation  (18).  We  have 
o  means  of  ascertaining  the  value  of  either  of  the  factors  p 
r  u^  and  therefore  we  cannot  follow  a  particular  portion  of 
leetricity  in  its  course  through  the  body.  The  other  method  of 
ivestigation,  in  which  we  consider  what  passes  through  the 
rails  of  an  element  of  volume,  is  applicable  to  electric  currents, 
nd  is  perhaps  preferable  in  point  of  form  to  that  which  we 
ave  given,  but  as  it  may  be  found  in  any  treatise  on  Hydro- 
ynamics  we  need  not  repeat  it  here. 

QfuintUy  of  Electricity  which  passes  through  a  given  Surface. 

296.]  Let  r  be  the  resultant  current  at  any  point  of  the 
Lirfaoe.  Let  dS  be  an  element  of  the  surface,  and  let  c  be  the 
ngle  between  T  and  the  normal  to  the  surface  drawn  outwards, 
hen  the  total  current  through  the  surface  will  be 


//■ 


r  cos  €  dSf 


he  integitition  being  extended  over  the  surface. 
As  in  Art.  21,  we  may  transform  this  integral  into  the  form 

a  the  case  of  any  closed  surface,  the  limits  of  the  triple  integra- 
Lon  being  those  included  by  the  surface.  This  is  the  expression 
)r  the  total  efflux  from  the  closed  surface.  Since  in  all  cases  of 
teady  currents  this  must  be  zero  whatever  the  limits  of  the 
dtegration,  the  quantity  under  the  integral  sign  must  vanish, 
nd  we  obtain  in  this  way  the  equation  of  continuity  (17).    . 


vou  I.  E  e 
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On  the  most  Qeneral  Rdationa  between  Current 
Electromotive  Force, 

297.]  Let  the  components  of  the  current  at  any  poi 
V,  w. 

Let  the  compouente  of  the  electromotiTe  iutenBity  be 

The  electromotive  mtensity  at  any  point  is  the  reaull 

on  a  unit  of  poBitive  electricity  placed  at  that  point.     It  i 

(1)  from  electrostatic  action,  in  which  case  if  Vis  Uie  p 

2=-^       F=-^       Z=-iI- 
dx'  dy  '  dz' 

or  (2)  from  electromagnetic  induction,  the  laws  of  i 
shall  afterwards  examine ;  or  (3)  from  thermoelectric  o 
chemical  action  at  the  point  itself,  tending  to  produce 
in  a  given  direction. 

We  shall  in  general  suppose  that  X,  F,  Z  represent 
ponenta  of  the  actual  electromotive  intensity  at  the  poi 
ever  he  the  origin  of  the  force,  but  we  shall  occasionally 
the  result  of  supposing  it  entirely  due  to  variation  of  p< 
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If  we  were  at  liberty  to  assume  that  a  solid  body  may  be 
treated  as  a  system  of  linear  conductors,  then,  from  the  recipro- 
cal property  (Art.  281)  of  any  two  conductors  of  a  linear  system, 
we  might  shew  that  the  electromotive  force  along  z  required 
U>  produce  a  unit  current  parallel  to  y  must  be  equal  to  the 
dlectrdmotive  force  along  y  required  to  produce  a  unit  current 
parallel  to  z.  This  would  shew  that  ij  =  d ,  and  similarly  we 
should  find  iJ  =  Q2>  a^^d  -^  =  $3.  When  these  conditions  are 
latisfied  the  system  of  coefficients  is  said  to  be  Symmetrical 
When  they  are  not  satisfied  it  is  called  a  Skew  system. 

We  have  great  reason  to  believe  that  in  every  actual  case  the 
system  is  symmetrical*,  but  we  shall  examine  some  of  the  con- 
sequences of  admitting  the  possibility  of  a  skew  system. 

298.]  The  quantities  tt,  t;,  w  may  be  expressed  as  linear 
functions  of  X^  T,Zhy  a  system  of  equations,  which  we  may 
saU  Equations  of  Conductivity, 

V  =q,X  +  r,T+p,Z,\  (3) 

w^p^X  +  q^Y+r^Z;  ' 
we  may  call  the  coefficients  r  the  coefficients  of  Longitudinal 
conductivity,  and  p  and  q  those  of  Transverse  conductivity. 

The  coefficients  of  resistance  are  inverse  to  those  of  conduc- 
tivity.    This  relation  may  be  defined  as  follows  : 

Let  [PQi2]  be  the  determinant  of  the  coefficients  of  resistance, 
and  [pqr]  that  of  the  coefficients  of  conductivity,  then 

PQR]  =  P,nP,'\-Q,Q,Q, -^RiR.R.-PiQ.R.-P.Q^R.'P^Q.li^^  (4) 

[pqr]  =  PiP2P3  +  9l?2?3+  ^1^2^3-Pl?l^I  -;>2?2^2-Ps?3^3.        (5) 

[PQR]{pqr]  =  h  (6) 

[PQR]p,  ^  {P.P.-Q^R^h     [pqr]P,  =  {p,p,^q,T,\     (7) 

&c  &c. 

The  other  equations  may  be  formed  by  altering  the  symbols, 
P,  Q,  jR,  />,  9,  r,  and  the  suffixes  1,  2,  3  in  cyclical  order. 

Rate  of  Generation  of  Heai. 

299.]  To  find  the  work  done  by  the  current  in  unit  of  time 
in  overcoming  resistance,  and  so  generating  heat,  we  multiply 
the  components  of  the  current  by  the  corresponding  components 

*  {Saenote  to  Art.303.} 
E  e  2 
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of  the  electromotiTe  intensity.     We  thus  obtain  the  follt 
pressions  for  W,  the  quantity  of  work  expended  in  tmit 
W  =  Xu+Tv+Zw; 

By  a  proper  choice  of  axes,  (9)  may  be  deprived  of  I 
involving  the  products  of  u,  v,  tv  or  else  (10)  of  those  : 
the  products  of  X,  T,  Z.  The  system  of  axes,  howevi 
reduces  W  to  the  form 

S^ii?  +  R^i^  +  R^w^ 
ia  not  in  general  the  same  as  that  which  reduces  it  to  tl 

It  18  only  when  the  coefficients  ^,i^,  ^  are  equal  ree 
t^  Qi)  Qz>  Q:i  ^^'^  ^^  ^^^  systems  of  axes  coincide. 
If  with  Thomson  ♦  we  write 

and  ■p  =  s-^t,  q=  a  —  t;   \ 

then  we  have 

+  2(S,T,T^  +  ST,T,  +  S^T,T^  +  R^Tj_''  +  Il,T^^  +  R^T^ 
and  [PQR]  r,  =  R.R^-S,'' +  T,',  . 

[PQR]e,  =  T.,T,  +  S,S^~R^S,,     I 
[PQR]  tj  =  R^T,+S.,T^  +  S3T^.    ' 


If  therefore  we  c^iise  i", ,  S^,  S^  to  disappear,  the  coe 
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<aiion  of  Continuity  in  a  Homogeneous  Mediwm. 

U  we  express  the  components  of  the  electromotive  force 
rivatives  of  the  potential  V,  the  equation  of  continuity 

du      dv      dw  __  .     . 

dx      dy       dz   "  ^     * 

in  a  homogeneous  medium 

cPF     d^r  ^   d^r    ^    dW    ^    d^r    ^  „^, 

medium  is  not  homogeneous  there  will  be  terms  arising 
variation  of  the  coefficients  of  conductivity  in  passing 
point  to  another. 

equation  corresponds  to  Laplace's  equation  in  a  non- 
medium. 
If  we  put 

[r«]  =  r^r2r3  +  2  8l82«3-^l«l^-^'2«2*-'^3«3^  (1^) 

[B]  =  A^A^A^  +  2B,B^B^^A,B,^^A^B^^^A,B^\  (18) 

n,  the  system  A,  B  will  be  inverse  to  the  system  r,8,and 

.ke 

^  +  A^y^-^A^z'  +  2Biyz  +  2B^zx-h2B^0Dy^[AB]p\   (20) 

find  that  n  1 

F=  f  i  (21) 

tion  of  the  equation  *. 

DM  that  by  the  transfomuktion 

jr-a    X  +  h   T-i-c  Z,  ^ 

y-a'X  +  5'  r-h^Z,  (1) 

id  tide  of  (16)  becomes 

fTF       fPV      rf'F 


dX*      dY*      dZ*' 
to  be  the  CMe,  we  lee  that 

Bntical  with 
ihaUoall  17. 


(2) 
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In  the  case  in  which  the  coelBcients  T  are  zero,  the  co 
A  and  B  become  identical  with  the  coefficients  R  and  i 
299.     When  T  exists  this  is  not  the  case. 

In  the  case  therefore  of  electricity  Bowing  out  from 
in  an  infinite,  homogeneous,  but  not  isotropic,  medium,  I 
potential  surfaces  are  ellipsoids,  for  each  of  which  p  is  • 
The  axes  of  these  ellipsoids  are  in  the  directions  of  t 
cipal  axes  of  conductivity,  and  these  do  not  coincide  ' 
principal  axes  of  resistance  unless  the  system  is  symmet 

By  a  transformation  of  the  equation  (16)  we  may  tak 
axes  of  X,  y,  z  the  principal  axes  of  conductivity.  The  co 
of  the  forms  s  and  B  will  then  be  reduced  to  zero,  and 
efficient  of  the  form  A  will  be  the  reciprocal  of  the  correi 
coefficient  of  the  form  r.     The  expression  for  p  will  be 

^  +  y!  +  ^  =     1^    . 

r,  r^  r,  T^r^r^ 
303.]  The  theory  of  the  complete  system  of  equatio 
sistance  and  of  conductivity  is  that  of  linear  functione 
variables,  and  it  is  exemplified  in  the  theory  of  Strains 
other  parte  of  physics.  The  most  appropriate  method  ol 
it  is  that  by  which  Hamilton  and  Tait  treat  a  linear  ai 
function  of  a  vector.  We  shall  not,  however,  expressly  i 
Quaternion  notation. 

The  coefficients  T-^,  7'^,  T^  may  be  regarded  as  the  re* 
components  of  a  vector  T,  the  absolute  m^nitode  and 


If  we  dimliula  {,  ij,  f  bj  the  eqaktioni 
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of  which  are  fixed  in  the  body,  and  independent  of  the  direction 
of  the  axes  of  reference.  The  same  is  true  of  ^1,  ^2*  ^3>  which  are 
the  components  of  another  vector  t. 

The  vectors  T  and  t  do  not  in  general  coincide  in  direction. 

Let  UB  now  take  the  axis  of  2:  so  as  to  coincide  with  the  vector 
T,  and  transform  the  equations  of  resistance  accordingly.  They 
will  then  have  the  form 

Y  =  S^u  +  R^v  +  8iW  +  Tu,  I  (23) 

Z  =  S^u  +  S^v  +  R^w.  ) 

It  appears  from  these  equations  that  we  may  consider  the 
electromotive  intensity  as  the  resultant  of  two  forces,  one  of  them 
depending  only  on  the  coefficients  R  and  S,  and  the  other 
depending  on  T  alone.  The  part  depending  on  R  and  S  is 
related  to  the  current  in  the  same  way  that  the  perpendicular 
on  the  tangent  plane  of  an  ellipsoid  is  related  to  the  radius 
vector.  The  other  part,  depending  on  jP,  is  equal  to  the  product 
of  T  into  the  resolved  part  of  the  current  perpendicular  to  the 
axis  of  7\  and  its  direction  is  perpendicular  to  T  and  to  the 
current,  being  always  in  the  direction  in  which  the  resolved 
part  of  the  current  would  lie  if  turned  90""  in  the  positive  direc- 
tion round  T. 

If  we  consider  the  current  and  T  as  vectors,  the  part  of  the 
electromotive  intensity  due  to  Tis  the  vector  part  of  the  product, 
2*  X  current. 

The  coefficient  T  may  be  called  the  Rotatory  coefficient.  We 
have  reason  to  believe  that  it  does  not  exist  in  any  known 
Hubetance.  It  should  be  found,  if  anywhere,  in  magnets,  which 
have  a  polarization  in  one  direction,  probably  due  to  a  rotational 
phenomenon  in  the  substance  *• 

804.]  Assuming  then  that  there  is  no  rotatory  coefficient,  we 
shall  shew  how  Thomson's  Theorem  given  in  Arts.  100  a- 100  e 
may  be  extended  to  prove  that  the  heat  generated  by  the 
currents  in  the  system  in  a  given  time  is  a  unique  minimum. 

To  simplify  the  algebraical  work  let  the  axes  of  coordinates  be 
chosen  so  as  to  reduce  expression  (9),  and  therefore  also  in  this 

.*  {  Mr.  Hftll'i  diicovery  of  the  action  of  magnetism  on  a  permanent  electric  current 
{Pku,  Mag.  ix.  p.  225 ;  x.  p.  801, 1880)  may  be  described  bj  saying  that  a  oondnctor 
placed  in  a  magnetic  field  has  a  rotatory  coefficient.  See  Uopkinson  {PhiL  Mag,  x. 
p.  480,1880.)} 
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ease  expression  (10),  to  three  terms;   and  let  us  oona 
general  characteristic  equation  (16)  which  then  redncea  I 

Also,  let  a,  b,  c  he  three  functions  of  x,  y,  z  satiaf 
condition  ^      db 


dV 


Finally,  let  the  triple-int^rsl 

W=JJJ{R^a'  +  R,b'  +  It,c')dasdy(h 

be  extended  over  spaces  bounded  aa  in  the  enunciation 
100  a ;  such  viz.  that  over  certain  portions  V  is  constani 
the  normal  component  of  the  vector  a,  b,  c  is  given,  thi 
condition  being  accompanied  bj  the  further  restriction 
integral  of  this  component  over  the  whole  bounding 
must  be  zero :  then  W  will  be  a  minimum  when 
u  =  0,  V  =  0,  w  =  0. 
For  we  have  in  this  case 

r,il,  =  1,        r,Bj  =  I,         r,^  =  1  ; 
and  therefore,  by  (26), 
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305.]  As  this  proposition  is  of  great  importance  in  the  theory 
of  electricity,  it  may  be  useful  to  present  the  following  proof  of 
the  most  general  case  in  a  form  free  from  analytical  operations. 

Let  us  consider  the  propagation  of  electricity  through  a  con- 
doctor  of  any  form,  homogeneous  or  heterogeneous. 

Then  we  know  that 

(1)  If  we  draw  a  line  along  the  path  and  in  the  direction  of 
the  electric  current,  the  line  must  pass  from  places  of  high 
potential  to  places  of  low  potential. 

(2)  If  the  potential  at  every  point  of  the  system  be  altered  in 
a  given  uniform  ratio,  the  current  will  be  altered  in  the  same 
raiioy  according  to  Ohm's  Law. 

(3)  If  a  certain  distribution  of  potential  gives  rise  to  a  certain 
distribution  of  currents,  and  a  second  distribution  of  potential 
gives  rise  to  a  second  distribution  of  currents,  then  a  third 
distribution  in  which  the  potential  is  the  sum  or  difference  of 
those  in  the  first  and  second  will  give  rise  to  a  third  distribution 
of  currents,  such  that  the  total  current  passing  through  a  given 
finite  surface  in  the  third  case  is  the  sum  or  difference  of  the 
coirents  passing  through  it  in  the  first  and  second  cases.  For, 
by  Ohm's  Law,  the  additional  current  due  to  an  alteration  of 
potentials  is  independent  of  the  original  current  due  to  the 
original  distribution  of  potentials. 

(4)  If  the  potential  is  constant  over  the  whole  of  a  closed 
surface,  and  if  there  are  no  electrodes  or  intrinsic  electromotive 
forces  within  it,  then  there  will  be  no  currents  within  the  closed 
surface,  and  the  potential  at  any  point  within  it  will  be  equal 
to  that  at  the  surface. 

If  there  are  currents  within  the  closed  surface  they  must 
either  form  closed  curves,  or  they  must  begin  and  end  either 
within  the  closed  surface  or  at  the  surface  itself. 

But  since  the  current  must  pass  from  places  of  high  to  places 
of  low  potential,  it  cannot  flow  in  a  closed  curve. 

Since  there  are  no  electrodes  within  the  surface  the  current 
cannot  begin  or  end  within  the  closed  surface,  and  since  the 
potential  at  all  points  of  the  surface  is  the  same,  there  can  be 
no  current  along  lines  passing  from  one  point  of  the  surface  to 
another. 

Hence  there  are  no  currents  within  the  surface,  and  therefore 
there  can  be  no  difference  of  potential,  as  such  a  difference  would 
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produce  currents,  and  therefore  the  potential  within  t 
surface  is  everywhere  the  same  as  at  the  surface. 

(5)  If  there  is  no  electric  current  through  any  part  o 
surface,  and  no  electrodes  or  intrinsic  electromotii 
within  the  surface,  there  will  be  no  currents  within  th 
and  the  potential  will  he  uniform. 

We  have  aeen  that  the  currents  cannot  form  closed  0 
b^n  or  terminate  within  the  surface,  and  since  by  t 
thesia  they  do  not  pass  through  the  surface,  there  ci 
currents,  and  therefore  the  potential  ia  constant. 

(6)  If  the  potential  is  uniform  over  part  of  a  cloeec 
and  if  there  is  no  current  through  the  remainder  of  the 
the  potential  within  the  surface  will  be  uniform  for 
reasons. 

(7)  If  over  part  of  the  surface  of  a  body  the  potential 
point  is  known,  and  if  over  the  rest  of  the  surface  of 
the  current  passing  through  the  surface  at  each  point  i 
then  only  one  distribution  of  potential  at  points  witiiiu 
can  exist. 

For  if  there  were  two  different  values  of  the  potentii 
point  within  the  body,  let  these  be  1^  in  the  first  case  : 
the  second  case,  and  let  us  imagine  a  third  case  in  i 
potential  of  every  point  of  the  body  is  the  excess  of  po 
the  first  case  over  that  in  the  second.  Then  on  that  pi 
surface  for  which  the  potential  is  known  the  potent! 
third  case  will  he  zero,  and  on  that  part  of  the  surfacf 
which  the  currents  are  known  the  currents  in  the  third 
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We  may  suppose  the  conditions  of  the  first  and  second  portions 
to  be  fulfilled  by  applying  to  the  conductor  two  electrodes  of 
perfectly  conducting  material,  and  that  of  the  remainder  of  the 
surface  by  coating  it  with  pei-fecUy  non-conducting  material 

Under  these  circumstances  the  current  in  every  part  of  the 
eonductor  is  simply  proportional  to  the  difference  between  the 
potentials  of  the  electrodes.  Calling  this  difierence  the  electro- 
motive force,  the  total  current  from  the  one  electrode  to  the  other 
is  the  product  of  the  electromotive  force  by  the  conductivity  of 
the  conductor  as  a  whole,  and  the  resistance  of  the  conductor  is 
the  reciprocal  of  the  conductivity. 

It  is  only  when  a  conductor  is  approximately  in  the  circum- 
stances above  defined  that  it  can  be  said  to  have  a  definite 
resistance  or  conductivity  as  a  whole.  A.  resistance  coil,  con- 
sbting  of  a  thin  wire  terminating  in  large  masses  of  copper, 
approximately  satisfies  these  conditions,  for  the  potential  in 
the  massive  electrodes  is  nearly  constant,  and  any  differences 
of  potential  in  difierent  points  of  the  same  electrode  may  be 
neglected  in  comparison  with  the  difierence  of  the  potentials  of 
the  two  electrodes. 

A  very  useful  method  of  calculating  the  resistance  of  such 
conductors  has  been  given,  so  far  as  I  know,  for  the  first  time, 
by  Lord  Sayleigh,  in  a  paper  '  On  the  Theory  of  Resonance  *  * . 

It  is  founded  on  the  following  considerations. 

If  the  specific  resistance  of  any  portion  of  the  conductor  be 
changed,  that  of  the  remainder  being  unchanged,  the  resistance 
of  the  whole  conductor  will  be  increased  if  that  of  the  portion 
is  increased,  and  diminished  if  that  of  the  portion  is  diminished. 

This  principle  may  be  regarded  as  self-evident,  but  it  may 
easily  be  shewn  that  the  value  of  the  expression  for  the  re- 
sistance of  a  system  of  conductors  between  two  points  selected 
as  electrodes,  increases  as  the  resistance  of  each  member  of  the 
system  increases. 

It  foUows  from  this  that  if  a  surface  of  any  form  be  described 
in  the  substance  of  the  conductor,  and  if  we  further  suppose  this 
surface  to  be  an  infinitely  thin  sheet  of  a  perfectly  conducting 
substance,  the  resistance  of  the  conductor  as  a  whole  will  be 
diminished  unless  the  surface  is  one  of  the  equipotential  surfaces 
in  the  natural  state  of  the  conductor,  in  which  case  no  efiect  will 

•  Phil.  Trami.,  1871,  p.  77.    Sw  Art.  102  a. 
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be  produced  b;  making  it  s  perfect  cooductor,  as  it  is  al 
electrical  eqailibrium. 

If  therefore  we  draw  within  the  conductor  a  series  of 
the  first  of  which  coincides  with  the  first  electrode,  and 
with  the  second,  while  the  intermediate  surfaces  are  bou 
the  non-conducting  surface  and  do  not  intersect  each  ot 
if  we  suppose  each  of  these  surfaces  to  be  an  infinitely  tb 
of  perfectly  conducting  matter,  we  shall  have  obtained  t 
the  resistance  of  which  is  certainly  not  greater  than  thi 
original  conductor,  and  ia  equal  to  it  only  when  the  aur 
have  chosen  are  the  natui-al  equipotential  surfaces. 

To  calculate  the  resistance  of  the  artificial  system  is  a: 
tion  of  much  less  difficulty  than  the  original  problem, 
resistance  of  the  whole  is  the  sum   of  the   resistance 
the  strata  contained  between  the  consecutive  surfaces, 
resistance  of  each  stratum  can  be  found  thus : 

Let  cf  iS  be  an  element  of  the  surface  of  the  stratui 
thickness  of  the  stratum  perpendicular  to  the  elemec 
specific  resistance,  E  the  difference  of  potential  of  the  ; 
conducting  surfaces,  and  d  0  the  current  through  d  8,  thi 

ac  =  E—ds, 

pv 
and  the  whole  current  through  the  stratum  is 

the  integration  being  extended  over  the  whole  stratnin 
by  the  non-conducting  surface  of  the  conductor. 
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To  find  the  resistance  of  the  whole  artificial  conductor,  we 
have  only  to  integrate  with  respect  to  J^,  and  we  find 

The  resistance  R  of  the  conductor  in  its  natural  state  is 
greater  than  the  value  thus  obtained,  unless  all  the  surfaces  we 
haye  chosen  are  the  natural  equipotential  surfS&ces.  Also,  since 
the  true  value  of  iZ  is  the  absolute  maximum  of  the  values  of  iZj 
which  can  thus  be  obtained,  a  small  deviation  of  the  chosen 
surfacea  from  the  true  equipotential  surfaces  will  produce  an 
error  of  R  which  is  comparatively  small. 

This  method  of  determining  a  lower  limit  of  the  value  of  the 
resistance  is  evidently  perfectly  general,  and  may  be  applied  to 
conductors  of  any  foim,  even  when  p,  the  specific  resistance, 
varies  in  any  manner  within  the  conductor. 

The  most  familiar  example  is  the  ordinary  method  of  deter- 
mining the  resistance  of  a  straight  wire  of  variable  section.  In 
this  case  the  surfaces  chosen  are  planes  perpendicular  to  the 
axis  of  the  wire,  the  strata  have  parallel  faces,  and  the  resistance 
of  a  stratum  of  section  H  and  thickness  ds  is 

and  that  of  the  whole  wire  of  length  8  is 

where  S  is  the  ti*ansverse  section  and  is  a  function  of  ^. 

This  method  in  the  case  of  wires  whose  section  varies  slowly 
with  the  length  gives  a  result  very  near  the  truth,  but  it  is 
really  only  a  lower  limit,  for  the  true  resistance  is  always 
sweater  than  this,  except  in  the  case  where  the  section  is  per- 
fectly uniform. 

807.]  To  find  the  higher  limit  of  the  resistance,  let  us  suppose 
a  surface  drawn  in  the  conductor  to  be  rendered  impermeable  to 
electricity.  The  effect  of  this  must  be  to  increase  the  resistance 
of  the  conductor  unless  the  surface  is  one  of  the  natural  surfaces 
of  flow.  By  means  of  two  systems  of  surfaces  we  can  form  a 
net  of  tubes  which  will  completely  regulate  the  flow,  and  the 
effect,  if  there  is  any,  of  this  system  of  impermeable  surfaces 
must  be  to  increase  the  resistance  above  its  natural  value. 


R,=f. 
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The  resistaDce  of  each  of  the  tubes  may  be  calculated 
method  already  ^ven  for  a  fine  wire,  and  the  reaistano 
whole  conductor  is  the  reciprocal  of  the  sum  of  the  reo 
of  the  resistauces  of  all  the  tubes.  The  resistance  thus 
greater  than  the  oatural  resistance,  except  when  the  tube 
the  natural  lines  of  fiow. 

In  the  case  already  considered,  where  the  conductor  ii 
form  of  an  elongated  solid  of  revolution,  let  us  measure 
the  axis,  and  let  the  radius  of  the  section  at  any  poii 
Let  one  set  of  impermeable  surfaces  be  the  planes  thro 
axis  for  each  of  which  ift  is  constant,  and  let  the  otbe: 
surfaces  of  revolution  for  which 

V*  =  V'6'.  ■ 
where  ^  is  a  numerical  quantity  between  0  and  1. 

Let  us  ijonuder  a  portion  of  one  of  the  tubes  bounded 
surfaces  ^  and  <f>+d<f>,^  and  ^  +  d<tf,  x  and  x+dx. 

The  section  of  the  tube  taken  perpendicular  to  the  axi 
ydi)d^=  Xl^d^d^. 

If  0  be  the  angle  which  the  tube  makes  with  the  axis 

tanff  =  V'*?- 

^   das 

The  true  length  of  the  element  of  the  tube  ia  dz  eec  6, 
true  section  is  it'di^d.^cos  fl, 

60  that  its  resistance  is 

^  »»      -         dx       . 
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'  =s  0  and  ^  =s  1.    The  result  is 

^  =  5log.(l  +  j),  (14) 

rhieh  may  be  less,  but  cannot  be  greater,  than  the  true  oon* 
uctivity  of  the  conductor. 

When  -r-  Ib  always  a  small  quantity  -r  will  also  be  small,  and 

re  may  expand  the  expression  for  the  conductivity,  thus 

The  first  term  of  this  expression,  -^- ,  is  that  which  we  should 

ave  found  by  the  former  method  as  the  superior  limit  of  the 
3nductayity.  Hence  the  ti'ue  conductivity  is  less  than  the  first 
5rm  but  greater  than  the  whole  series.  The  superior  value  of 
le  resistance  is  the  reciprocal  of  this,  or 

If,  besides  supposing  the  fiow  to  be  guided  by  the  surfiBices  </^ 
nd  ^,  we  had  assumed  that  the  fiow  through  each  tube  is 
roportional  to  (2i/f<2<^,  we  should  have  obtained  as  the  value  of 
lie  resistance  under  this  additional  constraint 

R"=^(A  +  \B)*.  (17) 

rhich  is  evidently  greater  than  the  former  value,  as  it  ought  to 
e,  on  account  of  the  additional  constraint.  In  Lord  Kayleigh's 
aper  this  is  the  supposition  made,  and  the  superior  limit  of  the 
distance  there  given  has  the  value  (17),  which  is  a  little 
reater  than  that  which  we  have  obtained  in  (16). 

308.]  We  shall  now  apply  the  same  method  to  find  the  cor- 
ection  which  must  be  applied  to  the  length  of  a  cylindrical 
onductor  of  radius  a  when  its  extremity  is  placed  in  metallic 
ontact  with  a  massive  electrode,  which  we  may  suppose  of  a 
ifferent  metal. 

For  the  lower  limit  of  the  resistance  we  shaU  suppose  that  an 
dfinitely  thin  disk  of  perfectly  conducting  matter  is  placed  be- 
ween  the  end  of  the  cylinder  and  the  massive  electrode,  so  as  to 
>ring  the  end  of  the  cylinder  to  one  and  the  same  potential 

*  Lord  Bajleigh,  Theory  of  Sound,  ii.  p.  171. 


432  EBSIBTANOB  AND  OOKDUOTIVITT. 

throughout  The  potential  within  tho  cylinder  will  tb 
function  of  its  length  only,  and  if  we  suppose  the  surfao 
electrode  where  the  cylinder  meets  it  to  be  approximate! 
and  all  its  dimensions  to  be  large  compared  with  the  diai 
the  cylinder,  the  distribution  of  potential  will  be  that  c 
conductor  in  the  form  of  a  disk  placed  in  an  infinite  i 
See  Arte.  151,  177. 

If  £  ia  the  difference  of  the  potential  of  the  disk  from 
the  distant  parts  of  the  electrode,  C  the  current  issuing  f 
surface  of  the  disk  into  the  electrode,  and  p'  the  spe 
sistance  of  the  electrode  ;  then  if  Q  is  the  amount  of  el< 
on  the  disk,  which  we  assume  distributed  as  in  Art.  1 6 1 
that  the  integral  over  the  disk  of  the  eleotromotive  iuten 


=  iaE. 
Hence,  if  the  length  of  the  wire  from  a  given  poin 
electrode  is  L,  and  its  specific  I'esistanoe  p,  the  resistan 
that  point  to  any  point  of  the  electrode  not  near  the  jun< 

and  this  may  be  written 

■na'^         pi' 
where  the  second   term  within   brackets  is  a  quantity 
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ae  resistance  by  constrainmg  the  flow  through  the  disk  to  be 

liform  at  every  point.    We  may  suppose  electromotive  forces 

itroduoed  for  this  purpose  acting  perpendicular  to  the  surface 

I  the  disk. 

The  resistance  within  the  wire  will  be  the  same  as  before,  but 

1  the  electrode  the  rate  of  generation  of  heat  will  be  the  sur- 

lee-intq^l  of  the  product  of  the  flow  into  the  potential.    The 

C 
ite  of  flow  at  any  point  is  — 2'  ^^^  ^^^  potential  is  the  same  as 

lat  of  an  electrified  surface  whose  surface-density  is  o-,  where 

2  7r<r=-^,  (20) 

being  the  specific  resistance. 

We  have  therefore  to  determine  the  potential  energy  of  the 
lectrification  of  the  disk  with  the  uniform  surface-density  o*. 

*The  potential  at  the  edge  of  a  disk  of  uniform  density  o* 
(  easily  found  to  be  4  a  o*.  The  work  done  in  adding  a  strip  of 
readth  da  at  the  circumference  of  the  disk  is  2 7a a- da.  4a o*^ 
nd  the  whole  potential  enei*gy  of  the  disk  is  the  integral  of  this, 

or         P  =  ^a»cT2.  (21) 

In  the  case  of  electrical  conduction  the  rate  at  which  work  is 

one  in  the  electrode  whose  resistance  is  R'  is  CPR\    But  from 

he  general  equation  of  conduction  the  current  across  the  di»k 

•er  unit  area  is  of  the  form 

_  l^dV 

P  dv 

or  -7-  <r. 

P 
?he  rate  at  which  work  is  done  is,  if  Fis  the  potential  of  the  disk, 

nd  (20  an  element  of  its  surface, 


Vds 


TiaV 

2CP  p 

=  — s  — »      smce  F 


vd^  <T 


=  \fv<rd6, 


=  i^P(by(20)). 

We  have  therefore 

C«i2'=i^P,  (22) 

P 

^  See  a  Paper  bj  Profevor  Cajley,  London  Math.  Soe,  Proe.  yi.  p.  88. 
VOL.  I.  •  F  f 
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whence,  by  (20)  and  (21), 

and  the  correction  to  be  added  to  the  length  of  the  cylii 

this  correction  being  greater  than  the  true  valoe.     Tfae 

rection  to  be  added  to  the  lenotb  is  therefore  —  an,  wbi 

number  lying  between-  and  — i  or  between  0-785  and 

*  Lord  Bayleigh,  by  a  second  approximation,  haa  red 
Baperior  limit  of  n  to  0-8282. 


»  PiU.Mag.Tiloy.l67%f.m.    LordBayl< 


sEgtiHibMqi 
iti.  p.  71,  ■ 


CHAPTER  IX. 

CONDUCTION  THBOUGH   HETEROGENEOUS  MEDIA. 

On  the  Conditions  to  be  Fulfilled  at  the  Surface  of  Separation 

between  Two  Conducting  Media, 

810.]  There  are  two  conditions  which  the  distribution  of 
euirents  must  fulfil  in  general,  the  condition  that  the  potential 
must  be  continuous,  and  the  condition  of  ^continuity'  of  the 
electric  currents. 

At  the  surface  of  separation  between  two  media  the  first  of 
these  conditions  requires  that  the  potentials  at  two  points  on 
opposite  sides  of  the  surface,  but  infinitely  near  each  other, 
shall  be  equal.  The  potentials  are  here  understood  to  be 
measured  by  an  electrometer  put  in  connexion  with  the  given 
point  by  means  of  an  electrode  of  a  given  metal.  If  the 
potentials  are  measured  by  the  method  described  in  Arts.  222^ 
246,  where  the  electrode  terminates  in  a  cavity  of  the  conductor 
filled  with  air^  then  the  potentials  at  contiguous  points  of 
different  metals  measured  in  this  way  will  differ  by  a  quantity 
depending  on  the  temperature  and  on  the  nature  of  the  two 
metals. 

The  other  condition  at  the  surface  is  that  the  current  through 
any  element  of  the  surface  is  the  same  when  measured  in  either 
medium. 

Thus,  if  V^  and  T^  are  the  potentials  in  the  two  media,  then  at 
any  point  in  the  surface  of  separation 

V,  =  V^,  (1) 

and  if  u^,v^,  w^  and  u^,  v^^  w^  are  the  components  of  currents  in 
the  two  media,  and  2,  m,  n  the  direction-cosines  of  the  normal  to 
the  surface  of  separation 

u-J^-h-v^m-h-w^n  =  Uji  +  Vgm  +  tc;^^.  (2) 

In  the  most  general  case  the  components  u,  v^  w  ai*e  linear 

p  f  2 
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functions  of  the  derivatives  of  V,  the  forms  of  which  t 
in  the  equations 

v==q^  +  r^Y+p,ZA 
w  =  p^X  +  qiY+r^,  f 
where  X,  F,  Z  are  the  derivatives  of  V  with  respect  1 
respectively. 

Let  UB  take  the  case  of  the  surface  which  separates  a 
having  these  coefHcients  of  conduction  from  an  isotropic 
having  a  coefficient  of  conduction  equal  to  r. 

Let  X',  P,  Z'  be  the  values  of  X,  K,  ^  in  the  isotropic 
then  we  have  at  the  surface 

V=V', 
or  Xdx  +  Tdy  +  Z(h  =  X'dx  +  Tdy  +  Z'dz, 

when  Idx  +  mdy  +  nde  =  0. 

This  condition  leads  to 

X' =  X  +  iiral,.      7'=r+4n(rm,       Z' =  Z+inc 
where  o-  ia  the  surface-density. 

We  have  also  in  the  isotropic  medium 

u'  =  rX',      t/  =  tY',      v/  =  rZ', 
and  at  the  boundary  the  condition  of  flow  Is 

u'l  +  i/m  +  v/n  =  vi  +  vm  +  vm, 
or    r(/X+w7+nZ+4iro^) 

=l{r^X-¥PtY+q^)  +  m{q,X  +  rJ-^PjZ)  +  n{p^  +  q^Y^ 
whence 
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then       ^^_idr^        v-»i^,         ^  =  .11Z         /i3) 

k  dx^  "     k  dy*  '^      k  dz  ^        ^     ^ 

ttd  if  V  is  the  normal  drawn  at  any  point  of  the  surface  of 
Separation  from  the  first  medium  towards  the  second,  the  con- 
dition of  continuity  is 

ki  dp       k^  dp  ^     ^ 

If  $1  and  6^  are  the  angles  which  the  lines  of  flow  in  the  first 
and  second  media  respectively  make  with  the  normal  to  the 
surface  of  separation,  then  the  tangents  to  these  lines  of  fiow  are 
in  the  same  plane  with  the  normal  and  on  opposite  sides  of  it, 

•ad  A:itan(?i  =  A:atan^a.  (16) 

This  may  be  called  the  law  of  refraction  of  lines  of  flow. 

811.]  As  an  example  of  the  conditions  which  must  be  fulfilled 
when  electricity  crosses  the  surface  of  separation  of  two  media, 
let  us  suppose  the  surface  spherical  and  of  radius  a,  the  specific 
resistance  being  k^  within  and  k^  without  the  surface. 

Let  the  potential,  both  within  and  without  the  surface,  be  ex- 
panded in  solid  harmonics,  and  let  the  part  which  depends 
on  the  surface  harmonic  S^  be 

Fi  =  (ilir'  +  5ir-C'+i))^.,  (1) 

r,  =^  (A,7^  +  B,r-(*^'))  S,,  (2) 

within  and  without  the  sphere  respectively. 

At  the  surface  of  separation  where  r  =  a  we  must  have 

r-V    and     ^  ^-±^.  (3) 

V,-  V„  and   ^-^  _  ^^   ^^  •  (3) 

From  these  conditions  we  get  the  eqaations 

These  eqaations  are  sufficient,  when  we  know  two  of  the  four 
quantities  A^,  A^,  Bi,  B^,  to  deduce  the  other  two. 

Let  us  suppose  Ai  and  B^  known,  then  we  find  the  following 
expressions  for  A^  and  B^, 

.   _{ifci(i+l)-l-V}iii+(A;i-fc,)(i+l)V<"^^> 

^(2i+»)  'f         (5) 


*  ifei(2i+l) 
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.  In  this  way  we  can  find  the  conditions  which  each  ter 
harmonic  expansion  of  the  potential  must  satiafy  for  any 
of  strata  bounded  by  concentric  spherical  sorfacea. 

312.]  Let  U3  suppose  the  radius  of  the  first  spherica 
to  be  a, ,  and  let  there  he  a  second  spherical  surface  of  i 
greater  than  a^,  heyond  which  the  specific  resistance  ii 
there  are  no  sources  or  sinks  of  electricity  within  these 
there  will  he  no  infinite  values  of  F,  and  we  shall  have 

We  then  find  for  Ag  and  B^,  the  coeffidents  for  tl 
medium. 

The  value  of  the  potential  in  the  outer  medium  depent 
on  the  external  sources  of  electricity,  which  produce 
independently  of  the  existence  of  the  sphere  of  heten 
matter  within,  and  partly  on  the  disturbance  caused 
introduction  of  the  heterogeneous  sphere. 

The  first  part  must  depend  on  solid  harmonics  of 
degi'ees  only,  because  it  cannot  have  infinite  values  wi 
sphere.  The  second  part  must  depend  on  harmonics  of 
degrees,  because  it  must  vanish  at  an  infinite  distance 
centre  of  the  sphere. 
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If  we  pot 

(7  = 1 


2<-l-l 


.(2t+l)»Jti«i+i(i  +  l)(A,-A^)«(l-Q)       ) 

then     Ai  =  k^k^{2i+1)*CA^, 

A,  =  k^{2i+l)(k,{i  +  l)  +  k^i)CA„ 

The  difference  between  A^  the  undisturbed  coefficient,  and  Ai 
its  value  in  the  hollow  within  the  spherical  shell,  is 

A,-A,  =  (k,-k,)H{i+l)(l-Qf*')CA,.  (8) 

Sinee  this  quantitj  is  always  of  the  same  sign  as  il,  whatever 
be  the  values  of  ^^  and  k^^  it  follows  that,  whether  the  spherical 
shell  conducts  better  or  worse  than  the  rest  of  the  medium,  the 
electrical  action  in  the  space  occupied  by  the  shell  is  less  than  it 
would  otherwise  be.  If  the  shell  is  a  better  conductor  than  the 
rest  of  the  medium  it  tends  to  equalize  the  potential  all  round 
the  inner  sphere.  If  it  is  a  worse  conductor,  it  tends  to  prevent 
the  electrical  currents  from  reaching  the  inner  sphere  at  alL 

The  case  of  a  solid  sphere  may  be  deduced  from  this  by 
making  a,  =  0^  or  it  may  be  worked  out  independently. 

818.]  The  most  important  term  in  the  harmonic  expansion  is 
that  in  which  i  =  1,  for  which 

1 


0  = 


3. 


(9) 


9k,k,+  2{k,-k,f(l-{^j) 

Ai  =  9k^kjCAf,        ^j  =  3ij(2Aj  +  A;j)Cil,, 
B^  =  Sk^ik^-k^a^^CA^,  B^  =  (k^-ki){2\+\){a^^-ai*)CA^.) 

The  case  of  a  solid  sphere  of  resistance  k^  may  be  deduced 
from  this  by  making  a^  =  0.     We  then  have 

A=7r44r^3.   ■B,  =  0,. 

(10) 


A  = 


»~i,  +  2i. 


It  is  easy  to  shew  from  the  general  expressions  that  the  value 
of  B^  in  the  case  of  a  hollow  sphere  having  a  nucleus  of  re- 
sistance Jk|,  surrounded  by  a  shell  of  resistance  k^,  is  the  same  as 
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that  of  a  aniform  solid  sphere  of  the  radius  of  the  outer 
and  of  resistance  K,  where 

314.]  If  there  are  n  spheres  of  radius  a^  and  resist 
placed  in  a  medium  whose  resistance  »  k^,  at  such  cl 
from  each  other  that  their  effects  in  disturbing  the  0 
the  current  may  be  taken  as  independent  of  each  otl 
if  these  spheres  are  all  contained  within  a  sphere  of  n 
the  potential  at  a  great  distance  r  from  the  centre  of  th: 
will  be  of  the  form 

V={Ar  +  nB^)&Me, 
where  the  value  of  B  is 

The  ratio  of  the  volume  of  the  n  small  spheres  to  thi 
sphere  which  contains  them  is 

ma,' 

The  value  of  the  potential  at  a  great  distance  from  tl 
may  therefore  be  written 


V=A(r+ra,'i^p<^ll. 


Now  if  the  whole  sphere  of  radius  a,  had  been  m 
material  of  specific  resistance  K,  we  should  have  had 
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This  result  may  be  obtained  in  other  ways,  but  that  here  given 
UiTolves  only  the  repetition  of  the  result  ab*eady  obtained  for  a 
(ingle  sphere. 

When  the  distance  between  the  spheres  is  not  great  compared 

with  their  radii,  and  when  ^~ — ^-  is  considerable,  then  other 

terms  enter  into  the  result,  which  we  shall  not  now  consider. 
In  consequence  of  these  terms  certain  systems  of  arrangement  of 
the  spheres  cause  the  resistance  of  the  compound  medium  to  be 
different  in  different  directions. 

Application  of  the  Principle  of  Images. 

815.]  Let  us  take  as  an  example  the  case  of  two  media 
separated  by  a  plane  surface,  and  let  us  suppose  that  there  is 
a  source  S  of  electricity  at  a  distance  a  from  the  plane  surface  in 
the  first  medium,  the  quantity  of  electricity  flowing  from  the 
source  in  unit  of  time  being  S. 

If  the  first  medium  had  been  infinitely  extended  the  current 
at  any  point  P  would  have  been  in  the  direction  SP^  and  the 

potential  at  P  would  have  been  -,  where  J?  =  7-^,  and  r,  =  SP. 

In  the  actual  case  the  conditions  may  be  satisfied  by  taking 
a  point  /,  the  image  of  ^  in  the  second  medium,  such  that  IS 
is  normal  to  the  plane  of  separation  and  is  bisected  by  it.  Let 
r,  be  the  distance  of  any  point  from  I,  then  at  the  surface  of 
separation  r^  =  r^,  (1) 

^i  =  -^«.  (2) 

dv  dv  ^  ' 

Let  the  potential  V^  at  any  point  in  the  first  medium  be  that 
due  to  a  quantity  of  electricity  E  placed  at  S,  together  with  an 
imaginary  quantity  E^  at  /,  and  let  the  potential  T^  at  any 
point  of  the  second  medium  be  that  due  to  an  imaginary 
quantity  E^  at  8^  then  if. 

^=:?  +  ^2  and  l^=^S  (3) 

the  superficial  condition  T[=  T^  gives 

E+E^  =  E^,  (4) 

and  the  condition  1  dJ^  _  J_^  /5\ 

Je^dv  ^  k^dv 
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whence  E,  =  j^  E,        E.  =  |^  E. 

The  potential  in  the  first  medium  is  therefore  the 
would  be  produced  in  air  by  a  chaige  E  placed  at  i 
charge  E^  at  /  on  the  electrostatic  theory,  and  the  pot 
the  second  mediam  ia  the  same  aa  that  which  would  be  ] 
in  air  by  a  chaise  E^  at  S. 

The  current  at  any  point  of  the  first  medium  is  the 
would  have   been   produced  by  the  source   S  togetbei 

source  ^ — J-  S  placed  at  I  if  the  firat  medium  had  been 

and  the  current  at  any  point  of  ^e  second  medium  is  I 

2h  S 
as  would  have  been  produced  by  a  source ,,     *,   ■■  place- 

the  second  medium  had  been  infinite. 

We  have  thus  a  complete  theory  of  electrical  image 
case  of  two  media  separated  by  a  plane  boundary.  V 
be  the  nature  of  the  electromotive  forces  in  the  first 
the  potential  they  produce  in  the  first  medium  may  be  i 
combining  their  direct  effect  with  the  effect  of  tlieir  ima; 

If  we  suppose  the  second  medium  a  perfect  conduo 
kj  =  0,  and  the  image  at  /  is  equal  and  opposite  to  th 
at  jS.  This  is  the  case  of  electric  images,  as  in  Thomson' 
in  electrostatics. 

)  the   second  medium  a  perfect  insula! 


3i8.] 


STBATUK  WITH  FABALLEL  SIDES. 
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< 


^'ver,  applicable,  as  weU  as  the  more  general  method  of  trans- 
fwmatioii  in  two  dimensions  given  in  Art.  190  *. 

Conduction  through  a  Plate  separating  Tvx)  Media. 

817.]  Let  us  next  consider  the  effect  of  a  plate  of  thickness 
AB  of  a  medium  whose 
lesbtanoe  is  h^,  and 
separating  two  media 
whose  resistances  are  -^ — 
k^  and  £3,  in  altering 
the  potential  due  to  a 
source  iS  in  the  first 
medium. 

The  potential  will  be 
equal  to  that  due  to  a  system  of  charges  placed  in  air  at  certain 
points  along  the  normal  to  the  plate  through  8. 

Make 
AI=SA,    BT^^SB,    AJi  =  I,A,    BI^  =  J^B,    AJ^^I^A^Scc; 
then  we  hare  two  series  of  points  at  distances  from  each  other 
equal  to  twice  the  thickness  of  the  plate. 

318.]  The  potential  in  the  first  medium  at  any  point  P  is 

ps+p/  +  P7;  +  pt  +  *^"  w 

that  at  a  point  F'  in  the  second 


Kg.  24. 


Z_     Z_      Zl_ 


i: 


2 


and  that  at  a  point  P"  in  the  third 

E"         Ji 


+  &C. 


+  &c., 


(9) 


(10) 


P"S  ■*■  P"J,  ■*■  F'J^  ■*■  *'^" 
where  7,  I\  &;c.  represent  the  imaginary  charges  placed  at  the 
points  7,  &c.,  and  the  accents  denote  that  the  potential  is  to  be 
taken  within  the  plate. 

•  See  Kirohhoff;  Pogg.  Ann.  Ixiv.  497,  And  IxtH.  844  ;  Qnlncke,  Pogg.  xeriL  882 ; 
Hmith,  Froc  R.  8.  IMin.,  1869-70,  p.  79.  Holzmmier,  EinfOhrung  in  die  TkeoHe 
dtr  isogonalen  Verwandsekaften,  Leipsig,  1882.  Guebhard,  Journal  d«  Pkjfgique, 
t.  i.  p.  488,  1882.  W.  O.  Adams,  PhU.  Mag,  W.  50,  p.  548,  1876 ;  6.  C.  Foster  and 
O.  J.  Lodges  PkU.  Mag.  iv.  49,  pp.  885, 458;  50,  p.  475, 1879  and  1880 ;  O.  J.  Lodge, 
PhU.  Mag.  (5),  i.  878, 1876. 
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Then,  by  Article  315,  we  h&ve  &om  the  conditioi 
Hurface  tbrongh  A, 

ij  +  A,    '  JSi,  +  «j 

For  the  surface  through  B  we  find 

Similarly  for  the  Burfaoe  through  A  again, 

aod  for  the  surface  through  B, 


If  we  make 


and  p' 


we  find  for  the  potential  in  the  first  medium, 


'n 


+  (1- 


p')i''yj  +p'('-p'}pp'-, 


E 

+p'i'^-p')(pp')-'jli/ 
For  the  potential  in  the  third  medinm  we  find 

*  {TheM  exprevioiu  ma;  b«  reduced  to  deGnite  integmli  b;  ths  raUtli 
Va'  +  i?     Jq 
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If  the  first  medium  is  the  same  as  the  third,  then  ki  =  k^  and 
P  ^  p\  and  the  potential  on  the  other  side  of  the  plate  will  be 

V=(l-p«)i^{^  +  ^  +  &C  +  g-  +  4  (17) 

If  t&e  plate  is  a  very  much  better  conductor  than  the  rest  of 
^hiQ  medium,  p  is  very  nearly  equal  to  1.  If  the' plate  is  a  nearly 
Perfect  insulator,  p  is  nearly  equal  to  —  1,  and  if  the  plate  differs 
^^e  in  conducting  power  from  the  rest  of  the  medium,  p  is  a 
^X&all  quantity  positive  or  negative. 

The  theory  of  this  case  was  first  stated  by  Gi*een  in  his 
*  Theory  of  Magnetic  Induction'  (Essay,  p.  66).  His  result, 
llowever,  is  correct  only  when  p  is  nearly  equal  to  1  *.  The 
quantity  g  which  he  uses  is  connected  with  p  by  the  equations 

a^—E^^  huh.         =   ^3  _h-K^ 

If  we  put  p  =  — - —  ,  we  shall  have  a  solution  of  the  problem 

of  the  magnetic  induction  excited  by  a  magnetic  pole  in  an 
infinite  plate  whose  coefficient  of  magnetization  is  k. 


On  Stratified  Conductors. 

319.]  Let  a  conductor  be  composed  of  alternate  strata  of 
thicknesses  c  and  </  of  two  substances  whose  coefficients  of  con- 
ductivity are  different.  Required  the  coefficients  of  resistance 
and  conductivity  of  the  compound  conductor. 

Let  the  planes  of  the  strata  be  normal  to  z.  Let  every  symbol 
relating  to  the  strata  of  the  second  kind  be  accented,  and  let 
every  symbol  relating  to  the  compound  conductor  be  marked 

with  a  bar  thus,  X.    Then 

X  =  -Y  =  2l',        {c  +  c')u  ^  CU  +  c'u\ 

We  must  first  determine  u,  u^'  v,  v,'  Z  and  Z'  in  terms  of 
JT,  Fand  w  from  the  equations  of  resistance,  Art.  297,  or  those 

^  8m  Sir  W.  Thomson*!  '  Note  on  Induced  Magnetiim  in  a  PUU/  Cawh,  and 
Dab.  JfolA.  Jown.,  Not.  1846,  or  Reprint,  art  ix.  (  166. 
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of  coDdnotivity,  Art.  298.    If  we  pat  D  for  the  deten 
the  ooefficienta  of  resistajice,  we  find 

Wgi)  =  iiiF-PaX  +  tSpiA 

Zr^     =  ~p,X-qi7+w. 

Similar  equations  with  the  Bjmbols  accented  give  t 

of  u',  t/  and  Z".     Having  found  €.,  v  and  w  in  temu  of 

Z,  we  may  write  down  the  equations  of  conduotivi 

stratified  conductor.     If  we  make  k=  —  and  k'  =  —r 

^'-   h+k'   '      ^»-   k+k'  ' 

P'-     h  +  h'     '         '«-     A  +  A'     ' 

_  cp^  +  c'p^'  hk'{q^~q{)  {q^-qi) 
^'          €  +  &■  (h  +  h')(c  +  tO       ' 

-   _  cq^  +  c'q^'  hh'(pi~p/)(p^~p/) 
^»~      c  +  c-  (A  +  A')(c  +  c')       ' 

'         c  +  c'  (A  +  A')(c+c') 

^  er^  +  cV,'     hh'(p^-pj')  (gi-gjQ 
*  c  +  c'  <A  +  A')(c  +  c')      ' 

*^'-aTa'' 

320.]  If  neither  of  the  two  substances  of  which  the 

Jhe  rotatory  property  of  Art.  303,  the  val 

iprrespopding  Q  or 
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we  begin  with  both  substances  isotropic,  but  of  different 

of    (r^r'Y 

uctivities  r  and^r',   then,  since  r^^r^^ >r-? — 7-t» 

'  ^      *      c  +  c' (c7^  +  c'r) 

esnlt  of  stratification  will  be  to  make  the  resistance  greatest 

le  direction  of  a  normal  to  the  strata,  and  the  resistances 

1  directions  in  the  plane  of  the  strata  will  be  equal 

2.]     Take  an  isotropic  substance  of  conductivity  r,  cut  it 

exceedingly  thin  slices  of  thickness  a,  and  place  them 
nately  with  slices  of  a  substance  whose  conductivity  is  «, 
thickness  k^a. 

it  these  slices  be  normal  to  x.  Then  cut  this  compound 
uctor  into  very  much  thicker  slices,  of  thickness  6,  normal 

and  alternate  these  with  slices  whose  conductivity  is  8  and 
jiess  Ic^h, 

kstly,  cut  the  new  conductor  into  still  thicker  slices,  of 
mess  0,  normal  to  0,  and  alternate  them  ¥dth  slices  whose 
uctivity  is  a  and  thickness  k^c. 

le  result  of  the  three  operations  will  be  to  cut  the  substance 
}e  conductivity  is  r  into  rectangulai*  parallelepipeds  whose 
insions  are  a,  h  and  0,  where  h  is  exceedingly  small  compared 

c,  and  a  is  exceedingly  small  compared  with  6,  and  to 
3d  these  parallelepipeds  in  the  substance  whose  conductivity 

so  that  they  are  separated  from  each  other  A^a  in  the 
;tion  of  a;,  A;^^  in  that  of  y,  and  k^c  in  that  of  z.  The 
uctivities  of  the  conductor  so  formed  in  the  directions  of 
and  z  are  to  be  found  by  three  applications  in  order  of  the 
ts  of  Art.  321.     We  thereby  obtain 

_  {l-^-A;,(l-^A:2)(1^^^^3)}^-^(^2■^^^^^^^A)g 
(l+A:,)(l+A:3)(V  +  8) 

__  (1  •\'k2-\-k2k^r-\-{k^-\-k^-{-kyk.y-\'k^k^-\'k^k^k^s 
(1  -f  k^)  (r  -f  (fc^  -h  A;^  -f  k^k^)8) 

iC^TT  T"  (  1  T  A/1  T"  rt/o  "T"  '^o    3   •      3     1    '   ^12   •   ^4    2    3/ 

le  accuracy  of  this  investigation  depends  upon  the  three 
msions  of  the  parallelepipeds  being  of  different  orders  of 
[litude,  so  that  we  may  neglect  the  conditions  to  be  fulfilled 
eir  edges  and  angles.  If  we  make  k^ ,  k^  and  ^73  each  unity,  then 
6r+3«  _3r  +  68  _  2r-h6a 

*       4r  +  48  *        *      2r  +  6«  '        *       r+78 
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If  r  =  0,  that  is,  if  the  medium  of  which  Uie  parallc 
are  m&de  is  a  perfect  insulator,  then 

Ti  =  |a,         r^  =  |8,         r,  =  Je. 

If  r  =  00 ,  that  is,  if  the  parallelepipeds  are  perfect  ooi 
r^  =  ^8,         rj  =  58.        '■>  =  28. 

In  every  case,  provided  i,  =  Aj  =  ij,  it  may  be  Bhe 
^'i>  ^1  *^^^  ^s  ^'"^  '°  ascending  order  of  magnitude,  so 
greatest  conductivity  is  in  the  direction  of  the  longest  dii 
of  the  parallelepipeds,  and  the  greatest  resistance  in  the  < 
of  their  shortest  dimensions. 

323.]  In  a  rectangular  parallelepiped  of  a  condnctii 
let  there  be  a  conducting  channel  made  &om  one  ang] 
opposite,  the  channel  being  a  wire  covered  with  it 
material,  and  let  the  lateral  dimensions  of  the  chaon 
small  that  the  conductivity  of  the  solid  is  not  affected  e 
account  of  the  current  conveyed  along  the  wire. 

Let  the  dimensions  of  the  parallelepiped  in  the  dire 
the  coordinate  axes  be  a,  b,  c,  and  let  the  conduc 
the  channel,  extending  from  the  origin  to  the  point 
abcK. 

The  electromotive  force  acting  between  the  extremiti 
channel  is  aX  +  bY+cZ, 

and  if  C^  be  the  current  along  the  channel 

C  =  Kabc{aX+bT+cZ). 

The  current  across  the  face  be  of  the  parallelepiped  is 


324.] 


COMPOSITE   OONDUOTOB, 
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'  vilueB  of  q^y  &o.  Hence  the  values  of  p^  and  g^  cannot  be 
Midered  unequal  by  the  introduction  of  linear  channels  into 
^ery  element  of  volume  of  the  solid,  and  therefore  the  rotatory 
pioperty  of  Art.  303,  if  it  does  not  exist  previously  in  a  solid, 
ttttmot  be  introduced  by  such  means. 

824.]  To  construct  a  framework  of  linear  coriductora  which 
^kciS  have  any  given  coefjmerUs  of  condv^tivity  forming  a 
^ywrnetrical  system. 

Let  the  space  be  divided  into  equal  small  cubes,  of  which  let 
ttie  figure  represent  one.    Let  the  coordin- 
iltes  of  the  points  0,  £,  if,  If^  and  their  poten- 
tials be  as  follows : — 

Potential 

X+Y+Z 

X 

Y 

Z. 


yf 


N 


X 

y 

z 

0 

0 

0 

0 

L 

0 

1 

1 

M 

1 

0 

1 

N 

1 

1 

0 

o 


N' 


Fig.  25. 


Let  these  four  points  be  connected  by  six  conductors, 

OL,        OM,        ON,        MN,        NL,       LM, 

of  which  the  conductivities  are  respectively 

A,        B,        C,        P,        Q,        R. 

The  electromotive  forces  along  these  conductors  will  be 

F+Z,    Z+X,    Z+F,    F-Z,    Z^X,    Z-F, 

and  the  currents 

A{7+Z),  B{Z+X),  C7(Z  +  F),  PiY^Z),  Q{Z^X\  R{X^Y). 
Of  these  currents,  those  which  convey  electricity  in  the  positive 
direction  of  x  are  those  along  LM,  LN,  OM  and  ON,  and  the 
quantity  conveyed  is 

u  =  (B+C+Q  +  i2)Z  +  ((7-ii)F  +(5-Q)Z. 

Similarly 

v^{C^R)X  +((7+il  +  iZ  +  P)F+(il-P)Z; 

w^{B^Q)X  +(il-P)F  +(il  +  B  +  P  +  Q)Z; 

whence  we  find  by  comparison  with  the  equations  of  conduction. 

Art  298, 

4  il  =  rj  +  r3-r,  +  2pi,  4P  =  r^-^r^-r^-^p^, 

4  5  =  ^3  +  ^1-^2  + 2/>2,  4  Q  =  r3  +  ri-r,-2/>j, 

4(7  =  rj  +  r,-r3  +  2/>3,  ^R-r^-\^r^"r^-2p^. 


YOL.  I. 
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325.]  We  have  seen  that  wh^  electromotiTe  force  aob 
dielectric  medium  it  produces  in  it  a  state  whioh  we  have 
electric  polarization,  and  which  we  have  described  m  cobi 
of  electric  difiplocement  within  the  medium  in  a  direction 
in  isotropic  media,  coincides  with  that  of  the  electromotivi 
combined  with  a  superficial  chai^  on  every  elemmt  of  i 
into  which  we  may  suppose  the  dielectric  divided,  wl 
negative  on  the  aide  towards  which  the  force  acts,  and  p 
on  the  side  irom  which  it  acts. 

When  electromotive  force  acts  on  a  conducting  medium 
pi-oducea  what  is  called  an  electric  current. 

Now  dielectric  media,  with  very  few,  if  any,  exceptio 
also  more  or  less  imperfect  conductors,  and  many  media 
are  not  good  insulators  exhibit  phenomena  of  dielectric  ind 
Hence  we  are  led  to  study  the  state  of  a  medium  In 
induction  and  conduction  are  going  on  at  the  same  time. 

For  simplicity  we  shall  suppose  the  medium  isotropic  at 
point,  but  not  necessarily  homogeneous  at  different  poin 
this  case,  the  equation  of  PoifBOQ  becomes,  by  Art.  83, 

where  K  is  the '  specific  inductive  capacity.' 
The  '  equation  of  continuity '  of  electric  currents  becom* 


>  "^  dz^rds)      dl  ' 


volum 
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In  a  sfarieily  homogeneous  medium  r  and  K  are  both  constant, 
>  that  we  find 

alienee  p^Ce  *'' ;  (4) 

r,  if  we  put  ^=7^'  p^Ce"^.  (6) 

This  result  shews  that  under  the  action  of  any  external  elec- 
lic  forces  on  a  homogeneous  medium,  the  interior  of  which  is 
originally  charged  in  auy  manner  with  electricity,  the  internal 
^haiges  will  die  away  at  a  rate  which  does  not  depend  on  the 
sztemal  forces,  so  that  at  length  there  will  be  no  charge  of 
Jectricity  within  the  medium,  after  which  no  external  forces 
tan  either  produce  or  maintain  a  charge  iiit  any  internal  portion 
if  the  medium,  provided  the  relation  between  electromotive 
broe,  electric  polarization  and  conduction  remains  the  same. 
WhsoEL  disruptive  discharge  occurs  these  relations  cease  to  be 
ane»  and  internal  charge  may  be  produced. 

On  Condtuition  through  a  Condenser. 

826.]  Let  C  be  the  capacity  of  a  condenser,  R  its  resistance, 
md  E  the  electromotive  force  which  acts  on  it,  that  is,  the. 
lifference  of  potentials  of  the  surfaces  of  the  metallic  electrodes. 

Then  the  quantity  of  electricity  on  the  side  from  which  the 

electromotive  force  acts  will  be  CE,  and  the  current  through  the 

lubstance  of  the  condenser  in  the  direction  of  the  electromotive 

E 
force  will  be  -p  • 

If  the  electrification  is  supposed  to  be  produced  by  an  electro- 
motive force  E  acting  in  a  circuit  of  which  the  condenser  forms 

party  and  if  -^  represents  the  current  in  that  circuit,  then 

dQ_E        dE 

Let  a  batteiy  of  eleotromotiye  force  E,,  whose  resistance 
together  with  tiutt  of  the  wire  connecting  the  electrodes  is  r, 
be  introdaoed  into  this  circuit,  then 

dQ     E,-E_E        dE  • 

dt='~i^-R'^^dt'  ^^' 

oga 
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Hence,  at  any  time  t, , 

Next,  let  the  circoit  r,  be  broken  for  a  time  t^,  pi 
in£nite,  we  get  firom  (7), 

E(=  E^)  =  E^e'  ^  where  T^  =  CR. 
Finally,  let  the  surfaces  of  the  condenser  be  comu 
means  of  a  wire  whose  resistance  is  r,  for  a  time 
putting  E^  =0,  r^  =  rg  in  (7),  we  get 

-*5.  CRr 

E{=E^  =  E.,e    I-,  where  Tj  =  ^^ . 

If  Qj  is  the  total  discbaige  tiirough  this  wire  in  the  tj 

In  this  way  we  may  find  the  discharge  through  a  wi 
is  made  to  connect  the  surfaces  of  a  condenser  after  being 
for  a  time  £„  and  then  insulated  for  a  time  fj.  If  the 
charging  is  sufficient,  as  it  generally  is,  to  develop  tl 
charge,  and  if  the  time  of  discharge  is  suffiiuent  for  a  i 
discharge,  ^e  discharge  is 

'  327.]  In  a  condenser  of  this  kind,  first  chu^ed  in  i 
next  discharged  through  a  wire  of  small  resistance,  a 
insulated,  no  new  electrification  will  appear.  In  mos 
condensers,  however,  we  find  that  after  discharge  and  ix 

a  new  charge  is  gradually  developed,  of  the  same  kini 
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I^  ^f  ^s>  ^-  l>o  ^6  thicknesses  of  the  different  strata. 

X^y  X,,  &0.  the  resultant  electrical  forces  within  the  strata. 

P\*Pt*  ^^  ^^^  currents  due  to  conduction  through  the  strata. 

fly  f 29  &c.  the  electric  displacements. 

^i»  ^t>  &<^  the  total  currents,  due  partly  to  conduction  and 
partly  to  variation  of  displacement. 

Ti,r^,  &C.  the  specific  resistances  referred  to  unit  of  volume. 

Jfj,  K^,  &c.  the  specific  inductive  capacities. 

ftj,  j;^,  &c  the  reciprocals  of  the  specific  inductive  capacities. 

E  the  electromotive  force  due  to  a  voltaic  battery,  placed  in 
the  part  of  the  circuit  leading  from  the  last  stratum  towards  the 
first,  which  we  shall  suppose  good  conductors. 

Q  the  total  quantity  of  electricity  which  has  passed  through 
this  part  of  the  circuit  up  to  the  time  t. 

JZ^  the  resistance  of  the  battery  with  its  connecting  wires. 

o-j^  the  surface-density  of  electricity  on  the  surface  which 
separates  the  first  and  second  strata. 

Then  in  the  first  stratum  we  have,  by  Ohm's  Law, 

Zi  =  rji;>i.  (1) 

By  the  theory  of  electrical  displacement, 

Z,  =  4,rA,/,.  (2) 

By  the  definition  of  the  total  current, 

%=i>,  +  f,  (3) 

with  similar  equations  for  the  other  strata,  in  each  of  which  the 
quantities  have  the  suffix  belonging  to  that  stratum. 

To  determine  the  surface-density  on  any  stratum,  we  have  an 
equation  of  the  form         a^  =  /,— /^ ,  (4) 

and  to  determine  its  variation  we  have 

By  differentiating  (4)  with  respect  to  t,and  equating  the  result 
to  (5),  we  obtain 

or,  by  taking  account  of  (3), 

ttj  =  Ug  =  &c.  =  u.  (7) 

That  is,  the  total  current  u  is  the  same  in  all  the  strata,  and  is 
equal  to  the  current  through  the  wire  and  battery. 
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We  have  also,  in  Tirtne  of  eqoatione  (1)  and  (2),' 
1  ^   ,      1     dXi 
Tj    *     4ir«i  at 
from  which  we  may  find  Xj  by  the  inTeise  operation  oi 

The  total  electromotive  force  E  is 

E=a^Xi  +  a^X,  +  &ti., 

an  equation  between  E,  the  external  electromotive  for 
the  external  current. 

If  the  ratio  of  r  to  i  is  the  same  in  all  the  strata,  the 
reduces  itaelf  to 

which  is  the  case  we  have  already  examined  in  Art.  3! 
which,  as  we  found,  no  phenomenon  of  reudual  charge 
place. 

If  there  are  n  substances  having  different  ratios  of  i 
general  equation  (11),  when  cleared  of  inverse  operatioi 
s  linear  differential  equation,  of  the  nth  order  with  rea 
and  of  the  (»— l)th  order  with  respect  to  w,  (  bdui 
dependent  variable. 

From  the  form  of  the  equation  it  ie  evident  that  th 
the  different  strata  is  indifferent,  so  that  if  there  m 
sti-ata  of  the  same  substance  wc  may  suppose  tbem  u: 
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Hence,  by  equation  (10), 

E^  =  ^ir(k^a^+k^a^-^Scc.)Q,  (16) 

and  if  (7  be  the  electric  capacity  of  the  system  as  measured  in 
this  instantaneous  way, 

Q  ^  JsL  ^  ^ }. (16) 

Eq      iir{ki(ii  +  k2a2-h&e.)  ^     ' 

This  is  the  same  result  that  we  should  have  obtained  if  we  had 
neglected  the  conductivity  of  the  strata. 

Lrt  us  next  suppose  that  the  electromotive  force  .^^  is  con- 
tinned  uniform  for  an  indefinitely  long  time,  or  till  a  uniform 
corrent  of  conduction  equal  to  j>  is  established  through  the 
system. 

We  have  then  Xi  =  r^p,  etc.,  and  therefore  by  (10), 

^0  =  (^1^  +  ^2^2  +  ^^)p*  (1 7) 

If  i2  be  the  total  resistance  of  the  system, 

E 
JJ=  —  =  riai  +  r2a2+&c.  (18) 

In  this  state  we  have  by  (2), 

so  that  ^^^(^^Il^p.  (19) 

It  we  now  suddenly  connect  the  extreme  strata  by  means  of  a 

oonductor  of  small  resistance,  E  will  be  suddenly  changed  from 

its  original  value  E^  to  zero,  and  a  quantity  Q  of  electricity  will 

through  the  conductor. 

To  determine  Q  we  observe  that  if  X/  be  the  new  value  of  X^ , 

*JMa^  by  (13),  x/=  Zi  +  4,rA:,Q.  (20) 

Hence,  by  (10),  putting  J^  =  0, 

0  =  a^Zi  +  &c.  +  4  w  (ojii  +  a^K  +  ^^)  0»  ^^^) 

or  0  =  ^o  +  ^<2.  (22) 

Hence  Q^-^CE^  where  C  is  the  capacity,  as  given  by 
equation  (16).  The  instantaneous  discharge  is  therefore  equal 
to  the  instantaneous  charge. 

Let  us  next  suppose  the  connexion  broken  immediately  after 
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this  discbarge.  We  shall  then  have  u  =  0,  so  ih&t  by  eqa 

where  J?,'  is  the  initial  value  after  the  dischai^. 
Hence,  at  any  time  (,  we  have  by  (23)  and  (20) 

The  value  of  E  at  any  time  is  tiierefore 

and  the  instantaneous  disohai^e  after  any  time  t  is  EC. 
called  the  residual  discharge. 

If  the  ratio  of  r  to  k  is  the  same  for  all  the  strata,  I 
of  E  will  be  reduced  to  zero.  If,  however,  this  ratio  ia 
same,  let  the  terms  be  arranged  according  to  the  value 
ratio  in  descending  order  of  magnitude. 

The  sum  of  all  the  coefficients  is  evidently  zero,  eo  tl 
t  =  0,  E  =  0.  The  coefficients  are  also  in  descending 
magnitude,  and  so  are  the  exponential  tei-ma  when  t  is 
Hence,  whenf  is  poeitive,  £  will  bepo»tive*,80  that  the 
discharge  is  always  of  the  same  sign  as  the  primary  dis< 

When  t  is  indefinitely  great  all  the  terms  disappear  ui 
of  the  strata  are  perfect  insulators,  in  which  case  rj  is  in 
that  stratum,  and  B  is  infinite  for  (he  whole  system, 
final  value  of  £  is  not  zero  but 


E=E^{l-i-na^k\C). 
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At  any  instant  we  have 

J?  =  air|p^  +  a2r2jp2  +  &c.  +  i?j,u=  0,  (26) 

and  also,  by  (3),  ^  =  ^i  +  ^  •  (^^^ 

Hence        {R  +  Ro)^  =  «i^i  ^  +  «2^2 ^  +  &c.  (28) 

Integrating  with  respect  to  Hn  order  to  find  Q,  we  get 

{R  +  i?o)  Q  =  a,r,  (//  ^/,)  +  a,r,(f,'  ^f^  +  &c,  (29) 

where /x  is  the  initial,  and//  the  final  value  of/i. 

In  this  case//  =  0,and  by  (2)  and  (20) /^  =  ^o(^^  -  C') • 
Hence    (iJ  +  R,)Q  =  -  j^C^'  +  ""^"^  +  &c.)  +  E,CR,  (30) 

=  -^»SSra,a,i,*,(p-J)].  (31) 

^nrhere  the  summation  is  extended  to  all  quantities  of  this  form 
belonging  to  every  pair  of  strata. 

It  appears  from  this  that  Q  is  always  negative,  that  is  to  say, 
in  the  opposite  direction  to  that  of  the  current  employed  in 
charging  the  system. 

This  investigation  shews  that  a  dielectric  composed  of  strata 
of  different  kinds  may  exhibit  the  phenomena  known  as  electric 
absorption  and  residual  discharge,  although  none  of  the  sub- 
stances of  which  it  is  made  exhibit  these  phenomena  when 
alone.  An  investigation  of  the  oases  in  which  the  materials  are 
arranged  otherwise  than  in  strata  would  lead  to  similar  results, 
though  the  calculations  would  be  more  complicated,  so  that  we 
may  conclude  that  the  phenomena  of  electric  absorption  may  be 
expected  in  the  case  of  substances  composed  of  parts  of  different 
kinds,  even  though  these  individual  parts  should  be  micro- 
seopically  small*. 

It  by  no  means  follows  that  every  substance  which  exhibits 
this  phenomenon  is  so  composed,  for  it  may  indicate  a  new  kind 
of  electric  polarization  of  which  a  homogeneous  substance  may 

^  { Rowland  and  Nichols  have  Khewn  that  cryital«  of  Iceland  Spar  which  are  very 
lioinogeneoiis  tbew  no  Electric  Abtorption,  Phil,  Mag,  zi.  p.  414,  1881.  Munoka 
found  thai  while  paiafRn  and  xylol  shewed  no  residual  charge  when  lefMumte,  a  layer 
of  xylol  on  a  layer  of  paraffin  did.     Wied.  Ann.  40,  S81,  1890.) 
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be  capable,  and  this  in  aome  cases  maj  perhape  Tesembk 
chemical  polarizatioD  much  more  than  dielectrio  polarizt 

The  object  of  the  inyestigatiOQ  is  merely  to  point  oat 
mathematical  character  of  the  so-called  elecb'ic  abeotpi 
to  shew  bow  fundamentally  it  differs  &om  the  pheno 
heat  which  seem  at  first  eight  analogous. 

331,]  If  we  take  a  thick  plate  of  any  subetance  ani 
on  one  side,  so  as  to  produce  a  flow  of  heat  through  i 
we  then  suddenly  cool  the  heated  side  to  the  same  ten 
as  the  other,  and  leave  the  plate  to  itself,  the  heated  ui 
plate  will  again  become  hotter  than  the  other  by  co 
from  within. 

Now  an  electrical  phenomenon  exactly  analogous  to 
be  produced,  and  actually  occurs  in  telegraph  cables, 
mathematical  laws,  though  exactly  agreeing  with  those 
differ  entirely  from  those  of  the  stratified  condenser. 

In  the  case  of  heat  there  is  true  absorption  of  the  I 
the  substance  with  the  result  of  making  it  hot.  To  | 
truly  analogous  phenomenon  in  electriuty  is  impOBsibh 
may  imitate  it  in  tlie  following  way  in  the  form  of  a 
room  experiment. 

Let  Ai,  A^,  &c  be  the  inner  conducting  sor&ces  of  a 
'  condensers,  of  which  B^,,  B^,  B^,  &c.  are  the  outer  suriw 
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of  the  plates  B  must  remain  zero,  and  since  the  electricity  on  the 
jj^ateii  ^  is  in  each  case  equal  and  opposite  to  that  of  the  opposed 
sui&oe  they  will  not  be  electrified,  and  no  alteration  of  the 
Mirent  will  be  observed. 

But  let  the  plates  JB  be  all  connected  together,  or  let'  each  be 
eonneoted  wiUi  the  earth.  .  Then,  since  the  potential  of  ^^  is 
poeitiYe,  while  that  of  the  plates  JB  is  zero,  Ai  will  be  positively 
deoliified  and  JB^  negatively. 

It  Pji  J^,  &c.  are  the  potentials  of  the  plates  ii|,  ^2«  ^^'t  ^^^  ^ 
the  capacity  of  each,  and  if  we  suppose  that  a  quantity  of  elec- 
trimty  equal  to  Qq  passes  through  the  wire  on  the  left,Qi  through 
the  connexion  i2^,  and  so  on,  then  the  quantity  which  exists  on 
the  plate  A^  is  Qo~Qi»  ^^^  '^^  hAve 

Qo-Qi  =  OP,. 
Similarly  Qi-Qz^CP^,, 

and  so  on. 

But  by  Ohm's  Law  we  have 

P       P  —  7?  ^^1 


dt 
P^^P^  —  R 


dQ2 


We  have  supposed  the  values  of  C  the  same  for  each  plate, 
if  we  suppose  those  of  R  the  same  for  each  wire,  we  shall  have 
a  series  of  equations  of  the  form 

If  there  are  n  quantities  of  electricity  to  be  determined,  and 
if  either  the  total  electromotive  force^  or  some  other  equivalent 
condition  be  given,  the  differential  equation  for  determining  any 
one  of  them  will  be  linear  and  of  the  nih  order. 

By  an  apparatus  arranged  in  this  way,  Mr  Yaxley  succeeded 
in  imitating  the  electrical  action  of  a  cable  1 2,000  miles  long. 

When  an  electromotive  force  is  made  to  act  along  the  wire  on 
the  left  hand,  the  electricity  which  flows  into  the  system  is  at 
first  principally  occupied  in  charging  the  different  condensers 
beginning  with  A^,  aUd  only  a  very  small  fraction  of  the  current 
appears  at  the  right  hand  till  a  considerable  time  has  elapsed. 
If  galvanometers  be  placed  in  circuit  at  R^^R^f  &c.  they  will  be 
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affected  by  tbe  current  one  after  another,  the  intrard 
the  times  of  equal  indications  being  greater  as  we  proo 
right. 

332.]  In  the  case  of  a  telegraph  cable  the  conduo 
is  separated  bom  conductors  outside  bj  a  cjlindrio 
of  gutta-percha,  or  other  insulating  material.  Eacl 
of  the  cable  thus  becomes  a  condenser,  the  outer  e 
which  is  always  at  potential  zero.  Hence,  in  a  give 
of  the  cable,  tbe  quanUty  of  free  electricity  at  th 
of  the  conducting  wire  is  equal  to  the  product  of  tbe 
into  the  capacity  of  the  portion  of  the  cable  consid 
condenser. 

If  a, ,  %  are  the  outer  and  inner  radii  of  the  insalatii 
and  if  A'  is  its  specific  dielectric  capacity,  the  capacity  i 
length  of  Uie  cable  is,  by  Art.  126, 

2log^ 

Let  V  be  the  potential  at  any  point  of  the  wire,  whid 
consider  as  the  same  at  every  part  of  the  same  section. 

Let  Q  be  the  total  quantity  of  electricity  wiiioh  h 
through  that  section  since  tbe  beginning  of  the  carra 
the  quantity  which  at  the  time  t  exists  between  seel 
and  at  x  +  ix,  is 

and  this  is,  by  what  we  have  said,  equal  to  cvix. 
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the  cable.  It  is  identical  with  that  which  Fourier  gives  to 
determine  the  temperature  at  any  point  of  a  stratum  through 
which  heat  is  flowing  in  a  direction  normal  to  the  stratum.  In 
the  case  of  heat  c  represents  the  capacity  of  unit  of  volume,  or 
what  Fourier  denotes  by  CD^  and  k  represents  the  reciprocal  of 
the  conductivity. 

If  the  sheath  is  not  a  perfect  insulator,  and  if  A;^  is  the  resist* 
anoe  of  unit  of  length  of  the  sheath  to  conduction  through  it  in 
a  radial  direction,  then  if  pi  is  the  specific  resistance  of  the 
insalating  material,  it  is  easy  to  shew  that 

The  equation  (2)  will  ne  longer  be  true,  for  the  electricity  is 
expended  not  only  in  charging  the  wire  to  the  extent  represented 
by  cVy  but  in  escaping  at  a  rate  represented  by  v/ki.  Hence  the 
rate  of  expenditure  of  electricity  will  be 

cPQ         dv       1  ,,, 

whence,  by  comparison  with  (3),  we  get 

,  dv      dhf      k  ,. 

dt      do?      k^  ^  ' 

and  this  is  the  equation  of  conduction  of  heat  in  a  rod  or  ring 
as  pven  by  Fourier  *. 

888.]  If  we  had  supposed  that  a  body  when  raised  to  a  high 
potential  becomes  electrified  throughout  its  substance  as  if  elec- 
tricity were  compressed  into  it,  we  should  have  arrived  at  equa- 
tions of  this  very  fcHrm.  It  is  remarkable  that  Ohm  himself, 
misled  by  the  analogy  between  electricity  and  heat,  entertained 
an  opinion  of  this  kind,  and  was  thus,  by  means  of  an  erroneous 
opinion,  led  to  employ  the  equations  of  Fourier  to  express  the 
true  laws  of  conduction  of  electricity  through  a  long  wire,  long 
before  the  real  reason  of  the  appropriateness  of  these  equations 
had  been  suspected. 

Mechanical  UluslTatwix  of  the  Properties  of  a  Dielectric. 

884.]  Five  tubes  of  equal  sectional  area  A^B^C^D  and  P  are 
arranged  in  circuit  as  in  the  figure.  A^  B,  C  and  D  are  verti- 
cal and  equal,  and  P  is  horizontal. 

^  TMorit  d€  la  Chaleur,  Art.  105. 
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The  lower  halvea  of  A,B,C,  Dare  filled  mtb  meroi 

upper  halves  and  the  horizontal  tnbe  P  are  filled  with  y 

A  tube  with  a  stopcock  Q  connects  the  lower  part  of 

with  that  of  C  and  D,  and  a  piaton  P  is  made  to  alid 

horizontal  tube. 

Let  UB  begin  by  supposing  that  the  level  of  the  uereo 
four  tubes  is  the  same,  and  that  it  is  indicated  hy  A,,,  i 
that  the  piston  is  at  P^, 
the  stopcock  Q  is  shut. 

Now  let  the  piston  b 
front  i^  to  P,,  a  distance 
sinoe  the  sections  of  all  i 
are  equal,  the  level  of  the 
in  A  and  C  will  rise  a  di 
or  to  il,  and  C,,and  Uie 
in  B  and  D  will  sink 
distance  a,  or  to  Bi  and  . 
The  difference  of  pie 
the  two  sides  of  Uie  pii 
be  represented  by  4  a. 

This  arrangement  may 
represent  the  state  of  a  < 
acted  on  by  an  electromo: 


Kd£:^ 


Fig.  27.  The  excess  of  water  in 

D  may  be  taken  to  re[ 

positive  charge  of  electricity  on  one  side  of  the  dielei 


334']  HTDEOSTATIOAL  ILLU8TEATI0N.  463 

elertrie  displacement  that  there  is  no  real  accumulation  of  elec- 
tridty  at  any  place. 

Let  us  now  consider  the  effect  of  opening  the  stopcock  Q  while 
the  piston  P  is  at  P^. 

The  levels  of  A^  and  D^  will  remain  unchanged,  but  those  of 
B  and  C  will  become  the  same,  and  will  coindde  with  Bq 
and  Cq. 

The  opening  of  the  stopcock  Q  corresponds  to  the  existence  of 
a  part  of  the  dielectric  which  has  a  slight  conducting  power,  but 
whicb.does  not  extend  through  the  whole  dielectric  so  as  to  form 
an  open  channeL 

The  charges  on  the  opposite  sides  of  the  dielectric  remain 
inaolated,  but  their  difference  of  potential  diminishes. 

In  iact,  the  difference  of  pressure  on  the  two  sides  of  the 
piston  sinks  from  4  a  to  2  a  during  the  passage  of  the  fluid 
through  Q. 

If  we  now  shut  the  stopcock  Q  and  allow  the  piston  P  to 
move  freely,  it  will  come  to  equilibrium  at  a  point  i^,  and  the 
discharge  will  be  apparently  only  half  of  the  charge. 

The  level  of  the  mercury  in  A  and  B  will  be  |a  above  its 
original  level,  and  the  level  in  the  tubes  C  and  D  will  be  ia 
below  its  original  level.    This  is  indicated  by  the  levels  A^^B.^^ 

If  the  piston  is  now  fixed  and  the  stopcock  opened,  mercury 
will  flow  from  B  to  C  till  the  level  in  the  two  tubes  is  again  at 
Pqand  (7q.  There  will  then  be  a  difference  of  pressure  =  a  on 
the  two  sides  of  the  piston  P.  If  the  stopcock  is  then  closed  and 
the  piston  P  left  free  to  move,  it  will  again  come  to  equilibrium 
at  a  point  ij,  half  way  between  P^  and  P^.  This  corresponds  to 
the  residual  charge  which  is  observed  when  a  charged  dielectric 
is  first  discharged  and  then  left  to  itself.  It  gradually  recovers 
part  of  its  charge,  and  if  this  is  again  discharged  a  third  charge 
is  formed,  the  successive  chaiges  diminishing  in  quantity.  In 
t)ie  case  of  the  illustrative  experiment  each  chaige  is  half  of 
the  preceding,  and  the  discharges,  which  are  |,  |,  &c.  of  the 
original  charge,  form  a  series  whose  sum  is  equal  to  the  original 
charge. 

If,  instead  of  opening  and  closing  the  stopcock,  we  had  allowed 
it  to  remain  nearly,  but  not  quite,  closed  during  the  whole  ex- 
periment^ we  should  have  had  a  case  resembling  that  of  the 
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electfificatioD  of  a  dieleotiic  which  is  a  perfect  insulato 
exhibits  the  phenomenon  called  'electric  absorption.' 

To  represent  the  caae  in  which  there  is  tme  et 
through  the  dielectric  we  must  either  make  G19  pisfa 
or  we  must  establish  a  commanication  between  the  t« 
tube  A  and  the  top  of  tbe  tube  D. 

In  this  way  we  may  constmot  a  mechanical  illustr&ti 
properties  of  a  dielectric  of  any  kind,  in  which  Uie  t 
tricities  are  represented  by  two  real  fluids,  and  th( 
potential  is  represented  by  fluid  |n«esare.  Charge  and  1 
are  represented  by  the  motion  of  the  piston  P,  and  elect 
force  by  the  resultant  force  on  the  piston. 


CHAPTER  XI, 

THE   MEASUBEMENT  OF  ELECTRIC  RESISTANCE. 

885.]  In  the  present  state  of  electrical  science,  the  deter- 
'i^ination  of  the  electric  resistance  of  a  conductor  may  be  con* 
'^dered  as  the  cardinal  operation  in  electricity,  in  the  same 
^Use  that  the  determination  of  weight  is  the  cardinal  operation 
chemistry. 

The  reason  of  this  is  that  the  determination  in  absolute 
lure  of  other  electrical  magnitudes,  such  as  quantities  of 
electricity,  electromotive  forces,  currents,  &c^  requires  in  each 
^^86   a  complicated  series   of  operations,  involving  generally 
^iNiervations  of  time,  measurements  of  distances,  and  deter- 
tuinations  of  moments  of  inertia,  and  these  operations,  or  at 
least  some  of  them,  must  be  repeated  for  every  new  deter- 
mination, because  it  is  impossible  to  preserve  a  unit  of  elec- 
tricity, or  of  electromotive  force,  or  of  current,  in  an  unchange* 
able  state,  so  as  to  be  available  for  direct  comparison. 

Bat  when  the  electric  resistance  of  a  properly  shaped  con- 
ductor of  a  properly  chosen  material  has  been  once  determined, 
it  is  found  that  it  always  remains  the  same  for  the  same 
temperature,  so  that  the  conductor  may  be  used  as  a  standard 
of  resistance,  with  which  that  of  other  conductors  can  be 
compared,  and  the  comparison  of  two  resistances  is  an  operation 
which  admits  of  extreme  accuracy. 

When  the  unit  of  electrical  resistance  has  been  fixed  on, 
material  copies  of  this  unit,  in  the  form  of  *  Resistance  Coils,' 
are  prepared  for  the  use  of  electricians,  so  that  in  every  part 
of  the  world  electrical  resistances  may  be  expressed  in  terms 
of  the  same  unit.  These  unit  resistance  coils  are  at  present 
the  only  examples  of  material  electric  standards  which  can 
be  preserved,  copied,  and  used  for  the  purpose  of  measure- 
ment *.    Measures  of  electrical  capacity,  which  are  also  of  great 

^  {Tbe  Clark*!  oell  m  »  sUiuUrd  of  ElectromotiTe  Force  mMj  now  daim  to  be  an 
czoepikm  to  thii  itfttement. } 

VOL.  L  H  h 
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importance,  are  BtiU  defective,  on  account  of  the  diBta 
fluence  of  electric  absorption. 

336.]  The  unit  of  resistance  may  be  an  entirely  arbH 
as  in  the  case  of  Jacobi's  Ebalon,  which  waa  a  certai 
wire  of  22-4932  grammes  weight,  7>6I975  metres  lei 
0'667  raillimetres  diameter.  Copies  of  this  have  be 
by  Leyser  of  Leipaig,  and  are  to  be  found  in  different  p] 

According  to  another  method  the  unit  may  be  define 
resistance  of  a  portion  of  a  definite  substance  of 
dimensions.  Thus,  Siemens  unit  is  defined  aa  iha  ma 
a  column  of  meroury  of  one  metre  in  length,  and  on 
millimetre  in  seotion,  at  the  temperature  of  0°C. 

337.]  Finally,  the  unit  may  be  defined  with  refereni 
electrostatic  or  the  eleoti-omagnetio  system  of  units,  tn 
the  electromagnetic  system  is  used  in  all  telegraphic  o{ 
and  therefore  the  only  systematic  unite  actoally  in  use  : 
of  this  system. 

In  the  eleotromagnetio  system,  as  we  shall  shew  at  H 
place,  a  resistance  ia  a  quantity  of  the  dimensions  of  a 
and  may  therefore  be  expressed  as  a  velocity.     See  Art. 

338.]  The  first  actual  measurementa  on  ibis  aysb 
made  by  Weber,  who  employed  aa  hia  unit  one  millin 
second.  Sir  W.  Thomson  afterwards  used  one  foot  pe 
as  a  unit,  but  a  lai^ge  number  of  electricians  have  noi 
to  use  the  unit  of  the  British  Association,  which  pro 
represent  a  resistance  which,  expressed  as  a  velocity 
millions  of  metres  per  second.    The  magnitude  of  thia 
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tion's  material  standards,  is  not  really  represented  by  this 
velooiiy,  electriuans  would  not  alter  their  standards,  bat  would 
apply  a  correction  *.  In  the  same  way  the  metre  is  professedly 
one  ten-milliondi  of  a  certain  quadrantal  arc,  but  though  this  is 
fonnd  not  to  be  exactly  true,  the  length  of  the  metre  has 
not  been  altered,  but  the  dimensions  of  the  earth  are  expressed 
by  a  less  dmple  number. 

According  to  the  system  of  the  Britistt  Association,  the  ab- 
wlate  valne  of  the  unit  is  originally  chosen  bo  as  to  represent 
aa  nearly  as  poseible  a  quantity  derived  from  the  electromagnetic 
abaolate  system. 

840.]  When  a  material  unit  representing  this  abstract  quantity 
has  been  made,  other  standards  are  constructed  by  copying 
ibis  nnit,  a  process  capable  of  extreme 
accnracy — of  much  greater  accuracy 
than,  for  instance,  the  copying  of  foot- 
mlee  from  a  standard  foot. 

Theae  copies,  made  of  the  most 
permanent  materials,  are  distributed 
over  all  parts  of  the  world,  so  that 
it  is  not  likely  that  any  difficulty  will 
be  found  in  obtaining  copies  of  them 
if  the  original  standards  should  be  lost. 

But  snoh  unite  as  that  of  Siemens 
can  without  very  great  labour  be  re- 
constructed with  considerable  accuracy, 
so  that  as  the  relation  of  the  Ohm  to 
Siemens  unit  is  known,  the  Ohm  can 
be  reproduced  even  without  having  a 
standard  to  copy,  though  the  labour  is 
much  greater  and  the  accuracy  much 
less  than  by  the  method  of  copying. 

Finally,  the  Ohm  may  be  reproduced 
by  the  electromagnetic  method  by  which 
it  was   originally   determined.      This   method,  which   is  con- 
siderably more  laborious  than  the  determination  of  a  foot  from 

*  {Lord  Riijla({h'ii  ami  Mr*.  Sicljipirick'i  eiperimBiita  hk*c  ■bewn  that  the  Britinh 
AMociatMa  Unit  ii  only  ■0SS7  earth  i|uailrmnbi  >  wcond,  (t  ii  thai  imaller  than  wm  in- 
trndad  bj  Marlj  1.3  ptt  g«d(.    The  Congrew  nf  BlectHciaot  at  Pari*  in  IBSl  adoptnl 


Fig.2S. 


Mw  nm(  of  reautsnce,  the  '  Legal  Ohm,'  which 
Bntimetree  long  and  1 

U  h  a 


le  nditanoe  at  0°C.  nf 
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the  Beconda  pendulum,  is  probably  inferior  in  accuracy 
last  mentioned.  On  tbe  otber  band,  the  determini 
tbe  electromagnetic  unit  in  terms  of  tbe  Obm  with  an 
of  accuracy  correspoading  to  tbe  progress  of  electrical 
is  a  most  important  physical  researcb  and  well  w< 
being  repeated. 

Tbe  actual  resistance  coUs  constructed  to  represent  i 
were  made  of  an  alloy  of  two  parts  of  silver  and  one  of  j 
in  tbe  form  of  wires  &om  -5  nullimetrefl  to  -8  mi] 
diameter,  and  from  one  to  two  metres  in  lengtb.  Tho 
were  soldered  to  stout  copper  electrodes.  Tbe  wire  iti 
covered  with  two  layers  of  silk,  imbedded  in  solid 
and  enclosed  in  a  thin  brass  case,  so  that  it  can  b 
brought  to  a  temperature  at  which  its  resistance  is  ao 
one  ObnL  This  temperature  is  marked  on  the  insolati 
port  of  tbe  coil.    (See  Fig.  28.) 

On  the  Foi-ma  of  Realetawe  CoUa. 

341.]  A  Resistance  Coil  is  a  conductor  capable  of  hai 
placed  in  the  voltaic  <urcuit,  so  as  to  introduce  into  tb 
a  known  resistance. 

The  electrodes  or  ends  of  the  coil  must  be  snch  that  a 
ciable  error  may  arise  from  tbe  mode  of  making  the  con 
For  resistances  of  considerable  magnitade  it  ia  snfficii 
tbe  electrodes  should  be  made  of  stoat  copper  wires  or  r 
amalgamated  with  mercury  at  the  ends,  and  that  the  end 
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To  avoid  the  electromagnetic  effects  of  the  current  in  the  coil 
the  wire  is  first  doubled  back  on  itself  and  then  coiled  on  the 
tabe,  80  that  at  every  part  of  the  coil  there  are  equal  and 
opposite  currents  in  the  adjacent  parts  of  the  wire. 

When  it  is  desired  to  keep  two  coils  at  the  same  temperature 
the  wires  are  sometimes  placed  side  by  side  and  coiled  up 
together.  This  method  is  especially  useful  when  it  is  more 
important  to  secure  equality  of  resistance  than  to  know  the 
absolute  value  of  the  resistance,  as  in  the  case  of  the  equal  arms 
of  Wheatstone's  Bridge  (Art.  347). 

When  measurements  of  resistance  were  first  attempted,  a  resist- 
ance coil,  consisting  of  an  uncovered  wire  coiled  in  a  spiral 
groove  round  a  cylinder  of  insulating  mateidal,  was  much  used. 
It  was  called  a  Rheostat.  The  accuracy  with  which  it  was 
found  possible  to  compare  resistances  was  soon  found  to  be 
inconsistent  with  the  use  of  any  instrument  in  which  the 
contacts  are  not  more  perfect  than  can  be  obtained  in  the 
rheostat.  The  rheostat,  however,  is  still  used  for  adjusting 
the  resistance  where  accurate  measurement  is  not  required. 

Resistance  coils  are  generally  made  of  those  metals  whose 
resistance  is  greatest  and  which  vary  least  with  temperature. 
German  silver  fulfils  these  conditions  very  well,  but  some 
specimens  are  found  to  change  their  properties  during  the  lapse 
of  years.  Hence,  for  standard  coils,  several  pure  metals,  and 
also  an  alloy  of  platinum  and  silver,  have  been  employed,  and 
the  relative  resistance  of  these  during  several  years  has  been 
found  constant  up  to  the  limits  of  modem  accuracy. 

842.]  For  very  great  resistances,  such  as  several  millions  of 
Ohms,  the  wii-e  must  be  either  very  long  or  very  thin,  and  the 
construction  of  the  coil  is  expensive  and  difficult  Hence 
tellurium  and  selenium  have  been  proposed  as  materials  for 
constructing  standards  of  great  resistance.  A  very  ingenious 
and  easy  method  of  construction  has  been  lately  proposed  by 
Phillips  *,  On  a  piece  of  ebonite  or  ground  glass  a  fine  pencil- 
line  is  drawn.  The  ends  of  this  filament  of  plumbago  are  con- 
nected to  metallic  electrodes,  and  the  whole  is  then  covered  with 
insulating  varnish.  If  it  should  be  found  that  the  resistance 
of  such  a  pencil-line  remains  constant,  this  will  be  the  best 
method  of  obtaining  a  resistance  of  several  millions  of  Ohms. 

♦  Phil.  Mag,,  July,  1870. 
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848.]  There  are  various  arrangemente  by  which  n 
coils  may  be  easily  introduced  into  a  circuit. 

For  instance,  a  series  of  coils  of  which  the  resistanoes  i 
4,  8,  16,  Sec.,  arranged  according  to  the  powers  of  2, 
placed  in  a  box  in  series. 

The  electrodes  consist  of  stout  brass  plates,  so  arrai 
the  outside  of  the  box  that  by  inserting  a  brass  plug  o 
between  two  of  them  as  a  shnnt,  the  resistance  of  thi 
spending  coil  may  be  put  oat  of  the  circnit.  This  arrai 
was  introduced  by  Siemens. 

Each  interval  between  the  electrodes  is  marked  n 
resistance  of  the  corresponding  coil,  so  that  if  we  wish  i 


^nM 


the  reuatanee  in  the  box  eqo&l  to  107  we  express  101 
binary  waleas  64  +  32  +  S-I-2-I-1  or  llOIOIl.  We  tbm 
pings  oat  of  the  holes  corresponding  to  64,  32,  8,  2  an 
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Fig.  80, 


ooilfl  are  placed  so  that  one  end  of  each  is  connected  with 

thick  piece  of  metal  which  forms  one  electrode  of  the  box, 
e  other  end  is  connected  with  a  stout  piece  of  brass  plate 
*he  former  case. 

other  electrode  of  the  box  is  a  long  brass  plate,  such  that 
erting  brass  plugs  between  it  and  the  electrodes  of  the 

it  may  be  connected        

first  electrode  through        |  _     A     _     N,      .-,      ^r^ 

ven  set  of  coils.    The 

5tivity  of  the  box  is 

be  sum  of  the  conduc- 

I  of  the  coila 

be  figure,  in  which  the 

nces  of  the  coils  are 

,  &c.,  and  the  plugs  are  inserted  at  2  and  8,  the  con- 

ity  of  the  box  is  |  + 1  =  |,  and  the  resistance  of  the  box  is 

►re  I  or  1«6. 

method  of  combining  resistance  coils  for  the  measurement 
ctional  resistances  was  introduced  by  Sir  W.  Thomson 
the  name  of  the  method  of  multiple  arcs.     See  Art.  276. 

On  the  Comparison  of  Resistances. 

]  If  ^  is  the  electromotive  force  of  a  battery,  and  R  the 
nee  of  the  battery  and  its  connexions,  including  the  gal- 
eter  used  in  measuring  the  current,  and  if  the  strength  of 
rrent  is  /  when  the  battery  connexions  are  dosed,  and 
^hen  additional  resistances  r^,  n  are  introduced  into  the 
,  then,  by  Ohm's  Law, 

^  =  IB  =  /i  {R-^-T^)  =  h  (-B  +  ^g)- 
dnating  E^  the  electromotive  force  of  the  battery,  and  R 
listance  of  the  battery  and  its  connexions,  we  get  Ohm  s 

r,      {I -I,)  I,' 
lethod  requires  a  measurement  of  the  ratios  of  /,  /|  and 
d  this  implies   a  galvanometer  graduated   for  absolute 
ements.  m 

le  resistances  r^  and  r2  are  equal,  then  /^  and  /j  are  equal, 
B  can  test  the  equality  of  currents  by  a  galvanometer 
is  not  capable  of  determining  their  ratios, 
this  is  rather  to  be  taken  as  an  example  of  a  faulty 
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method  than  aa  a  practical  metiiod  of  deteimming  tei 
The  electromotiTe  force  E  cannot  be  maintuned  ri{ 
constant,  and  the  internal  resistance  of  the  battery 
exceedingly  variable,  so  that  any  methoda  in  wbich  tl 
asaamed  to  be  even  for  a  short  time  constant  are  m 
depended  on. 

346.]  The  comparison  of  resistancea  can  be  made  with  ' 
accuracy  by  either  of  two  methods,  in  which  the  resn] 
dependent  of  TaristJODS  of  R  and  B. 


rig.sL 


The  first  of  these  methods  depends  on  tlie  use  of  tb 
ential  galvanometer,  an  isstrument  in  which  there  are  t 
the  carrents  in  which  are  isdepend^it  of  each  other, 
when  the  currents  are  made  to  flow  in  opposite  directii 
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Then  we  find,  by  Ohm's  Law,  for  the  difference  of  potentials 
between  C  and  D, 

mud  since  •  7i  +  /2  =  /, 

•         j^B  +  fi  r  _  r^^  +  g  r       Tf^L^lltlli 

ij  =  -fir  —j^  9  ig  =  ^  —^  »  i  =  /Jr ^ 3 

^here  D  =  (ul  +  a)(5+/3)  +  r(il+a  +  5+)9). 

The  deflexion  of  the  galvanometer  needle  is  therefore 

and  if  there  is  no  observable  deflexion,  then  we  know  that  the 
quantity  enclosed  in  brackets  cannot  differ  from  zero  by  more 
than  a  certain  small  quantity,  depending  on  the  power  of  the 
battery,  the  suitableness  of  the  arrangement,  the  delicacy  of  the 
galvanometer,  and  the  accuracy  of  the  observer. 

Suppose  that  B  has  been  adjusted  so  that  there  is  no  apparent 
deflexion. 

Now  let  another  conductor  A^  be  substituted  for  A^  and  let 
A^  be  adjusted  till  there  is  no  apparent  deflexion.  Then  evi- 
dently to  a  first  approximation  A^  =  A. 

To  ascertain  the  degree  of  accuracy  of  this  estimate,  let  the 
altered  quantities  in  the  second  observation  be  accented,  then 

ly 

Hence  n{A'^A)  ^^l-^^b\ 

If  i  and  b\  instead  of  being  both  apparently  zero,  had  been 
only  observed  to  be  equal,  then,  unless  we  also  could  assert  that 
E  =  E^f  the  right-hand  side  of  the  equation  might  not  be  zero. 
In  fiustyihe  method  would  be  a  mere  modification  of  that  already 
described. 

The  merit  of  the  method  consists  in  the  fact  that  the  thing 
obeerved  is  the  absence  of  any  deflexion,  or  in  other  words,  the 
metliod  is  a  Null  method,  one  in  which  the  non-existence  of  a 
iiotce  18  asserted  from  an  observation  in  which  the  force,  if  it 
had  been  different  from  zero  by  more  than  a  certain  small 
amoimt^  would  have  produced  an  observable  effect. 
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Null  methods  are  of  great  value  where  they  can  be  c 
but  tboy  can  only  be  employed  where  we  can  cause  t 
and  opposite  quantities  of  the  same  kind  to  entor 
experiment  together. 

In  the  case  before  us  both  b  and  S'  are  quantities  too 
be  observed,  and  therefore  any  change  in  the  value  of  i 
affect  the  accuracy  of  the  result. 

The  actual  degree  of  accuracy  of  this  method  might 
tained  by  making  a  number  of  observations  in  each  of 
is'separately  adjusted,  and  comparing  the  result  of  each 
tion  with  the  mean  of  the  whole  series. 

But  by  putting  A'  out  of  adjustment  by  a  known 
as,  for  instance,  by  inserting  at  ^  or  at  5  an  addition 
ance  equal  to  a  hundredth  part  of  A  or  of  B,  and  then  ( 
the  resulting  deviation  of  ^e  galvanometer  needle  we 
mate  the  number  of  d^p-ees  corresponding  to  an  error  c 
cent  To  find  the  actual  degree  of  predsion  we  must 
the  smallest  defiexion  which  could  not  escape  observa 
compare  it  with  the  deflexion  due  to  an  error  of  one  per 

*  If  the  comparison  is  to  be  made  between  A  and  B,  ■ 
poaitionB  of  A  and  B  are  exchanged,  then  the  second 
becomes  jy 

m(A+^)~'n{B+a)  =  ^i', 

whence  (ni  +  h)  (B-A)  =  §»- J«'- 

If  »i  and  n,  A  and  B,  a  and  ^,  E  and  £'  are  appn 
equal,  then 
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If  we  suppose  r,  the  battery  resistance,  negligible  compared 
irith  As  this  gives  a  =  ^A  ; 

or,  the  resistance  of  each  coil  of  the  galvanometer  shovld  be 
<>fie4hird  of  the  resistance  to  be  mea^sured. 
We  then  find  8  A^ 

If  we  allow  the  current  to  flow  through  one  only  of  the  coils 

of  the  galvanometer,  and  if  the  deflexion  thereby  produced  is  A 

{soppoeing  the  deflexion  strictly  proportional  to  the  deflecting 

foiee),then 

.  nE  3nE.^        ^       ,         1   . 

A  =  -2 =  -  - .  if  r  =  0  and  a  =  -  J.. 

A-ha-^-r      4  A  3 

„  B--A     2a-y 

Henoe  — .—  =  -  — -—  • 

«  A         3    A 

In  the  differential  galvanometer  two  currents  are  made  to 
produce  equal  and  opposite  effects  on  the  suspended  needle.  The 
force  with  which  either  current  acts  on  the  needle  depends  not 
only  on  the  strength  of  the  current,  but  on  the  position  of  the 
windings  of  the  wire  with  respect  to  the  needle.  Hence,  unless 
the  coil  is  very  carefully  wpund,  the  ratio  of  m  to  ti  may  change 
when  the  position  of  the  needle  is  changed,  and  therefore  it  is 
necessary  to  determine  this  ratio  by  proper  methods  during  each 
course  of  experiments  if  any  alteration  of  the  position  of  the 
needle  is  suspected. 

The  other  null  method,  in  which  Wheatstone's  Bridge  is  used, 
requires  only  an  ordinary  galvanometer,  and  the  observed  zero 
deflexion  of  the  needle  is  due,  not  to  the  opposing  action  of 
two  currents,  but  to  the  non-existence  of  a  current  in  the  wire. 
Hence  we  have  not  merely  a  null  deflexion,  but  a  null  current 
as  the  phenomenon  observed,  and  no  errors  can  arise  from  want 
of  regularity  or  change  of  any  kind  in  the  coils  of  the  galvano- 
meter. The  galvanometer  is  only  required  to  be  sensitive  enough 
to  detect  the  existence  and  direction  of  a  current,  without  in  any 
way  determining  its  value  or  comparing  its  value  with  that  of 
another  current. 

847.]  Wheatstone's  Bridge  consists  essentially  of  six  con- 
dactors  connecting  four  points.  An  electromotive  force  E  is 
made  to  act  between  two  of  the  points  by  means  of  a  voltaic 
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battery  introcluced  between  B  and  C.    The  cairent  bet 
other  two  points  0  and  A  ia  measured  by  a  galvanomet 
^  Under  certain  circumstancea  th 

becomeB  zero.  The  condactora 
OA  are  then  said  to  be  cortjugai 
other,  which  implies  a  certain 
between  the  resistances  of  the  ( 
conductors,  and  this  relation  ia 
of  in  measuiing  resistances. 

IF   the    cnrreut   in    OA    is 

potential   at   0  must  be   equal 

know  the  potentials  at  £  a 


Fig.  32. 


at  A.     Now  when  i 

can  determine  those  at  0  and  A  by  the  rule  given  in 

provided  there  is  no  current  in  OA, 

Q^By  +  Cp^     ^  ^Sb  +  Cc^ 
li  +  y    '  t  +  c 

whence  the  condition  is  bB  =  cy, 

where  b,  c,  fi,  y  are  the  resistances  in  CA,  AB,  BO,  ai 
spectively. 

To  determine  the  degree  of  accuracy  attunable  by  thi 
we  must  ascertain  the  strength  of  the  current  in  OA  ^ 
condition  is  not  fulfilled  exactly. 

Let  A,  B,  C  and  0  be  the  four  points.  Let  the  cnrrc 
BC,  CA  and  AB  be  x,  ^  and  z,  and  the  resistances 
conductors  a,  b  and  c.  Let  the  currents  along  OA,  0. 
be  $,  r},  f,  and  the  resistances  a,  fi  and  y.     Let  an  eleo 
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ind  Implying  Eirohhoff's  rule  to  each  cycle,  we  eliminate  the 
nines  of  the  potentials  Oy  A^  B,  C,  and  the  currents  (,  rj^  C  ^^^ 
obtain  the  following  equations  for  x,  y  and  z^ 

{a  +  p  +  Y)x^yy  -fiz  —  E, 

— yaj      +  (6  +  y  +  a)2^— a«  =0, 

— )3aj       —ay  +(c  +  a  +  /3)0=  0. 

Heooe,  if  we  put 


—y 
6  +  y+a 


find 


and 


E 


-/3 


—  a 


c  +  a  +  i3 


aJ=-p{(6  +  y)(c  +  ^)+a(6  +  c  +  ^  +  y)}. 
848.]  The  value  of  D  may  be  expressed  in  the  symmetrical 

D=sa6c  +  6c(i8  +  y)  +  ca(y  +  o) 

+  a6(a4-/3)  +  (a  +  6  +  c)(^y  +  ya  +  a^)*, 

or,  since  we  suppose  the  battery  in  the  conductor  a  and  the 
glJvanometer  in  a,  we  may  put  B  the  battery  resistance  for  a 
and  O  the  galvanometer  resistance  for  a.     We  then  find 

D  =  J(?(6  +  c+^  +  y)  +  5(6  +  y)(c  +  i3) 

If  the  electromotive  force  E  were  made  to  act  along  Oil,  the 
jesiatance  of  OA  being  still  a,  and  if  the  galvanometer  were 
placed  in  BC^  the  resistance  of  BC  being  still  a,  then  the  value 
of  D  would  remain  the  same,  and  the  current  in  BC  due  to  the 
electromotive  force  E  acting  along  OA  would  be  equal  to  the 
enrrent  in  OA  due  to  the  electromotive  force  E  acting  in  BC, 

But  if  we  simply  disconnect  the  battery  and  the  galvanometer, 
and  without  altering  their  respective  resistances  connect  the 
battery  to  0  and  A  and  the  galvanometer  to  B  and  C,  then  in 
the  value  of  D  we  must  exchange  the  values  of  B  and  G.  If  D' 
be  the  value  of  D  after  this  exchange,  we  find 

D-iy  =  (G-B)  {(6+c)(/3+y)-(6  +  y)(/3+c)}. 

=  (5-(?){(6-^)(c-y)}. 

^  {  D  if  Um  imn  of  the  prodnoti  of  the  remstancei  taken  3  at  a  time,  leaTing  out 
tlw  piodiiot  of  aaj  three  that  meet  in  a  point.] 
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Let  us  suppose  that  the  resiBtance  of  the  g^vaiu 
greater  than  that  of  the  battery. 

Let  us  also  suppose  that  in  its  original  position  Uie 
meter  connects  the  junction  of  the  two  conductors 
resistance  8,  y  with  the  junction  of  the  two  eond 
greatest  resistance  b,  c,  or,  in  other  words,  we  shall  bd{ 
if  the  quantities  b,  c,  y,  p  are  arranged  in  order  of  m 
b  and  c  stand  together,  and  y  and  j3  stand  together.  1 
quantities  6— j3  and  c~y  are  of  the  same  sign,  so  i 
product  is  positive,  and  therefore  D—D'  is  ot  the  san: 
B-0. 

If  therefore  the  galvanometer  is  made  to  connect  the 
of  the  two  greatest  resistances  with  that  of  the  two  lei 
the  galvanometer  resistance  is  greater  than  that  of  thi 
then  the  value  of  D  will  he  less,  and  the  value  of  the 
of  the  galvanometer  greater,  than  if  the  connexioni 
changed. 

The  rule  therefore  for  obtfumiig  the  greatest  gali 
deflexion  in  a  given  system  is  as  follows ; 

Of  the  two  resistances,  that  of  the  battery  and  th 
galvanometer,  connect  the  greater  resistance  so  as  to  joi 
greatest  to  the  two  least  of  the  four  other  resistances. 

349.]  We  shall  suppose  that  we  have  to  determine  tl 
the  resistances  of  the  conductors  AB  and  AC,  and  that 
he  done  by  finding  a  point  0  on  the  conductor  BOC, 
when  the  points  A  and  0  are  connected  by  a  wire,  in  i 
of  which  a  galvanometer  is  inserted,  no  sensible  deflex 
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Let  the  whole  resistance  of  BOC  be  S. 

Let  /3  =  wS  and  y  =  ( 1  -  n)  & 

The  value  of  n  is  read  off  directly,  and  that  of  m  is  deduced 
fifom  it  when  there  is  no  sensible  deviation  of  the  galva- 
JMMDMter. 

Lei  the  resistance  of  the  battery  and  its  connexions  be  J3,  and 
tbftt  of  the  galvanometer  and  its  connexions  G. 

We  find  as  before 

J9=(?{BlJ  +  55+-Bfif}+m(l-m)i?2(J5  +  fif)  +  7i(l-.7i)/Sf«(5  +  /2) 

+  (m  +  n  —  2m7i)  BRS, 

and  if  f  is  the  current  in  the  galvanometer  wire 

J,     EMS  f  X 

In  order  to  obtain  the  most  accurate  results  we  must  make 
the  deviation  of  the  needle  as  great  as  possible  compai*ed  with 
the  value  of  {n—m).  This  may  be  done  by  properly  choosing 
the  dimensions  of  the  galvanometer  and  the  standard  resistance 
wire. 

It  will  be  shewn,  when  we  come  to  Oalvanometiy,  Art.  716^ 
that  when  the  form  of  a  galvanometer  wire  is  changed  while 
its  mass  remains  constant,  the  deviation  of  the  needle  for  unit 
euirent  is  proportional  to  the  length,  but  the  resistance  increases 
as  the  square  of  the  length.  Hence  the  maximum  deflexion  is 
shewn  to  occur  when  the  resistance  of  the  galvanometer  wire  is 
equal  to  the  constant  resistance  of  the  rest  of  the  circuit. 

In  the  present  case,  if  h  is  the  deviation, 

where  C  is  some  constant,  and  G  is  the  galvanometer  resistance 
which  varies  as  the  square  of  the  length  of  the  wire.  Hence  we 
find  that  in  the  value  of  2),  when  5  is  a  maximum,  the  part 
involving  G  must  be  made  equal  to  the  rest  of  the  expression. 

If  we  also  put  tm  =  ti,  as  is  the  case  if  we  have  made  a  correct 
observation,  we  find  the  best  value  of  &  to  be 

G  =  n(l-7i)(i2  +  S). 

This  result  is  easily  obtained  by  considering  the  resistance 
from  J.  to  0  through  the  system,  remembering  that  BC^  being 
eoiyugate  to  AO^  has  no  effect  on  this  resistance. 

In  the  same  way  we  should  find  that  if  the  total  area  of  the 
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acting  surfaces  of  the  battery  is  given,  since  in  Uiis  c 
proportional  to  -/B,  the  most  advantageooa  artasgc 
the  battery  is  when  ^        RB 


B  = 


B  +  S 


Finally,  we  shall  determine  the  value  of  S  sach  that 
change  in  the  value  of  n  may  produce  the  greatest  gslv) 
deflexion.  By  differeotiating  the  expression  for  f  witi 
to  jS  we  find  it  ie  a  maximum  when 


8"  = 


SR    .  G      . 


If  we  have  a  great  many  determinations  of  resistance 
in  which  the  actual  resistance  has  nearly  the  same  valai 
may  be  worth  while  to  prepare  a  galvanometer  and  a  tw 
this  purpose.     In  this  case  we  find  that  the  beet  arrang 

S=R,        B  =  \R,        G  =  2n(l~ii)R, 
and  if  n  =  J,  G  =  Jff. 

On  the  Uae  of  Wheatdone'e  Bridge. 
350.]  We  have  already  explained  the  general  theory  o 
stone's  Bridge,  we  shall  now  consider  some  of  its  ap[dlei 
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their  eleetrodes  in  mercury  cups  so  that  the  current  of  the 
bttttexy  is  divided  between  two  branches,  one  consisting  of  /9 
and  y  and  the  other  of  h  and  c.  The  coils  h  and  c  are  connected 
by  a  wire  PR^  as  uniform  in  its  resistance  as  possible,  and  fur- 
nished with  a  scale  of  equal  parts. 

The  galvanometer  wire  connects  the  junction  of  /9  and  y  with 
a  point  Q  of  the  wire  Pi2,  and  the  point  of  contact  Q  is  made 
to  vary  till  on  closing  first  the  battery  circuit  and  then  the 
galvanometer  circuit,  no  deflexion  of  the  galvanometer  needle 
ia  observed. 

The  coils  /9  and  y  are  then  made  to  change  places,  and  a  new 
position  is  found  for  Q.  If  this  new  position  is  the  same  as 
the  old  one,  then  we  know  that  the  exchange  of  )3  and  y  has 
produced  no  change  in  the.  proportions  of  the  resistances,  and 
therefore  y  is  rightly  adjusted.  If  Q  has  to  be  moved,  the 
direction  and  amount  of  the  change  will  indicate  the  nature 
and  amount  of  the  alteration  of  the  length  of  the  wire  of  y, 
which  will  make  its  resistance  equal  to  that  of  )3. 

If  the  resistances  of  the  coils  h  and  c,  each  including  part  of 
the  wire  PR  up  to  its  zero  reading,  are  equal  to  that  of  h  and  c 
divisions  of  the  wire  respectively,  then,  if  x  is  the  scale  reading 
of  Q  in  the  first  case,  and  y  that  in  the  second, 

c-f  a;  _  ^  c-\-y  __  y 

whence  g  =  i  +  (^±41|z£) 

Since  6— y  is  nearly  equal  to  c  +  z,  and  both  are  great  with 
respect  to  xot  y,  we  may  write  this 

and  y  =  ^(,+2|^). 

When  y  is  adjusted  as  well  as  we  can,  we  substitute  for  b  and  c 
other  coils  of  (say)  ten  times  greater  resistance. 

The  remaining  difference  between  j3  and  y  will  now  produce 
a  ten  times  greater  difference  in  the  position  of  Q  than  with 
the  original  coils  h  and  c,  and  in  this  way  we  can  continually 
increase  the  accuracy  of  the  comparison. 

The  adjustment  by  means  of  the  wire  with  sliding  contact 
vou  I.  I  i 
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piece  13  more  quickly  made  than  by  means  of  a  reusti 
and  it  is  capable  of  continnouB  variation. 

The  battery  must  never  be  introduced  instead  of  the 
meter  into  the  wire  with  a  sliding  contact,  for  the  pasi 
powerful  current  at  the  point  of  contact  would  injure  tl 
of  the  wire.  Hence  this  arrangement  is  adapted  for  tt 
which  the  resistance  of  the  galvanometer  is  greater  tha 
the  battery. 

When  y  the  resistance  to  be  measured,  a  the  resifiian 
battery,  and  a  the  resistance  of  the  galvanometer,  ai 
the  best  values  of  the  other  resistanees  have  been  b] 
Mr.  Oliver  Heaviside  (PAii.  Ma^.,  Feb.  1873)  to  be 
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351.]  When  a  short  and  thick  conductor  is  introduc 

circuit  its  resistance  is  so  small  compared  with  the  i 

occasioned  by  unavoidable  faults  in  the  connexions, 

want  of  contact  or  imperfect  ( 

tliat  no  correct  value  of  the  i 
V^^-vjt'   a    p^/         '^'^'^  ^^  deduced  from  esperimt 
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The  most  important  part  of  the  method  consists  in  measuring 
the  refiistance,  not  of  the  whole  length  of  the  conductor,  but  of 
the  part  between  two  marks  on  the  conductor  at  some  little 
distance  from  its  ends. 

The  resistance  which  we  wish  to  measure  is  that  experienced 
by  a  current  whose  intensity  is  uniform  in  any  section  of  the 
conductor,  and  which  flows  in  a  direction  parallel  to  its  axis. 
Now  dose  to  the  extremities,  when  the  current  is  introduced 
by  means  of  electrodes,  either  soldered,  amalgamated,  or  simply 
pressed  to  the  ends  of  the  conductor,  there  is  generally  a  want  of 
uniformity  in  the  distribution  of  the  current  in  the  conductor. 
At  a  short  distance  from  the  extremities  the  current  becomes 


senribly  uniform.  The  student  may  examine  for  himself  the 
investigation  and  the  diagrams  of  Art.  193,  where  a  current  is 
introduced  into  a  strip  of  metal  with  parallel  sides  through  one 
of  the  sides,  but  soon  becomes  itself  parallel  to  the  sides. 

The  resistances  of  the  conductors  between  certain  marks  8,  S^ 
and  7,  2^  are  to  be  compared. 

The  conductors  are  placed  in  series,  and  with  connexions  as 
perfectly  conducting  as  possible,  in  a  battery  circuit  of  small 
resistance.  A  wire  SVT  is  made  to  touch  the  conductors 
at  S  and  T,  and  SfV'T  is  another  wire  touching  them  at  S^ 
and  7". 

The  galvanometer  wire  connects  the  points  V  and  V  of  these 
wires. 

The  wires  SVT  and  S^V'T  are  of  resistance  so  great  that  the 
resistance  due  to  imperfect  connexion  at  ^S,  T^  S^  ox  T  may  be 
n^gleoted  in  comparison  with  the  resistance  of  the  wire,  and 

I  i  2 
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V,  V  are  Ukken  so  thai  the  resiatanceB  in  the  bnuudiM 
wire  leading  to  the  two  conduotots  are  nearly  in  the  nU 
resistanoes  of  the  two  conductors. 
Call  S  and  F  the  resbtancea  of  the  conducton  SS  ai 
„     A  and  G  those  of  tiie  tranches  SY  and  YT. 
„     P  and  ii  those  of  the  branches  ^V  and  WT. 
„     Q  that  of  the  conneoting  piece  S'T. 
„     B  that  of  the  battery  and  ita  oonnexions. 
„     0  that  of  the  galvanometer  and  its  connexions. 
The  symmetry  of  the  system  may  be  understood 
'  skeleton  diagram.     Fig.  34. 


Hm  «onditioii  thai  B  the  battery  and  0  the  galvi 
may  be ooqjogate  oondaetors  ia,  in  this  caaa*. 
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nlio  of  Ji  to  (7  is  nearly  equal  to  that  of  P  to  il,  the  last  term 
of  the  equation  will  vanish,  and  we  shall  have 

FiH'.iCiA. 

The  success  of  this  method  depends  in  some  degree  on  the 
perfection  of  the  contact  between  the  wires  and  the  tested  con- 
ductors aJt  Sfjy,  T  and  T.  In  the  following  method,  employed 
by  Messrs.  Matthiessen  and  Hockin  *,  this  condition  is  dispensed 
with. 

852.]  The  conductors  to  be  tested  are  arranged  in  the  manner 
already  described,  with  the  connexions  as  well  made  as  possible, 
and  it  is  required  to  compare  the  resistance  between  the  marks 
S8^  on  the  first  conductor  with  the  resistance  between  the  marks 
rT  on  the  second. 

Two  conducting  points  or  sharp  edges  are  fixed  in  a  piece  of 
inmilating  material  so  that  the  distance  between  them  can  be 
accurately  measured.  This  apparatus  is  laid  on  the  conductor  to 
be  tested,  and  the  points  of  contact  with  the  conductor  are  then 
at  a  known  distance  SS\  Each  of  these  contact  pieces  is  con- 
nected with  a  mercury  cup,  into  which  one  electrode  of  the 
galvanometer  may  be  plunged. 

The  rest  of  the  apparatus  is  aiTanged,  as  in  Wheatstone's 
Bridge,  with  resistance  coils  or  boxes  A  and  C,  and  a  wire  PR 
with  a  sliding  contact  piece  Q,  to  which  the  other  electrode  o 
the  galvanometer  is  connected. 

Now  let  the  galvanometer  be  connected  to  S  and  Q,  and  let 
Ai  and  (7|  be  so  arranged,  and  the  position  of  Q,  (viz.  Qp)  so 
determined,  that  there  is  no  current  in  the  galvanometer  wire. 

Then  we  know  that       X8     A  +  PQ 

where  XS,  PQ^,  &c  stand  for  the  resistances  in  these  conductors. 
From  this  we  get 

XS_     A,  +  PQ, 
XY"  A^-^C^-i^PR' 
Now  let  the  electrode  of  the  galvanometer  be  connected  to  £r, 
and  let  resistance  be  transferred  from  C  to  ^1  (by  carrying  re- 
sistance coils  from  one  side  to  the  other)  till  electric  equilibrium 
of  the  galvanometer  wire  can  be  obtained  by  placing  Q  at  some 

*  Lmbormiary,    MatthJMwn  and  Hockin  on  Allojrt. 
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point  of  the  wire,  say  Qj.    Iiot  tlie  values  of  C  and  A 
Cj  and  A^,  and  let 

A,  +  C,  +  PR  =  A^  +  C,  +  PR  =  S. 
Then  we  have,  as  before 

X^     J.  +  PQ. 

xr~      B     • 

Whence  rr=  jj  "'"'• 

In  the  same  way,  placing  the  apparatus  on  the 
conductor  at  TT  and  again  transferring  resistance, 
when  the  electrode  is  in  7*. 


and  when  it  is  in  T, 


Xr_A,  +  PQ, 

xr~      R     ' 


Whence 


XT      A,  +  PQ, 

XY~       R       ■ 

TT     ^-J.  +  C.O. 

XY~  R 

We  can  now  deduce  the  ratio  of  the  redshmeea  8S  t 

for 

Sg      A,-A^  +  Q,Q, 
rT-A,-A,  +  Q,Q,' 
When  great  accuracy  is  not  reqaired  we  may  dispei 

the  resistance  coils  A  and  C,  and  we  then  find 
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Wheatatone's   Bridge,  since  it  depends  on  the  comparison  of 
observations  separately  made. 

An  essential  condition  of  accuracy  in  this  method  is  that  the 
resistance  of  the  connexions  should  continue  the  same  during 
the  course  of  the  four  obsei-vations  required  to  complete  the 
determination.  Hence  the  series  of  observations  ought  always 
to  be  repeated  in  order  to  detect  any  change  in  the  resistances  *. 

On  the  Comparison  of  Great  Resistances. 

868.]  When  the  resistances  to  be  measured  are  very  great, 
the  comparison  of  the  potentials  at  different  points  of  the  system 
may  be  made  by  means  of  a  delicate  electrometer,  such  as  the 
Quadrant  Electrometer  described  in  Art.  219. 

If  the  conductors  whose  resistances  are  to  be  measured  are 
placed  in  series,  and  the  same  current  passed  through  them  by 
means  of  a  battery  of  great  electromotive  force,  the  difference 
of  the  potentials  at  the  extremities  of  each  conductor  will  be 
proportional  to  the  resistance  of  that  conductor,  Hence,  by 
connecting  the  electrodes  of  the  electrometer  with  the  extre- 
mities, first  of  one  conductor  and  then  of  the  other,  the  ratio  of 
their  resistances  may  be  determined. 

This  is  the  most  direct  method  of  determining  resistances.  It 
involves  the  use  of  an  electrometer  whose  readings  may  be 
depended  on,  and  we  must  also  have  some  guarantee  that  the 
current  remains  constant  during  the  experiment. 

Four  conductors  of  gn^at  resistance  may  also  be  arranged 
as  in  Wheatstone's  Bridge,  and  the  Bridge  itself  may  consist  of 
the  electrodes  of  an  electrometer  instead  of  those  of  a  galvano- 
meter. The  advantage  of  this  method  is  that  no  permanent 
current  is  required  to  produce  the  deviation  of  the  electrometer, 
whereas  the  galvanometer  cannot  be  deflected  unless  a  current 
passes  through  the  wire. 

854.]  When  the  resistance  of  a  conductor  is  so  great  that  the 
•  arrent  which  can  be  sent  through  it  by  any  available  electro- 
motive force  is  too  small  to  be  directly  measured  by  a  galvano- 
meter, a  condenser  may  be  used  in  order  to  accumulate  the 
electricity  for  a  certain  time,  and  then,  by  discharging  the 
condenser  through  a  galvanometer,  the  quantity  accumulated 

^  {For  ABoiher  method  of  compitring  snuJl  reiisUncet,  see  Lord  Bayleigh,  Pro- 
0mdim^9  ofik§  CamMdge  Pkilotophieal  SoeiUy,  rol.  y.  p.  50.} 
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may  be  estimated.    This  is  Messrs.  Bright  and  Claik's 
of  testing  the  jointa  of  submarine  cables. 

856.]  But  the  simplest  method  of  measuring  the  resii 
such  a  conductor  is  to  charge  a  condenser  of  great  capa 
to  connect  its  two  surfaces  with  the  electrodes  of  an  elee 
and  also  with  the  extremities  of  the  conductor.  If  j 
difference  of  potentiale  as  shewn  by  the  electromete 
capacity  of  the  condenser,  and  Q  the  charge  on  either 
R  the  resistance  of  the  conductor  and  x  the  cutrent  in 
by  the  theory  of  condensers, 

Q  =  SE. 

By  Ohm's  Law,  E  =  Bx, 

and  by  the  definition  of  a  current, 

"'     dt 
Hence  -Q  =  BS^. 

and  Q  =  Qo^~*S, 

where  Qg  is  the  charge  at  first  when  (  =  0. 

Similarly  E  =  E^~Ma 

where  E^  is  the  original  reading  of  the  electrometer,  ai 
same  after  a  tinke  t.     From  this  we  find 

B  = 
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sin&oeB.      Let  this  be  R.     Then  the  resistance,  12,  of   the 
oondoctor  is  given  by  the  equation 

1__  J 1^ 

R     R'     Rq 
This  method  has  been  employed  by  MM.  Siemens. 

Tkomean's*  Method  for  the  Determination  of  the  Resistance 

of  a  Oalvaruymeter. 

866.]  An  arrangement  similar  to  Wheatstone's  Bridge  has 
l^een  employed  with  advantage  by  Sir  W.  Thomson  in  de- 
^ennininir  the  resistance  of  the  galvanometer  when  in  actual 


Kg.  87. 

use.    It  was  suggested  to  Sir  W.  Thomson  by  Mance's  Method. 
See  Art.  357. 

Let  the  battery  be  placed,  as  before,  between  B  and  C  in  the 
figure  of  Article  347,  but  let  the  galvanometer  be  placed  in  CA 
instead  of  in  OA,  Ifbfi—cy  is  zero,  then  the  conductor  OA  is 
oomjugate  to  £C,  and,  as  there  is  no  current  produced  in  OA  by 
tlie  battery  in  BO,  the  strength  of  the  current  in  any  other 
eonductor  is  independent  of  the  resistance  in  OA.  Hence,  if  the 
galvanometer  is  placed  in  CA  its  deflexion  will  remain  the 
same  whether  the  resistance  of  Oil  is  small  or  great.  We 
therefore  observe  whether  the  deflexion  of  the  galvanometer 
remains  the  same  when  0  and  A  are  joined  by  a  conductor 

*  Proe.  B.  8.,  Jan.  19,  1871. 
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of  amall  reciistanoe,  as  when  this  connexion  is  broken,  a 
pi-operly  adjusting  the  reaiBtaiioea  of  the  conductors,  w 
this  result,  -we  know  that  the  resistance  of  the  galvanon 

whore  c,  y,  and  fi  are  resistance  coils  of  known  resistant 
It  will  be  observed  that  though  this  is  not  a  null 
in  the  sense  of  there  being  no  current  in  the  galvanomi 
so  in  the  sense  of  the  Fact  observed  being  the  n^;ative  i 
•the  deflexion  of  the  galvanometer  is  not  changed  when 
contact  is  made.  An  observation  of  this  kind  is  o1 
value  than  an  observation  of  the  equality  of  two 
deflexions  of  the  same  galvanometer,  for  in  the  latter  c 
is  time  for  alteration  in  the  strength  of  the  batter 
senaitivenees  of  the  galvanometer,  whereas  when  the  defl 
mains  constant,  in  spite  of  certain  changes  which  we  ci 
at  pleasnre,  we  are  sure  that  the  current  is  quite  indepf 
these  changes. 

The  determination  of  the  reaistance  of  the  coil  of  a 
meter  can  easily  be  effected  in  the  ordinary  way 
Wheatstone's  Bridge  by  placing  another  galvanometer 
By  the  method  now  described  the  galvanometer  itsell 
ployed  to  measure  its  own  resistanoe. 

Manct'e*  Method  of  IMermining  the  Sesi^ance  of  a  i 

357.3  The  measurement  of  the  resistance  of  a  battery 

action  is  of  a  much  higher  order  of  difficulty,  since  the  r 
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of  the  result  proved  in  Art.  347,  or  may  be  seen  directly  on 
the  elimination  of  z  and  ^3  from  the  equations  of  that  article, 
iris,  we  then  have 

(aa— cy)a;  +  (cy  +  ca  +  c6  +  6a)i/  =  j&a. 
If  j^  is  independent  of  Xy  and  therefore  of  j3,  we  must  have 
aa^cy.    The  resistance  of  the  battery  is  thus  obtained  in  terms 
of  Cy  y,  cu 

When  the  condition  aa  =  cy  is  fulfilled,  the  current  y  through 
the  galvanometer  is  given  by 

Ea  Ey 

^      c6  +  a(a  +  6-fc)        a6  +  y(a-f6  +  c) 

To  test  the  sensibility  of  the  method  let  us  suppose  that 
the  condition  cy  =  aa  is  nearly,  but  not  accurately,  fulfilled, 


Ilg.  88. 

and  that  y^  is  the  current  through  the  galvanometer  when 
0  and  B  are  connected  by  a  conductor  of  no  sensible  resistance, 
and  y^  the  current  when  0  and  B  are  completely  disconnected. 

To  find  these  values  we  must  make  fi  equal  to  0  and  to  go  in 
the  general  formula  for  y,  and  compare  the  results. 

The  general  value  for  y  is 

D ^' 

where  D  denotes  the  same  expression  as  in  Art.  348.  Putting 
^  =  0,  we  get 

_  yE 

^®"~  a6  +  y(a  +  6  +  c)  +  c(aa--£y) 

a  +  c 


c(cy—aa)y^  .      ,  , 
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putting  j3  =  CO ,  we  get 

_  E 

y       ()'+a)y 
_..    t(cy-<'a)y' 

From  tliese  values  we  find 


")'(c  +  a){«  +  y) 

The  resistance,  c,  of  the  conductor  AB  should  be  eqn 
that  of  the  battery;  a  and  y  shonld  be  equal  and  t 
as  possible ;  and  b  should  be  eqaatto  a+  y. 

Since  a  galvanometer  is  most  sensitive  when  its  defl 
small,  we  should  bring  the  needle  nearly  to  zero  by  n 
fixed  magnets  before  making  contact  between  0  and  B. 

In  this  method  of  measuring  the  resistance  of  the  batt 
current  in  the  galvanometer  is  not  in  any  way  interfei 
during  the  operation,  so  that  we  may  ascertain  the  resit 
the  battery  for  any  given  strength  of  current  in  tiie  galva 
so  as  to  determine  how  the  strength  of  the  currern 
the  resistance  *. 

If  y  is  the  current  in  the  galvanometer,  the  actual 
through  the  battery  ia  x^  with  the  key  down  and  x^  i 
key  up,  where 

the  resintanffi  nf  the  battery 
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boUireen  0  and  A  instead  of  between  0  and  B^  and  by  exchanging 
«  and  ^,  a  and  &,  we  obtain  for  this  case 

y  Y{c  +  P){P  +  y)' 

On  the  Comparison  of  Electromotive  Forces. 

8S8.]  The  following  method  of  comparing  the  electromotive 
forces  of  voltaic  and  thermoelectric  arrangements,  when  no 
Quirent  passes  through  them,  requires  only  a  set  of  resistance 
eoila  and  a  constant  battery. 

Let  the  electromotive  force  E  of  the  battery  be  greater  than 
tliafc  of  either  of  the  electromotors  to  be  compared,  then,  if  a 


snfSoient  resistance,  12,,  be  interposed  between  the  points  A^^ 
f  B|  of  the  primary  circuit  EB^A^Ey  the  electromotive  force  from 
J?i  to  A^  may  be  made  equal  to  that  of  the  electromotor  E^. 
If  the  electrodes  of  this  electromotor  are  now  connected  with 
the  points  A^^B^no  current  will  flow  through  the  electromotor. 
By  placing  a  galvanometer  0^  in  the  circuit  of  the  electro- 
motor j^i,  and  adjusting  the  resistiuice  between  A^^  and  B^ 
till  the  galvanometer  0^  indicates  no  current,  we  obtain  the 
equation  E,  =  R,C, 

where  R^  is  the  resistance  between  A^  and  B^^  and  C  is  the 
strength  of  the  current  in  the  primary  circuit. 

In  the  same  way,  by  taking  a  second  electromotor  E^  and 
placing  its  electrodes  at  A^  and  B^^  so  that  no  current  is 
indicated  by  the  galvanometer  0,^ , 

E^  =  R^Cf 
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where  i!^  ^^  ^^^  resistance  between  A^  and  B^-  If  the 
tions  of  the  gaJvanometers  G^  and  Og  are  simnltaiu 
value  of  C,  the  current  in  the  pmnaiy  oirouit,  is  the 
hoth  equations,  and  we  find 

E^-.E^r.Ri-.R,. 

In  this  way  the  electromotive  forces  of  two  electromo 
be  compared.  The  absolute  electromotive  force  of  an 
motor  may  be  measured  either  electrostatically  by  i 
the  electrometer,  or  electromsgnetically  by  means  of  an 
galvanometer. 

This  method,  in  which,  at  the  time  of  the  comparis 
is  no  current  through  either  of  the  eleotromotoTs,  is 
fication  of  F(^endorS"a  method,  and  is  due  to  Mr. 
Clark,  who  has  deduced  the  following  values  of  elect 
forces: 


li80!  +  iaui    Cd(N60i  Copper      • 
„  „  HNO,      CwlwD     . 

„  „  up.  g.  1-88   Carbon     • 

H,&0,-t-   laq.     HNO,      Fktinnm ■ 

te  fiiet  tqual  to  100,000,COO  m»H»  of  iki 


CHAPTER  XII. 

ON  THE   ELECTEIO   RESISTANCE   OP   SUBSTANCES. 

359.]  There  are  three  classes  in  which  we  may  place  different 
Uletances  in  relation  to  the^assage  of  electricity  through  them. 

The  first  class  contains  all  the  metals  and  their  alloys,  some 
(Olphurets,  and  other  compounds  containing  metals,  to  which  we 
iiiist  add  carbon  in  the  form  of  gas-coke,  and  selenium  in  the 
systalline  form. 

In  all  these  substances  conduction  takes  place  without  any 
lecomposition,  or  alteration  of  the  chemical  nature  of  the  sub- 
tance,  either  in  its  interior  or  where  the  current  enters  and 
eaves  the  body.  In  all  of  them  the  resistance  increases  as  the 
emperature  rises  *. 

Hie  second  class  consists  of  substances  which  are  called  elec* 
rolytes,  because  the  current  is  associated  with  a  decomposition 
if  the  substance  into  two  components  which  appear  at  the  elec- 
arodes.  As  a  rule  a  substance  is  an  electrolyte  only  when  in 
;he  liquid  form,  though  certain  colloid  substances,  such  as  glass 
kt  100*  C,  which  are  apparently  solid,  are  electrolytes  f.  It  would 
kppear  from  the  experiments  of  Sir  B.  C.  Brodie  that  certain 
;ases  are  capable  of  electrolysis  by  a  powerful  electromotive 
brce. 

In  all  substances  which  conduct  by  electrolysis  the  resistance 
Uminishes  as  the  temperature  rises. 

The  third  class  consists  of  substances  the  resistance  of  which 
B  so  great  that  it  is  only  by  the  most  refined  methods  that  the 
mssage  of  electricity  through  them  can  be  detected.  These  are 
»lled  Dielectrics.  To  this  class  belong  a  considerable  number 
)f 'solid  bodies,  many  of  which  are  electrolytes  when  melted, 
some  liquids,  such  as  turpentine,  naphtha,  melted  paraflin,  &c., 

*  {Carbon  is  an  exception  to  this  statement ;  and  Feuianer  lias  latelj  found  that 
hm  renttanoe  of  an  allojr  of  manganese  and  copper  diminiflhei  as  the  temperature 

t  {  W.  Kohlrauseh  has  shown  that  the  haloid  salts  of  silver  conduct  islectroljrticall/ 
when  lolid,  Wied.  Amm.  17.  p.  642,  1882.} 


496  BBSISTANOE. 

and  all  gases  and  vapours.    Carbon  in  the  form  of  dianti 
selenium  in  the  amorphous  form,  belong  to  this  olasa. 

The  resistance  of  this  class  of  bodies  is  enormoos  c 
with  that  of  the  metals.  It  diminiBhes  as  the  tempentt 
It  is  difficult,  on  account  of  the  great  resistanoe  of  tb 
stances,  to  determine  whether  the  feeble  current  whicli 
force  through  them  is  or  is  not  associated  with  electrol; 

On  the  Eledric  Resistance  of  Metals. 

360.]  There  is  no  part  of  electifcal  research  in  whi 
numerous  or  more  accurate  experiments  have  been  mad< 
the  determination  of  the  resistance  of  metals.  It  is  of  th 
importance  in  the  electric  telegraph  that  the  metal  of  fi 
wires  are  made  should  have  the  smallest  attainable  re 
Ueasurementfl  of  resistance  mast  tiierefore  be  made  befo 
ing  the  materials.  When  any  fault  occurs  in  the  line,  its 
is  at  once  ascertained  by  measurements  of  instance,  a 
measurements,  in  which  so  many  persons  are  now  ts 
require  the  use  of  resistance  coils,  made  of  metal  tiie  i 
properties  of  which  have  been  carefully  tested. 

The  electrical  properties  of  metals  and  their  alloys  hi 
studied  with  great  care  by  MM.  Matthiessen,  Vogt,  and 
and  by  MM.  Siemens,  who  have  done  so  much  to  introdi 
electrical  measurementa  into  practical  work. 

It  appears  from  the  reseaivhes  of  Dr.  Matthiessen, 
effect  of  temperature  on  the  resistanoe  ia  nearly  the  sa 
considerable  number  of  the  pure  metals,  the  resistance 
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lere  T  is  the  absolute  temperature  reckoned  from  —  273*C,  and 
0,  y  are  constants.    Thus,  for 

Platinum r  =  0-039369  r*  + 0002 16407  T- 0-2413* 

Copper r=  0-026677  jr*  +  0.0031443  7-0-22751, 

Iron r  =  0-072645  r*  + 0-0038133  T-  1-23971. 

From  data  of  this  kind  the  temperature  of  a  furnace  may 
determined  by  means  of  an  observation  of  the  resistance  of 
datinum  wire  placed  in  the  furnace. 

Dr.  Matthiessen  found  that  when  two  metals  are  combined  to 
m  an  alloy,  the  resistance  of  the  alloy  is  in  most  cases  greater 
in  that  calculated  from  the  resistance  of  the  component  metals 
1  their  proportions.  In  the  case  of  alloys  of  gold  and  silver, 
\  resistance  of  the  alloy  is  greater  than  that  of  either  pure  gold 
pure  silver,  and,  within  certain  limiting  proportions  of  the 
istituents,  it  varies  very  little  with  a  slight  alteration  of  the 
>portions.  For  this  reason  Dr.  Matthiessen  recommended  an 
>y  of  two  parts  by  weight  of  gold  and  one  of  silver  as  a 
terial  for  reproducing  the  unit  of  resistance. 
rhe  effect  of  change  of  temperature  on  electric  resistance  is 
lerally  less  in  alloys  than  in  pure  metals. 
Bence  ordinary  resistance  coils  are  made  of  German  silver, 
account  of  its  great  resistance  and  its  small  variation  with 
aperature. 

!Ln  alloy  of  silver  and  platinum  is  also  used  for  standard 
Is. 

)61.]  The  electric  resistance  of  some  metals  changes  when  the 
tal  is  annealed ;  and  until  a  wire  has  been  tested  by  being 
>eatedly  raised  to  a  high  temperature  without  permanently 
ering  its  resistance,  it  cannot  be  relied  on  as  a  measure  of 
istance.  Some  wires  alter  in  resistance  in  coui-se  of  time 
bhout  having  been  exposed  to  changes  of  temperature.  Hence 
LB  important  to  ascertain  the  specific  resistance  of  mercury,  a 
tal  which  being  fluid  has  always  the  same  moleculai*  structure, 
i  which  can  be  easily  purified  by  distillation  and  treatment 

{  Mr.  CallendAr*!  recent  rMPnrches  in  the  Cavendish  Laboratory  on  the  RetUtance 
*latinum  have  shown  that  these  expressions  do  not  accord  with  the  facts  at  high 
peratares.  Siemens*  formula  for  platinum  requireH  the  temperature  coefficient  of 
resistance  to  become  constant  at  hiirh  temperature*  and  equal  to  .0021 ;  while  the 
eriments  seem  to  indicate  a  much  nlower  rate  of  increase  \\  not  a  decrease  at  very 
I  temperatores.  H.  L.  Gallendar, '  On  the  Practical  Measurement  of  Temperature/ 
/  Tranf.  178  A.  pp.  161-280.} 
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with  nitric  acid.  Qreat  care  has  been  bestowed  in  de 
the  resistance  of  this  metal  by  W.  and  C.  F.  Siemens,  i 
duced  it  as  a  standard.  Their  researches  have  been  snp] 
by  those  of  Matthiessen  and  Hockin. 

The  specific  resistance  of  mercury  was  deduced 
observed  resistance  of  a  tabe  of  length  I  containiDj 
w  of  mercury,  in  the  following  manner. 

No  glass  tube  is  of  exactly  equal  bore  throughout, 
small  quantity  of  mercury  is  introduced  into  the 
occupies  a  length  \  of  the  tube,  the  middle  point  of 
distant  x  from  one  end  of  the  tube,  then  the  area  s  of  tj 

near  this  point  will  be  s  =  -,  where  C  is  some  constant 

The  mass  of  mercury  which  fills  the  whole  tube  is 

■w  =  p  jadtc  =  pC2  (-)  ~  > 

where  n  is  the  number  of  points,  at  equal  distances  ■■ 
tube,  where  \  has  been  measured,  and  p  is  the  mass  i 
volume. 
The  resistance  of  the  whole  tube  is 

J  8  C    ^  'n 

where  r  is  the  specific  resistance  per  unit  of  volame. 

Hence  wR  =  rp-S.{K)^{i)^, 

,  wR        m> 

and  r  — 


• 
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eentimetre,  according  to  the  experiments  of  Matthiessen*  as- 
samiiig  the  B.  A.  unit  to  be  -98677  Earth  quadrants. 

PercenUge 
increment  of 
Spedfio  resifltance  for 

gravity.  R,  r.      rc  at  20**C. 

Silver 10-50  hard  drawn       0-1689     1588  0-377 

Copper 8-95  hard  drawn       0-1469  1620  0-388 

Gold 19-27  hard  drawn       0-4150  2125  0-365 

Lead 11-391  pressed          2-257  19584  0-387 

Mercmyf.  .  .  .  13-595  liquid         13-071  94874  0-072 

Gold  2, Silver  1 .  15-218  hard  or  annealed  1-668  18326  0-065 

Selenium  at  lOO^'C  crystalline  form  6x10^'  1-00 

On  the  Electric  ResistaTice  of  Electrolytes. 

868.]  The  measurement  of  the  electric  resistance  of  electrolytes 
18  rendered  difficult  on  account  of  the  polarization  of  the  elec- 
trodes, which  causes  the  observed  difference  of  potentials  of 
the  metallic  electrodes  to  be  greater  than  the  electromotive  force 
which  actually  produces  the  current. 

This  difficulty  can  be  overcome  in  various  ways.  In  certain 
cases  we  can  get  rid  of  polarization  by  using  electrodes  of  proper 
material,  as,  for  instance,  zinc  electrodes  in  a  solution  of  sulphate 
of  zinc.  By  making  the  surface  of  the  electrodes  very  large 
compared  with  the  section  of  the  part  of  the  electrolyte  whose 
resistance  is  to  be  measured,  and  by  using  only  currents  of  short 
duration  in  opposite  directions  alternately,  we  can  make  the 
measurements  before  any  considerable  intensity  of  polarization 
has  been  excited  by  the  passage  of  the  current. 

UnaUy,  by  making  two  different  experiments,  in  one  of  which 
the  path  of  the  current  through  the  electrolyte  is  much  longer 
than  in  the  oth^r,  and  so  adjusting  the  electromotive  force  that 
the  actual  current,  and  the  time  during  which  it  flows,  are  nearly 
the  same  in  each  case,  we  can  eliminate  the  effect  of  polarization 
altogether. 

^  PhiL  Mag.,  May,  1866. 

t  {  More  recent  experiments  have  given  a  different  valne  for  the  ipeciSo  retlitanoe 
cf  mereory.  The  following  are  recent  detertninations  of  the  reeittjuioe  in  BJL,  unite 
ef  •  eolonui  of  meroory  one  metre  long  and  one  ■qoare  miUinietre  in  eroM  tectioo 
aiCTC:— 

Lord  Bayleigh  and  Mrs.  Sidgwick,  PhU.  TraHt.  Part  I.  1888 .  .  .95412. 
Obaebrook  and  FiUnatrick,  Pkil.  Trans.  A.  1888  ....  -95862, 
HotobiDMQ  and  Wilkee,  PMik  Mag.  (6).  28. 17. 1889     .  .    -96341.} 
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364.]  In  the  experiments  of  Dr.  Faalzov  *  the  electrc 
ID  the  form  of  large  disks  placed  in  separate  flat  vesa 
with  the  electrolyte,  and  the  connexion  was  made  by : 
a  long  siphon  filled  with  the  electrolyte  and  dipping  i 
vessels.     Two  such  siphons  of  different  lengths  were  ua 

The  observed  resistances  of  the  electrolyte  in  these 
being  Ri  and  £^,  the  siphons  were  next  filled  with  men 
th^  resistances  when  fiUed  with  mercury  were  fooi 
ie/  and  R^'. 

The  ratio  of  the  resistance  of  the  electrolyte  to  that  < 
of  mercury  at  O'C  of  the  same  form  was  then  foand  l 
formula  R,-R^ 

To  deduce  from  the  values  of  p  the  resistance  of  a  ce 
in  length  having  a  section  of  a  square  centimetre,  ' 
multiply  them  by  the  value  of  r  for  mercury  at  0 
Art.  361. 

The  results  given  by  Faalzow  are  as  follow : — 

Mixtures  of  Sulphuric  Add  and  Water. 

TemD  Eeairtuioe  oomparad 

H,SO«                        IS'C  96950 

HjS04+     HH^O t9°C  14157 

HjS04+    13H^0 22''C  13310 

HjSO,  +  499HjO 22''C  184773 
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Hydrochloric  Acid  and  Water. 

m  Reflistance  oompared 

P*  with  mercury. 

Ha   +    ISHgO 23^C  13626 

HCl   +500HjjO 23'C  86679 

65.]  MM.  F.  KohlrauBcli  and  W.  A.  Nippoldt*  have  de- 
dined  the  resistance  of  mixtures  of  sulphuric  acid  and  water, 
y  used  alternating  magneto-electric  currents,  the  electro- 
ive  force  of  which  varied  from  \  to  ^V  ^^  ^^*'  ^^  *  Grove's 
,  and  by  means  of  a  thermoelectric  copper-iron  pair  they  re- 
dd the  electromotive  force  to  ^^^Vrrv  o^  ^^^^  of  a  Grove's  cell. 
y  found  that  Ohm  s  law  was  applicable  to  this  electrolyte 
mghout  the  range  of  these  electromotive  forces, 
he  resistance  is  a  minimum  in  a  mixture  containing  about 
-third  of  sulphuric  acid. 

he  resistance  of  electrolytes  diminishes  as  the  temperatui'e 
eases.  The  percentage  increment  of  conductivity  for  a  rise 
^'C  is  given  in  the  following  table : — 


istance  of  Mixtures  of  Svlphuric  Acid  and 
mi8  of  Mercury  at  0°C.    MM.  Eohlrausch 


Specific  gravity 
At  I8*'5. 


0-9985 

1-00 

1-0504 

1*0989 

M431 

1-2045 

1-2631 

1*3163 

1*3697 

1*3994 

1*4482 

1-5026 


Percentage 
of  HjSO^. 

0-0 

0-2 

8-3 
14*2 
20-2 
28-0 
35-2 
41*5 
46-0 
50*4 
55-2 
60-3 


Besistanoe 
at  22^*0 
(Hg  -  1). 

746300 
465100 
34530 
18946 
14990 
13133 
13132 
14286 
15762 
17726 
20796 
25574 


Water  at  22^*0  ia 
and  Nippoldt. 

Percentage 

increment  of 

conductivity 

for  VC. 

047 

0*47 

0-653 

0*646 

0-799 

1*317 

1*259 

1*410 

1*674 

1*582 

1417 

1*794 


On  the  Electrical  Resistance  of  Dielectrics. 

36.]  A  great  number  of  determinations   of  the  resistance 
utta-percha,  and  other  materials  used  as  inRiQftting  media, 

*  Pogg.,  Ann,  aaxyul  pp.  280,  870,  1869. 
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in  the  mannfactare  of  telegraphio  cables,  have  been  n 
order  to  ascertain  the  value  of  these  materials  as  insulate 

The  testa  are  generally  applied  to  the  material  aftet 
been  used  to  cover  the  conducting  wire,  the  wire  beii 
aB  one  electrode,  and  the  water  of  a  tank,  in  which  the 
plunged,  as  the  other.  Thus  the  current  is  made  to  pass  t 
a  cylindriosl  coating  of  the  insulator  of  great  area  an 
thickness. 

It  is  found  that  when  the  electromotive  force  begins 
the  current,  as  indicated  by  the  galvanometer,  is  by  no 
constant.  The  first  effect  is  of  course  a  transient  cui 
considerable  intensity,  the  total  quantity  of  electricit; 
that  required  to  charge  the  surfaces  of  the  insulator  v 
superficial  distribution  of  electricity  corresponding  to  the 
motive  force.  This  first  current  therefore  is  a  measure 
the  conductivity,  but  of  the  capacity  of  the  insulating  1&^ 

But  even  after  this  current  has  been  allowed  to  sab 
residual  current  is  not  constant,  and  does  not  indicate  i 
conductivity  of  the  substance.  It  is  found  that  the 
continues  to  decrease  for  at  least  half  an  hour,  so 
determination  of  the  resistance  deduced  from  the  cum 
give  a  greater  value  if  a  certain  time  is  allowed  to  elaf 
if  taken  immediately  after  applying  the  battery. 

Thus,  with  Hooper's  insulating  material  the  appareni 
ance  at  the  end  of  ten  minutes  was  four  times,  and 
end  of  nineteen  hours  twenty-three  times  that  observec 
end  of  one  minute.  When  the  direction  of  the  eleotr 
force  ia  reversed,  the  reaistance  falls  aa  low  or  lower 
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The  apparent  resistance  of  such  a  series  will  increase,  and 
if  the  dielectric  of  the  jars  is  a  perfect  insulator  it  will  increase 
without  limit.  If  the  electromotive  force  be  removed  and  con- 
nexion made  between  the  ends  of  the  series,  a  reverse  cun*ent 
will  be  observed,  the  total  quantity  of  which,  in  the  case  of 
perfect  insulation,  will  be  the  same  as  that  of  the  direct  current. 
Similar  effects  are  observed  in  the  case  of  the  secondary  pile, 
with  the  difference  that  the  final  insulation  is  not  so  good, 
and  that  the  capacity  per  unit  of  surface  is  immensely  greater. 

In  the  case  of  the  cable  covered  with  gutta-percha,  &c.,  it  is 
found  that  after  applying  the  battery  for  half  an  hour,  and  then 
connecting  the  wire  with  the  external  electrode,  a  reverse 
current  takes  place,  which  goes  on  for  some  time,  and  gradually 
reduces  the  system  to  its  original  state. 

These  phenomena  are  of  the  same  kind  with  those  indicated 
by  the  *  residual  discharge '  of  the  Leyden  jar,  except  that  the 
amount  of  the  polarization  is  much  greater  in  gutta-percha,  &c. 
than  in  glasa 

This  state  of  polarization  seems  to  be  a  directed  property 
of  the  material,  which  requires  for  its  production  not  only 
electromotive  force,  but  the  passage,  by  displacement  or  other- 
wise, of  a  considerable  quantity  of  electricity,  and  this  passage 
requires  a  considerable  time.  When  the  polarized  state  has 
been  set  up,  there  is  an  internal  electromotive  force  acting 
in  the  substance  in  the  reverse  direction,  which  will  continue 
till  it  has  either  produced  a  reversed  current  equal  in  total 
quantity  to  the  first,  or  till  the  state  of  polarization  has  quietly 
subsided  by  means  of  true  conduction  through  the  substance. 

The  whole  theory  of  what  has  been  called  residual  discharge, 
absorption  of  electricity,  electrification,  or  polarization,  deserves 
a  careful  investigation,  and  will  probably  lead  to  important 
disooveries  relating  to  the  internal  structure  of  bodies. 

867.]  The  resistance  of  the  greater  number  of  dielectrics  di- 
minishes as  the  temperature  rises. 

Thus  the  resistance  of  gutta-percha  is  about  twenty  times 
as  great  at  O^'C  as  at  24''C.  ^Messrs.  Bright  and  Clark  have 
found  that  the  following  formula  gives  results  agreeing  with 
their  experiments.  If  r  is  the  resistance  of  gutta-percha  at 
temperature  T  centigi*ade,  then  the  resistance  at  temperature 
T+ewiUbe  E  =  rxC, 
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where  Cv&ries  between  0-8878  and  0-9  for  different  sft 
gutta-percha. 

Mr.  Hookin  has  verified  the  curious  fact  that  it  ie 
some  hours  after  the  gutta-percha  haa  taken  its  final  tei 
that  the  resistance  i-eaches  its  corresponding  value. 

The  effect  of  temperature  on  the  resistance  of  in* 
is  not  so  great  aa  on  that  of  gutta-percha. 

The  resistance  of  gutta-percha  increases  considerat 
application  of  pressure. 

The  resistance,  in  Ohms,  of  a  cubic  metre  of  various 
of  gutta-percha  used  in  different  cables  is  as  follows  *. 
Nftme  oE  Cable. 

Red  Sea -267  x  10"  to -362  x 

Malta-Alexandria 1-23    xlO" 

Persian  Gulf 1-80   xlO" 

Second  Atlantic 3-42    x  10" 

Hooper's  Persian  Gulf  Core  74-7      x  10" 

Gutta-percha  at  24°C 3-53    x  10" 

368.]  The  following  table,  calculated  from  ibe  expe 
M.  Buff,  described  in  Art.  271,  shews  the  resistance  i 
metre  of  glass  in  Ohms  at  different  temperatures. 
Tempentors.  Roiitaane. 

200°C  227000 

250°  13900 

300°  1480 

350°  1035 

400°  735 
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of  eelk  above  304.  Thus  for  305  cells  the  deflexion  was  2, 
for  306  it  was  4,  for  307  it  was  6,  and  so  on  up  to  380,  or 
304  +  76  for  which  the  deflexion  was  160,  or  76  x  1*97. 

From  these  experiments  it  appears  that  there  is  a  kind  of 
palarization  of  the  electrodes,  the  electromotive  force  of  which 
IB  equal  to  that  of  304  Daniell's  cells,  and  that  up  to  this 
tieetromotive  force  the  battery  is  occupied  in  establishing  this 
state  of  polarization.  When  the  maximum  polarization  is 
^ttablished,  the  excess  of  electromotive  force  above  that  of 
304  cells  is  devoted  to  maintaining  the  current  according  to 
Ohm's  Law. 

The  law  of  the  current  in  a  rarefied  gas  is  therefore  very 
iimilar  to  the  law  of  the  current  through  an  electrolyte  in 
which  we  have  to  take  account  of  the  polarization  of  the 
electrodes. 

In  connexion  with  this  subject  we  should  study  Thomson's 
results,  that  the  electromotive  force  required  to  produce  a 
spark  in  air  was  found  to  be  proportional  not  to  the  dis- 
tance, but  to  the  distance  together  with  a  constant  quan- 
tity. The  electromotive  force  corresponding  to  this  constant 
quantity  may  be  regarded  as  the  intensity  of  polarization  of  the 
electrodes. 

870.]  MM.  Wiedemann  and  Riihlmann  have  recently*  investi- 
gated the  passage  of  electricity  through  gases.  The  electric 
current  was  produced  by  Holtz's  machine,  and  the  discharge 
took  place  between  spherical  electrodes  within  a  metallic  vessel 
containing  rarefied  gas.  The  discharge  was  in  general  dis- 
continuous, and  the  interval  of  time  between  successive  dis- 
charges was  measured  by  means  of  a  mirror  revolving  along 
with  the  axis  of  Holtz's  machine.  The  images  of  the  series  of 
discharges  were  observed  by  means  of  a  heliometer  with  a 
divided  object-glass,  which  was  adjusted  till  one  image  of  each 
discharge  coincided  with  the  other  image  of  the  next  discharge. 
By  this  method  very  consistent  results  were  obtained.  It 
was  found  that  the  quantity  of  electricity  in  each  discharge 
is  independent  of  the  strength  of  the  current  and  of  the  material 
of  the  electrodes,  and  that  it  depends  on  the  nature  and  density 
of  the  gas,  and  on  the  distance  and  form  of  the  electrodes. 

•  BtriehU  dtr  K&nigl,  SdeU  GeselUcha/t,  Leipxig,  Oct  20,  1871. 
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These  Tesearches  oonSrm  the  statement  of  Farad 
the  electric  tension  (see  Art.  48)  required  to  cause  a  » 
discharge  to  begin  at  the  electrified  surface  of  a  coi 
a  little  less  when  the  electrification  is  negative  thai 
is  positive,  but  that  when  a  discharge  does  take  pli 
more  electricity  passes  at  each  discharge  when  it  be 
positive  surface.  They  also  tend  to  support  the  b 
stated  in  Art.  67,  that  the  stratum  of  gas  condense 
surface  of  the  electrode  plays  an  important  part  in 
nomenon,  and  they  indicate  that  this  condensation  is  g 
the  positive  electrode. 

*  Exp.  Sa.,  isoi. 
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FIG.  XI. 
Art  193. 
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Lines  of  Force  near  the  ed^  ofaFlnte 
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Lmes  ofForc^Tieara  Grating . 
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